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Abstract

We prove the existence of the double scaling limit in the unitary matrix model
with quartic interaction, and we show that the correlation functions in the double
scaling limit are expressed in terms of the integrable kernel determined by the ¥
function for the Hastings-McLeod solution to the Painlevé II equation. The proof
is based on the Riemann-Hilbert approach, and the central point of the proof is
an analysis of analytic semiclassical asymptotics for the v function at the critical
point in the presence of four coalescing turning points.

© 2003 Wiley Periodicals, Inc.

1 Introduction

In this paper we are concerned with the double scaling limit in the unitary ran-
dom matrix model with quartic interaction. The unitary random matrix model, or
the unitary ensemble of random matrices, is defined by the probability distribution

pun(dM) = Zy' exp(=N tr V(M))dM ,

(LD Zy = f exp(—N tr V(M))dM ,
Hn

on the space H y of Hermitian N x N matrices M = (M;;)1<; j<n, Where in general
V(M) is a polynomial of even degree with a positive leading coefficient, or even
more generally, a real analytic function with some conditions at infinity. The basic
case for the double scaling limit is the quartic matrix model when

t
(1.2) V(M) = 5M2+§M4, ¢>0,
and we will consider this case only. By a change of variable one can reduce the
general case to the one with g = 1, but we prefer to keep g because it is useful in
some questions. The double scaling limit describes the asymptotics of correlation
functions between eigenvalues in the limit when simultaneously N — oo and ¢
approaches the critical value

t. =-2g,
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with an appropriate relation between N and ¢ — #. (see below). The critical value
t. is a bifurcation point: For ¢+ > ¢, the support of the limiting distribution of
eigenvalues consists of one interval, while for < ¢, it consists of two intervals
(cf. [13]). This can be described as follows.

Let dv(x) be the limiting eigenvalue distribution (for the proof of the existence
of the limiting eigenvalue distribution and formulae for it, see [8, 17, 19], earlier
physical works [4, 10], and others). The distribution dv(x) is a unique solution
to a variational problem, and for a general analytic function V (M) satisfying cer-
tain conditions at infinity (see [17, 50] for more detail), the distribution dv(x) is
supported by a finite number of segments [ay, b1], ..., [a,, b,], it is absolutely
continuous with respect to dx, and on J = U;]:l [a;, b;] its density function is of
the form

1 q
pe) = —hOR @), R =[x —ape —byp,
j=1
where h(x) is a polynomial and Ri_/ 2 (x) means the value on the upper cut of the
principal sheet of the function R'/2(z) with cuts on J. The variational problem for

dv(x) implies that the polynomial /(z) satisfies the equation

V/ h R1/2
(1.3) 0() = 2(z)_ (Z)2 (Z)’

where

w(2) E/pmdx =7"'4+0@E@?, 7z
Z—X
J

(see, e.g., [19]).

Equation (1.3) enables one (see, e.g., [8]) to determine uniquely the limiting
eigenvalue distribution for quartic polynomial (1.2). For ¢ > ¢, the support of the
distribution consists of one interval [—a, a] and on [—a, a],

1

(1.4) px) = —(bo + ngz)\/a2 —x2, |x|<a,t>t.
T

Here

4 ((2/4) +39)'2
= 3 .

(-2: + (417 + 48g)1/2>1/2

- b b2
3g

For t = t., (1.4) reduces to

8
==, b
> 0

gx*Va? — x?
(L.5) px) = —
V14
where a = 2/g'/*. Observe that p(0) = 0 in this case. For ¢ < t. the support
consists of two intervals, [—a, —b] and [b, a], and on these intervals

|x|§a, t=t.,

1
(1.6)  p(x) = —bolx|v (@ —x)(x2—b2), O<b<|x|<a,t<t.
T



DOUBLE SCALING LIMIT 435

0.8 0.8 0.8
0.6 t=-1 0.6 t=-2 0.6 t=-3
0.4 0.4 0.4
0.2 M 0.2 0.2
0 0 0
-2 0 2 -2 0 2 -2 0 2
FIGURE 1.1. The density function p(x) forg =1 and ¢t = —1, -2, —3.
Here
2 —\'? -2 —\'?
(1.7) a = (L) , b= (L) , b0=§
8 8

h
Figure 1.1 depicts the density function p(x) forg = l and ¢t = —1, -2, 3. In

this case 1, = —2.

1.1 Correlation Functions and Orthogonal Polynomials

Our basic object of interest is the correlation between eigenvalues. The m-

point correlation function Ky, (21, ..., 2m), m = 1,2, ..., is a distribution over
the space D(R™) of C* functions ¢(zy, . .., 2,) on R”™ with compact support such
that for the product functions ¢(z1, ..., Zn) = ©1(z1) - - - @m (Zm),

(1.8) Kym(@1(z1) - @m(zm)) = /[X(pl(M)"'X(p,,,(M)]//LN(dM)’
Hn

where
N
X(p(M) =Z(p()\‘]), Mej :)»jej.
j=1

Kym (@) is extended from the set of product functions ¢(zy) - @, (z,) to the
whole space D(R™) by linearity.

The m-point correlation function Ky, (z1, ..., z,) turns out to be a regular
function on the set {z; # z;}, and on this set it can be expressed in terms of or-
thogonal polynomials. Namely, let

(1.9 Pz)=7"+---, n=0,1,...,

be monic orthogonal polynomials on the line with respect to the weight e =VV@ 5o
that

(1.10) / P,(2)Pn(2)e NV D dz = hypn -

o0

We normalize P,(z) by the condition that the leading coefficient of P,(z) is equal
to 1. The polynomials P,(z) satisfy the recursive equation [63]

(1.11) 2Py (2) = Pry1(2) + Ry Py (2)
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where
hy
(1.12) R, = >0.
hnfl
We associate with P,(z) the functions
1
(1.13) Yn(2) = —= Pa(2)e MO,

Vha

which form an orthonormal basis in L2(R'),

o
(1.14) | vz = ..
—0oQ
From (1.11),
(1.15) (@) = R () + R Y1 2) .
The m-point correlation function Ky, (z1, ..., 2,) is expressed in terms of the

functions v, (z) as
(116) KNm(Zlv ---aZm) :det(QN(Zi1 Zj))i,j:l ,,,,, m s i #Zj s

where
N—1
(1.17) On(z w) =Y Y@ (w)
k=0
[25, 54, 64]. The Christoffel-Darboux identity reduces Q y(z, w) to

1/2 YN (@ YN-1 (W) — Yn_1(D) YN (W)

N Z—w '

We are interested in the asymptotics of the correlation functions Ky, (z1, - - -, Zm)
in the limit when N — oo. Formula (1.16) reduces the problem to the asymp-
totics of the kernel Q y(z, w) and (1.18) further to the asymptotics of the functions
Y (2) and Yy—_1(z). In the noncritical case ¢t < . this problem was solved in [7].
Noncritical asymptotics for the general V (M) were found in [19].

(1.18) On(z,w) =R

1.2 Double Scaling Limit for Correlation Functions

We will consider the correlation functions Ky, (z1, ..., Z»; t) in the situation
when the parameter ¢ approaches the critical value 7. and zy, ..., z,, are near 0.
The problem is how to scale eigenvalues and ¢ — 7. to get a nontrivial limit for the
correlation functions. More precisely, we want to find numbers & and 7, critical
exponents, such that the following “double scaling” limit exists:

(119)  Tim ——— Ky (S5 3 yNE) = Ko )
. Nl—r)nOON(m_l)n Nm Nna---’NT]?C y - m Zl,---,Zm»y ’
and it is a nonconstant function of the parameter y, —oco < y < oco. We also want
to find the limiting correlation functions K,,(z1, ..., Zm; ¥). We will derive the

double scaling limit for correlation functions from corresponding asymptotics for
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orthogonal polynomials. The relation between the double scaling limit for correla-
tion functions and the one for orthogonal polynomials can be described as follows.

1.3 Double Scaling Limit for Orthogonal Polynomials

Let us fix the parameters r < 0 and g > 0 in quartic polynomial (1.2). Since
t < 0, V(z)is adouble-well function. Consider orthogonal polynomials P, (z) with
respect to the weight e ~VV@_ The bifurcation of p(x) in the quartic matrix model
is closely related to the bifurcation of the distribution of zeros of the orthogonal
polynomials P,(z). This relation is motivated by the Heine formula for orthogonal
polynomials as follows. Let x1, ..., x,, be zeros of P,(z) that are all real. Consider
the corresponding probability measure

dp,(x) =n~! 28()6 —Xxj)dx .
j=1
We can write the weight as

e NVW — o=V -y oy =a"Vx), A= % .
By the Heine formula for orthogonal polynomials (see, e.g., [4]),
fwnzwwrw@mEZEWU/®W—MwWMWwM,

or equivalently, in the ensemble of eigenvalues,

n

m@=<ﬂ@—yﬁ

j=1 Vi

Due to the variational principle, we expect that if # is large, then the probability
measure

dv(x; (L) =n"" ) " 8(x — 4j)dA
j=1
is close to the equilibrium measure p(x; V)dx for typical {A;}. Therefore,

n~'log < []c- ?a/)>
j=1

hence by Heine,

~ /IOg(z —x)p(x; Vy)dx ;

V;
% 7

f log(z — x)d i, (x) = n""log P,(2)
~ /log(z —x)p(x; Vydx, zeC\R.
I

That is, as n — oo the logarithmic potential of d i, (x) converges to the logarithmic
potential of p(x; V,)dx. Thus, we can expect that as n, N — oo in such a way
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that n/N — A, the measure du, (x) converges to d it (x; A) = p(x; Vi)dx. This
convergence has been rigorously established for the general V(M) in [19] (see
also [7, 8] and works on the theory of orthogonal polynomials [52, 53, 56, 61] and
references therein).

For X small, the zeros of P,(z) are located near the minima of the function V (z)
and the support of duu (x; A) consists of two intervals. For A big, the support of
dioo(x; A) consists of one interval, and there exists a critical value,

2
=1
which separates the two-interval and one-interval regimes (see [7]). The problem

of the double scaling limit for orthogonal polynomials is to prove the existence of
a nontrivial scaling limit for the ¢ function,

(1.20) A

. 1 Z )
n,Neoo:(nl/ll{/I;I:)nc+yN*5 Cn wn (W) - wOO(Z’ y) ’

with some critical exponents & and 7, where C,, # 0 are some normalizing con-
stants. Our main goal in this paper is to derive uniform asymptotics for the func-
tions ¥, (z) on the whole complex plane as n, N — oo in the double scaling limit
regime, (n/N) = A. + yN~5. When applied to the quartic matrix model, these
asymptotics will give us the double scaling limit for the correlation functions at the
origin as well as scaling limits in the bulk of the spectrum and at the edges. There
are three basic ingredients in our approach: the string (Freud) equation, the Lax
pair for the string equation, and the Riemann-Hilbert problem.

1.4 String Equation

Let O = (Qmn)m.n=o0.1.... be the matrix of the operator of multiplication by z in
the basis ¥, (z). By (1.15),

R,
vVRi 0 VR, .-
=1 0o JR, 0 -

0 0

Let P be the matrix of the operator d/dz. Then PT = —P, where P' is the
transposed matrix. Observe that

, NV’ Ple=NV/2 NV’ n
=\ )t =\ )t E e

so that

NV'(Q) _n
(1.21) |:P+72 ]nn_l_m
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and )
ERAAC]
2 n,n+1
hence
(122) 0— [P+ NV’(Q)] _ [—P+ NV’(Q)] .
2 n—1,n 2 n,n—1
Combining (1.21) with (1.22) we obtain
n /
(1.23) NJER, = [V(Dlnn-1,

the discrete string equation (see [11, 24, 34]). When V is as in (1.2), this reduces to
n
(124) N = Rn(t+an—l +an+an+l)
(cf. [4, 10, 32, 42]). Note that from (1.12) and (1.24) it follows that
n
N > Rt gR?;

hence
—t ++/t*> +4gn/N
(1.25) 0<R, < LHVE /N
2¢g
1.5 Lax Pair
Introduce the vector-valued function
T, wn (Z)
1.26 v, (z) = .
(120) 2 (wnl(z)
It satisfies the following 2 x 2 matrix differential equation:
(1.27) Ul (2) = NA, () W,(2)
where
(1.28) A,(z) =
—(%+ % + gzR,) VRt + 82 + gRu + g Rui1)
—V/R(t + 82> + gR, 1 + gRy) 545 4 gzR,

([29]; see also [7]). For the sake of completeness, let us remark that for a general
even polynomial

‘ tszZj
V(z) = E TR
— 2
i
the matrix A, (z) has the form

A B _an (Z) \/R_n ap (Z)+§n+l (2)
n(2) = —\/R_ an—1(2)+an(2) an(2) ’
n z n
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where

2

[30]. This reduces to (1.28) when V is as in (1.2).
In addition, we have the recurrence equation

j—1
V'(2) SN =
an(z) = + VR Y ;Y QYT e
j=2 =1

(1.29) Uit = U, (9%,
where
2 R,
(1.30) U,z) = | &5 RA
1 0
The compatibility condition of equations (1.27) and (1.29) is
(1.31) U,(2) = NA,+1(Q)U,(2) — NU(2)Au(2) -

Restricting this matrix equation to the element 11, one can rederive string equation
(1.24) (see [29, 30, 39]). Conversely, (1.24) implies (1.31). Thus, system (1.27)
and (1.29) is the Lax pair for equation (1.24).

Remark. The Lax pair (1.27) and (1.29) can be alternatively written [29, 30, 39] as
the following linear differential difference system:
T =NVAQy
QY =zyr

Accordingly, string equation (1.42) takes the “quantum” [55, 57] commutator form

1//5(1[/1,...,1,0",...).

0)] = &
[0, V(O] =+

(see [39]). Here, as usual, the low triangular part M_ of a matrix M is defined by
the equations [M_],,,, = [M 1, if n > m and [M_],,, = 0if n < m.

To describe the Riemann-Hilbert problem, consider the adjoint functions

00 ,—NV(u)/2
12 p=ean [T,

oo Z—u

, z€C\R.

They share the following properties:
(1) Asz — oo,
o
$u(2) ~ \/hnz‘"‘le”@”(l +2 y—i’i) :
Z
k=1

(2) The function ¢, (z) has limits ¢,.(z) as z approaches the real axis from
above and below, and the limits are related as

Gn4(2) = Pp—(2) = 27iYn(2) .
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(3) The vector function
z ®n(2)
D,(z) =
© (¢n1 @)
solves Lax pair equations (1.27) and (1.29).

To prove (1) expand u—lz into geometric series and use orthogonality. Property
(2) follows from the jump condition for the Cauchy integral. Property (3) will
follow from the Riemann-Hilbert problem (see Proposition 1.1 below). Define the
matrix-valued function W, (z) on the complex plane as

V@ 9@ ) |

(1.33) ¥n(@) = (wnmz) b1 (2)

It solves the Lax pair equations

W, (2) = NA, ()W (2)
Vg1 (2) = Un(2) Wi (2)

and the Riemann-Hilbert problem for orthogonal polynomials.

(1.34)

1.6 Riemann-Hilbert Problem

The Riemann-Hilbert problem for orthogonal polynomials is formulated as fol-
lows ([30]; see also [7, 18]): One has to find a 2 x 2 matrix-valued function ¥, (z)
on the complex plane that is analytic outside of the real line and that has continuous
limits from above and below the real line,

V(@)= lHim @),

u—z,Imu>
so that

(1) W,(z) satisfies the jump condition on the real line,
(1.35) vV, () =V¥,_(2)S, Rez=0,

where

1 —2mi
(1.36) S = (0 ) ) ,

and
(i) as z — oo, the function W, (z) has the following uniform asymptotic ex-
pansion:

o
r z
(1.37) W, (z) ~ <Z Z_:>e(1v‘£()nlnz+)»n)<73’ 7 — 00,
k=0

where I'y, k =0, 1, ..., are some constant 2 x 2 matrices with

1 0 0 1
(1.38) 'y = (0 Rn—1/2>, I' = (erl/z 0) )
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A, 1s a constant, and o is the Pauli matrix

(1.39) oy = <(1) _?).

To solve the Riemann-Hilbert problem, we have to find the function ¥, (z) and
real numbers A, and R, > 0 such that (i) and (ii) hold.

PROPOSITION 1.1 There exists a unique solution to the Riemann-Hilbert problem
(1.35)—(1.38), and it is given by (1.33). The number R, in this solution coincides
with the recursive coefficient in (1.11) and

Inh,
(1.40) Ap = 7

where h, is defined in (1.10). The functions V,(z), n = 0, 1, ..., satisfy the Lax
pair equations (1.34).

For the proof of Proposition 1.1 see [7, 18, 30]. From now on, we shall “forget”
about explicit equation (1.33) for the solution W, (z) of the Riemann-Hilbert prob-
lem (1.35)—(1.38). It is the Riemann-Hilbert problem itself that now becomes the
principal characteristic of the function W, (z). In other words, we shift the focus
from equation (1.33), which represents the function W, (z) in terms of the orthogo-
nal polynomials P,(z), to the equation

Y (2) = [V (D],

which represents the orthogonal polynomials P,(z) in terms of the function W, (z)
(which in turn is uniquely determined as a solution of the Riemann-Hilbert problem
(1.35)—(1.38)). It is also worth emphasizing that (see [7]) in the setting of the
Riemann-Hilbert problem, the quantities R, and X, are not the given data. They
are evaluated via the solution W,(z), which is determined by conditions (1.35)—
(1.38) uniquely without any prior specification of R, and X,,.

Since V(—z) = V(z), we obtain that

(1.41) Yn(=2) = (=D)"¥u(2).
This leads to the following equation on W,,(z):
(1.42) U, (—2) = (=1)"03¥,(2)03 .

We now formulate the main result concerning the semiclassical asymptotics of the
functions v, (z) in the double scaling limit.
1.7 Formulation of the Main Result

We will consider n such that n/N is close to the critical value A. = t2/(4g).
We introduce the variable y as

123 2\
(1.43) y:cON/<N—AC), 00=<£) :
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We will assume that |y| is bounded; that is, we fix an arbitrary large number Ty,
and we will consider such n so that
(1.44) Iyl <To.

Our results will be concerned with the asymptotics of the recurrence coefficients
R, and the functions 1, (z). For R, we will prove the following asymptotics:

t
= % + N"Bei (=)™ u(y) + N~ cu(y) + ON Y,

cl:<@)m c2:l<_1 )1/3
&) 0 27 2\ame)

where u(y) is the Hastings-McLeod solution to the Painlevé Il equation

R,
(1.45)

(1.46) u"(y) = yu(y) +2u’(y),
which is characterized by the conditions at infinity
. u(y) :
1.47 1 — =1, 1 =0,
(1.47) L Wy Jim u(y)
and
(1.48) v(y) =y +2u3().

Remark. Asymptotics (1.45) has been suggested in physical papers by Douglas,
Seiberg, and Shenker [23], Crnkovi¢ and Moore [15], and Periwal and Shevitz [60].
The existence and uniqueness of the solution to (1.46)—(1.47) was first established
in [35] (see also the later works [22, 44, 45]). It is also worth noting that the
asymptotics of u(y) at 400 can be specified as

(1.47) u(y) = Aiy)(1+ 0(lyl™"),

where Ai(y) is the Airy function. Moreover, the asymptotic condition (1.47) char-
acterizes solution u(x) uniquely, so that the first equation in (1.47) and equation
(1.47") constitute an example of the so-called connection formulae for Painlevé
equations (see [28, 36, 41] for more on this matter). We should also point out
that the analytic and asymptotic properties of the Hastings-McLeod solution for
complex values of y can be extracted from the results of [37, 44, 45, 49, 58].

We will prove asymptotics (1.45) simultaneously with semiclassical asymp-
totics for the function v, (z) on the whole complex plane. To that end we will
substitute asymptotics (1.45) into the coefficients of differential equation (1.27)
and solve the resulting equation in the semiclassical approximation. Realization of
this idea is not trivial, and in comparison with the standard semiclassical analysis,
it involves a new type of special function generated by the monodromy problem as-
sociated with the second Painlevé equation. The appearance of the latter is closely
related to the fact that ansatz (1.45) leads to the coalescence of four turning points
in system (1.27) (cf. [48]). To see this, let us analyze (1.27).
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System (1.27) can be reduced to one equation of the second order. Namely, if
we denote by a;;, i, j = 1, 2, the matrix elements of the matrix A, (z), solve ¥,_;
in terms of i, from the first equation in (1.27),

1
wn—l = —(N_li//y/, - al]‘pn) s
ar

and substitute

(1.49) Y = Vann,

then we obtain from the second equation in (1.27) the Schrodinger equation on 7,
(1.50) —n" +N*Un=0,

where

2a1, 4(ap)?

The zeroth-order term in the potential U is — det A,,, so let us consider properties
of —detA,.
From (1.28) we obtain that — det A,,(z) is a polynomial of the sixth degree,

! " N2
(1.51) U = —detA, + N~! |:(a11)/ —ay (ar2) } _ N2|:(C’12) 3((a12)") i| '

apn

g2Z4
(1.52) —det Ay (2) = == (2" = z5) + oz’ + Bu,
where
2t
(1.53) 0=, ,——
8
and

12
(154) =7 S8R+ gRt+ Ry +gRu1),  Bu=—Rubuifh,
9” =1 +an +an+1 .
Due to string equation (1.24), «,, simplifies to
l‘2 gn n

or, according to scaling (1.43),

The substitution of asymptotics (1.45) into 8, gives
(1.56) Br=c3sN P +e,N B oWNT?),

where
1/31411/3 2/3
8 |t| 2 2 n 8
(1.57) ¢z = —(—25/3 )[v ) —4wM], =D UETNE w(y),
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__ n o,
I N

FIGURE 1.2. The region 2.

and w(y) = u/(y), thus,
2.4
82 (2 2 n 2
—detA,(z) = —(z"—2z5) — gl —= — X¢ |z
(1.58) @@=~ g(N )
+ [N~ + NP+ 0N D]
As N — 0o, —det A, (z) approaches the polynomial

2.4
(1.59) oo (2) = %(f ~2),

which has two simple roots at =z¢ and a quadruple root at the origin. Therefore,
equation (1.50) has two simple turning points approaching +z, and four turning
points coalescing at the origin.

In accord with this analysis, we divide the complex plane into several regions.
The form of the semiclassical asymptotics will be different in different regions. Let
d) and d, be arbitrary fixed (i.e., independent of N) numbers such that

(1.60) 0<d2§d1<%°.

Introduce the rectangular region €2 as
(1.61) Q= {z:|Rez| <zo+di, Imz| <d>}.

Observe that the segment [—z, zo] lies in 2. Introduce furthermore the rectangular
subregions Q° and Q! of the region Q as

Q" ={z:|Rez| < di, |Imz| < do},

(1.62) 1
Q ={z:|Rez—zo| <di, |Imz| < dy},

so that Q¥ is a rectangular region centered at 0 and Q' at z,. Finally, let ; be the
rectangular region between Q° and Q', that is,

(1.63) Q) ={z:di <Rez <z90—di, |Imz| < d>}

(see Figure 1.2). We will prove the following semiclassical asymptotics for the
vector function W, (z):

(1) in Q¢ = C\ Q: WKB asymptotics of exponential type,

(2) in 2;: WKB asymptotics of cosine type,

(3) in Q': turning point (TP) asymptotics (in terms of the Airy function), and
(4) in QO: critical point (CP) asymptotics of Painlevé II type.
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In the regions —Q! and —Q, the semiclassical asymptotics will follow by sym-
metry equation (1.42). As a matter of fact, both the TP and CP asymptotics will
be extended to the region €2, and we will use this extension to prove the WKB
asymptotics of the cosine type in ;.

1.8 Region 2¢ = C\ : WKB Asymptotics

In 2¢ we will prove the following asymptotics:

B, 1 . .
(1.64) W, (z) = (1 + O(M))‘PWKB(Z), z€Q°,

where

(1.65) Uywip () =

~NEQ)
—1/4, e .
(R) "1 (_e—m“(z)>’ z ey,

with the quantities on the right defined as follows: We define

271/2

t
(1.66) R = Il
2g

(cf. (1.45)), where y is defined as in (1.43), and we put

+ NP (=D u(y) + N~ cu(y)

(1.67) A%z =

—(% + £ + g2RY) VRt + 82 + g R + Ry,
—VR(t + 82 + gR)_, + ¢RY) 55tk

(cf. (1.28)). We denote the matrix elements of AB (z) by a?j (z). We define the

function ©€(z) as
1) =vU°%),

where UY(z) is a suitable approximation of the function U (z) in (1.51), namely,

0 gzt noo17\, —4/3 ~5/3
U'(x) = (" — z5) — (———)z + (3N~ + euN7P)
4 N 4g
(1.68) ,
1| o0 0 a?z (z)
+N an (Z) _all(Z) 0 )
ay,(2)
and we put
Z
(1.69) £°(2) = f pdu, 7 @,
Z,

0

where zév is the root of U%(z) that approaches zo as N — oo. The contour of
integration in (1.69) is taken as follows: first from zév to zg + d; and then from
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Zo + d to z around the region 2 in the counterclockwise direction. The matrix
T¢(z) is defined as

a?z(z)>1/2 1 0

0 .
c _ 910 pk)
ne@) @ ahe)

(1.70) T () = (

Observe that det T7¢(z) = 1. The branches for (a?2 @2, (U2)'/?, and
(1€(2))'/? are fixed by the condition that they are positive for large positive z. We
will check below that the function l_I'JWKB (z) is analytic in 2¢. The meaning of for-
mula (1.64) and similar formulae to follow is that there exists a 2 x 2 matrix-valued
function ¢y (z) such that

U,(2) = (1 + eny(2)Pwks(2), 7€ QF°,

and

sup |(1 + |zDen (@) <cN', ¢>0.

zeQ°

For concrete calculations the function U°(z) can be simplified as follows. The
function

0 i
ay, (2)

a(l)Z (2)

U'(z) =a?/(2) — a?,(2)

is analytic in 2¢ and as N — o0,

2
U'zx) = —% —NTBEH-NPEHLONTY), zeqf,
(1.71) )
~ ~ 2P u(y) + 4D "w(y)]
T = (_1)n21/3gl/3|t|1/3, = 8 y _ y :
41e|V
hence

0 g’z 2 2 n 1 2 2
U (Z)=T(Z —ZO)—(N—)&C-Fﬁ)Z +Bv+ONT),

By = (c3 —CIN Y3+ (cy — )N/,

and the error term O(N~2) in U°(z) can be neglected in concrete calculations,
thereby reducing U°(z) to a polynomial of the sixth degree.

For the normalizing constant /,,, we will prove the asymptotics

2N [ u(u)du
(1.72) o= M L oY),

The integral in the exponent is regularized at infinity as in formula (5.3) below.
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1.9 Region 21: WKB Asymptotics of Cosine Type

In the region 2; we define \fJWKB () as

- _ N z
(1.73)  Wwie(2) = #(RS) VT () ( cos(N&1(z) + 7) ) zeq.

—sin(N& (2) + )

where
(1.74) p1(z) = (=U°2))"?, sl(z)E/Nmm)du, 1€Q,
and
0 1/2 1 0
(1.75) Tl(z>=(—7:f((§))) WO me |-

al @) ad @)

so that det T (z) = 1. The functions —U°(z) and a?,(z) are positive on the interval
d; < z < zo —d,, and the branches for the square roots in (1.74)—(1.75) are chosen
to be positive on this interval. We will prove that

(1.76) U,(2) = (1+ O(N " )NUwip(z), z€Q.

1.10 Region Q!: TP Asymptotics

In the region Q' we define the turning point vector-valued function \flTp (z) as

1/6 A:i¢N2/3
N'/° Ai(N w(Z)))’ el

(1.77) \i’TP(Z) = (Rg)_1/4 W(z) (N—1/6 Ai/(N2/3w(Z))

where
3 e 2/3
(1.78) w(z) = (5 /N VUw) du)

and

a® (2) 1/2 1 0
(1.79) W(z) = (#) _a?l(z) w'@ |
w'(2) @) aly@)
so that det W(z) = 1. The branches for fractional powers in (1.78)—(1.79) are

chosen to be positive for z > z(’)\' . Observe that the function w(z) is analytic and
has no critical points in Q!. We will prove that

(1.80) U,(2) = (14+ ON"YNUp(z), zeQ'.
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1.11 Region ": CP Asymptotics

The normal form for system (1.27) at the critical point z = 0 is the system

(1.81) V' (z) = A()¥(2),
where

_ (—1)"4u(y)z 422 + (—=D)"2w(y) + v(y)
(1.82) 4@) = (—4z2 + (=1 2w(y) — v(») —(—1)"du(y)z ) :
and
(1.83) v(y) =y +2(y), wl) =u'(y),

where u(y) is the Hastings-McLeod solution of the Painlevé II equation (1.46) (see
Section 3). We will consider a special solution to (1.81),

. 1
(184) b0 = (2.

which is characterized by the following properties:
(1) d(z) is real, i.e.,
(1.85) @) =d().
(2) It satisfies the parity equation
(1.86) B(—2) = (=103 (2).
(3) On the real axis the functions ®/(z) have the asymptotics
3 n

o1 (2) = cos [ 4y = ) + 0
= 3ty ),

3

) . [(4z mn )
®“(z) = —sin T—i—yz—? +0(Ez"), z— Foo.

(1.87)

The existence of the solution CTD(z) is a nontrivial fact in the modern theory of
Painlevé equations (see, e.g., [22, 41]). It should also be noted that, in addition to
properties (1.85)—(1.87), the function CTD(z) is an entire function on the complex z-
plane, and its asymptotic behavior is known in the whole neighborhood of z = oo
(see Proposition 3.2 below).

Remark. As a function of the parameter y, the vector é(z) is a meromorphic func-
tion that satisfies the linear differential equation (cf. (1.81))
0V (z)

1.81
(1.81%) oy

= B(2)¥(2),

where

(1.82) B(z) = ((_lg ) —<—1§"u<y>) '
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Moreover, the asymptotic distributions of the complex poles (which coincide with
the poles of the Painlevé function u#(y)) and the large |y| asymptotics of CYJ(z)
can be extracted from the general asymptotic results concerning the oscillatory
Riemann-Hilbert problem associated with the second Painlevé equation; see [22,
37,41, 44, 49].

In the region Q2° we define the critical point function as

(1.88) Uep(z) =

7 (B) V@ eW @),

where the matrix-valued function V (z) and the function ¢(z) will be defined be-
low in Section 4 (see (4.65) and (4.82)). Both V(z) and ¢(z) are analytic in Q°,
detV(z) = 1, and ¢(z) has no critical points in °. It is worth noting that the
functions V (z), ®(z), and ¢(z) depend on the parameter y. We will prove that in
QO

(1.89) Uy (2) = (1+ O(N")Vep(z), z€Q.

We can now formulate the main result concerning the double scaling limit for
orthogonal polynomials.

THEOREM 1.2 There exists dg > 0 such that for all d, in the interval 0 < dy <
dY and all d, satisfying inequalities (1.60), the following holds: Let Q, Q°, Q!
and 2 be the regions defined in (1.61)—(1.63) (see Figure 1.2). Let Ty > 0 be
an arbitrary number and the variable y, defined in (1.43), satisfy bound (1.44).
Then the recurrence coefficients R, obey asymptotic formula (1.45), and for the
vector-valued function \fln (z), asymptotic relations (1.64), (1.72), (1.76), (1.80),
and (1.89) hold.

Remark. It is interesting to compare Theorem 1.2 with the results of Deift, Krie-
cherbauer, McLaughlin, Venakides, and Zhou [19] and of Baik, Deift, and Jo-
hansson [2], which are both based on the Riemann-Hilbert approach as well. The
general theorem of [19] can be applied to our problem at the critical point y = 0,
and for this case it gives asymptotics formulae for the function 0, (z) with an error
term of the order of N~!/3. In the work of Baik, Deift, and Johansson [2], asymp-
totics similar to the ones of Theorem 1.2 (with the error term of the order of N ~2/3)
have been obtained for the double scaling limit of a Riemann-Hilbert problem on
the circle. We provide some comments on the relation of our approach and the one
of [2] in Appendix F.

A different type of the double scaling limit in discrete string equation (1.23),
which leads to the appearance of the Painlevé 1 equation, was discovered in [11,
24, 34] in connection with the matrix model of two-dimensional quantum grav-
ity. This limit, on the level of solutions of the string equation, was analyzed in
[29, 30, 39, 40, 38, 47] in the framework of the Riemann-Hilbert isomonodromy
approach, and our method is very close to the scheme used in the works cited. An
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important difference, however, is that we construct an approximation of the orthog-
onal polynomials of the order of N~! and in a finite neighborhood of the critical
point. The original approach of [29, 30, 39, 40, 38, 47] gives only estimates of the
order of N~!/3 and in a neighborhood of the size of N~!/3,

Finally, it is interesting to notice that the Hastings-McLeod solution to Pain-
levé II also appears in the Tracy-Widom distribution function at the edge of the
spectrum; see [65].

1.12 Double Scaling Limit for Correlation Functions

From Theorem 1.2 we will derive the following results concerning the double
scaling limit for correlation functions of the quartic matrix model:

2 ®'(z; y)
D(z;y) = ;
(Z )’) (CDZ(Z; y)
be the solution for n = 0 to system (1.81) and relations (1.85) through (1.87). Then
the following double scaling limit holds:

THEOREM 1.3 Let

(190)  lim L g “ T coyN~3) =
. OO(CN1/3)m 1 Nm CN1/35~~~7 CNI/?” c Oy -

det(Qc(ui, uj; ¥))i j=1....m>»
where ¢ = {'(0) > 0, and
! (u; y)P*(v; y) — @' (v; V)P (15 y)
(U —v) '

(1.9D) Oc(u,v;y) =

Furthermore, if 7 is in the bulk of the spectrum, i.e., 0 < |z| < zo, then

1 Uy
1.92) lim — Ky VRS VIRRRE 23
(1.92) N (p(zx)N)m—1 <Z+ p(x)N’’ Zer( )N’ ot oy )
det(Qp(ui, u)))i j=1,...m»
where
sinw(u — v)
(1.93) Op(u,v) = ————

w(u — v)
the sine kernel. At the edge of the spectrum,

1
194) lim —————Knn <Z0 + —= » 20+

3\ _
N0 (cN2/3yn—1 N2/3’ fe +coyN > =

det(Qe(ui, uj))i j=1,..m

N2/3,..

where ¢ = w'(z¢9) > 0 and

Ai(u) Ai'(v) — Ai(v) Ai'(u)

u—v

(1.95) Q.(u,v) =
the Airy kernel.
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Remark. The sine kernel in the bulk of the spectrum is established for a general
(fixed) V(M) by Pastur and Shcherbina [59] in a very different approach (see also
a nonrigorous derivation of the sine kernel in the physical work of Brézin and Zee
[12]). In the Riemann-Hilbert approach the sine kernel in the bulk of the spectrum
is obtained for a general (fixed) V(M) by Deift, Kriecherbauer, McLaughlin, Ve-
nakides, and Zhou in [19] (see also the earlier paper [7] for the quartic noncritical
case). The Airy kernel at the edge is established for the Gaussian model by Bowick
and Brézin [9], Forrester [31], Moore [55], and Tracy and Widom [65], and for the
quartic model by Bleher and Its [7].

1.13 Plan for the Rest of the Paper

In Section 2 we will give a formal (perturbative) derivation of asymptotics
(1.45) for R,. It will be justified in subsequent sections. In Section 3 we will
discuss a normal form for the system of differential equations on the i function
at the critical point. In Section 4 we will develop a three-step construction of the
approximate solution in a neighborhood of the critical point. At the critical point,
four turning points coalesce, making the asymptotic analysis rather nonstandard.
We will be looking for the solution in the form V (z)®(N'/3¢(z)), where ®(z) is
a Y function for the Hastings-McLeod solution to Painlevé II. First we will con-
struct ¢(z) in the zeroth-order approximation; then we will construct V(z) in the
zeroth-order approximation, and after that we will correct ¢ (z) to include terms of
the first order. The basic role in this construction will be played by the equation of
the equality of periods [6, 46]; see (4.64).

In Section 5 we will construct the WKB approximate solution in 2¢ and prove
that it matches the critical point approximate solution up to terms of the order of
N~!. In Section 6 we will construct a turning points approximate solution in the
region Q', and we will show that it matches the WKB approximate solution. In
Section 7 we will construct the WKB solution of cosine type in the intermediate
region 21, and we will prove that it matches the CP and TP solutions. In addition,
we will prove that it matches the WKB solution on the top and on the bottom of €2;.

The analysis of Sections 5 through 7 provides us with an explicit matrix-valued
function WV(z) that solves asymptotically, as N — oo, the basic Riemann-Hilbert
problem (1.35)—(1.38). In Section 8 we will prove that the quotient W, (z)[W?(z)]™!
is equal to I + O (N~'(14|z|)~"), and this will conclude the proof of Theorem 1.2.
We emphasize that we only use differential equation (1.27) to motivate our choice
of the function W(z). The uniform estimate for the difference W, (2)[W(z)]~! —
[ is proven by means independent of the WKB theory of differential equations.
Indeed, the proof of the estimate is based on the analysis of the Riemann-Hilbert
problem, which is solved by the quotient W, (z)[¥(z)] .

The ideas and techniques used in Section 8 are close to the Deift-Zhou nonlinear
steepest descent method [20], although there is an essential difference as well. We
give more details on this matter in Appendix B. Finally, in Section 9 we will prove
Theorem 1.3.
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For what follows it will be convenient to make the substitution

~ 2m)~1% 0
(1.96) v, () = T, (2) (( i (2,,)1/2) :

This does not change the Lax pair equations (1.34) and simplifies (1.35) to
~ ~ 1 —i
(1.97) U (2) =0, (2) (0 ;) :

For the sake of brevity we will again denote \TJ,, (z) by ¥, (z), and we will take into
account substitution (1.96) at the very end.

2 Formal Painlevé I1 Asymptotics near the Critical Point

String equation (1.24) is supplemented by the initial conditions

@1 P I
. 0o—VY, 1= 00 _
o e NV@dz

(see (1.12)). The critical point A, = #?/(4g) is a bifurcation point for R,,. Namely,
for A < A. the numbers R, are attracted to two different branches for odd and even
n, so that

RO ifn=2k+1
2.2) lim R, = | X®) ifn=2k+
n,N—oomn/N—A L) ifn =2k,

where

(2.3) R, L= A< hes

—t+ /1> —4)rg
2g '

see [7]. Contrariwise, for A > A., the numbers R,, are attracted to one branch,

(2.4) lim R, =R(),

n,N—oomn/N—xr

where
—t 2+ 12gx
2.5) R=TEVIF Y
6g
At the critical point,
t
R=L=——, A=
2g
Figure 2.1 presents results of numerical integration of string equation (1.24)
with the parameters t = —1, g = 1, and N = 400. In this case A, = i, SO

that n, = 100. The authors thank Bobby Ramsey for his help in carrying out
the numerical integration. It is worth noting that the numerical integration has
been done by minimizing a global variational functional on trajectories {R,, n =
0,1, ..., no} which proved to be an efficient method of integration.
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1] 20 40 [=1] B 00 120 140 160 180 200

FIGURE 2.1. Computer integration of the string equation: R,, versus .
The solution shown corresponds to t = —1, g = 1, and N = 400.

The problem of the double scaling limit is to find the asymptotic behavior of
R, near A.. First we will calculate the double scaling formally (by perturbation
theory) and later we will prove it rigorously. Let us assume that

R(y)=—L +NPu(y)+ N"v ifn=2k+1
26 R, = ) 25 ) ) ‘
L(y)=—5 NPu(y)+ N7v(y) ifn =2k,
where y is determined by the equation
n
- = )\'L‘ N_Ol L)
N et

with some exponents «, 8, ¥ > 0 to be determined. Our assumption here is that
u(y) and v(y) are smooth functions of y € R. Now we substitute ansatz (2.6) into
(1.24), first for odd »n and then for even,

A+ N~%y = R([t + gL(y) + R()) + gN* >AL(Y)],
A+ N %y =L)[t +82R(G) + L(») + gN** *AR(Y)],

where A is defined as

2.7

— N =2f(y)+ f(y+ N
ap = LOZNED =2 R O N

For our calculations we can replace A by the operator of the second derivative.
Subtracting the second equation in (2.7) from the first one, we obtain that

(R—L)(t+gR+gL)+gN*>(RL"—LR")=0.
Substituting (2.6) and neglecting higher-order terms in N ~!, we obtain that
(2.8) dguv + N2 27y =0,
To get a nontrivial scaling we set
(2.9) 20 —2+4+y =0;
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then (2.8) reduces to the equation

tu//

2.10 = — .
( ) v 4gu

The first equation in (2.7) gives that

(2.11) N™%y = —N"72tv — N P gy?

(modulo smaller terms). To get a nontrivial scaling we put
a=y =28.

Combining these relations with (2.9), we obtain that

2 1

2.12 =y =, =_,
(2.12) a=y=3 B 3

so that (2.6) is written as

t
(2.13) Ry = —5—+ (D)"INTBuy) + Ny, y= N”(% - u) ,
8

and (2.11) reduces to the equation

(2.14) y = —2tv — gu’.
Substituting v from (2.10), we obtain that
t2 M”(y)
(2.15) Y=o — —gut(y),
2g u(y)

which is the Painlevé II equation. From (2.10),
_tu"y) _ y+ew’(y)
4g u(y) (=21)
To bring (2.15) and (2.16) to a standard form of the Painlevé II equation, we
make a rescaling of u, v, and y. To that end we rewrite (2.13) as

(2.16) v(y) =

t
Ry ==+ (=)"IN"Pu(y) + N o),
8

2
y = 'N?? n ’
N 4g
where

(2.18) o= ()" o= (2T Lo ()
' T \2g) 0 ) T2\

Then (2.15) reduces to
(2.19) u" =uy+2u®,

which is a standard form of the Painlevé II equation (in fact, a particular case of
the Painlevé II). As we have already indicated in the introduction, ansatz (2.17)
had been suggested in physical papers by Douglas, Seiberg, and Shenker [23],
Crnkovi¢ and Moore [15], and Periwal and Shevitz [60].

2.17)
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Equations (2.3) and (2.5) give the boundary conditions

(220) ) {~ J2 ify - —oo

— 0 if y = oo.

This selects a special solution to the Painlevé equation, the Hastings-McLeod so-
Iution [35] (cf. Section 1). It has the following asymptotics:

12 1
u(y) = (—X> (1+—+---),
2 4y3
1

v(y) = +0(k™, y— —oo,

2.21) _4—))2
u(y) = Aiy) (1 + 0@ @),

v(y) =y + 0(6_(4/3”‘3/2), y — 00,

where Ai(y) is the Airy function. Of course, the numbers R, in (2.17) do not
satisfy the Freud equation (1.24) exactly, and we have for them the Freud equation
with an error term,

n
(2.22) ~ = Rt + gRuy + gRy + gRot1) + O(N~*3).

More precisely, substitution of (2.17) into (1.24) gives that

n
(2.23) Ru(t + gRu1 + Ry + gRut1) — 7 =

N7eo[v(y) =y =26 (MI+HN " (D" [u" () =u()v)]+O N ),

which implies (2.22).

To get an asymptotic expansion for R, we use (2.17) with

o0 o
(2.24) uy) =Y Ny, v =Y N y).
j=0 Jj=0
Then from the terms of the order of N~%/3 and N~' we obtain Painlevé equations
(2.19) on ug and vy. After that from the terms of the order of N ~*/3 and N /3 we
obtain a linear system on u#; and v; then from the terms of the order of N ~2 and
N~/ we obtain a linear system on u5, vy, etc.
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To illustrate this process, assume that g = 1 and ¢t = —2 (the general case can
be reduced to this one). Then

n
Rn(t +an—1 +an +an+1) - N

= N33 vy — 2u} — y) + N~ (uf) — uowo)

(2.25) 27
N1/ (—4140141 +v + F(zv(’{ — 16uguy + 3v§)>

21/3
— N3 (voul + ugv; + T(M()Ug — v0u6)> + -

Equating coefficients on the right to zero, we obtain the equations

(2.26) vo =y +2uy, uj=uog,
and
2]/3
Quguy — v; = — (2vy — 16uouf + 3v3),
2.27) 16
71/3
VoU1 + ugvy = —T(uov(’)’ — voug),

etc., from which we subsequently determine the functions u;(y) and v;(y).

3 The ¥ Functions for Painlevé 11

Our next step is to derive a model (normal form) equation for the matrix differ-
ential equation
W (2) = NA, ()W, (2)
at the critical point z = 0. To that end we substitute (2.17) into the matrix elements
of A, (z), rescale z as

1/6
(3.1 z=CN Vs, C= <£> ,
718
and keep the leading terms. This gives the equation
(3.2) W(s) = A(s)W(s)
with
_ (—D"4u(y)s 452 + (—=D)"2w(y) + v(y)
@3 A= (—4s2 + (=D 2w(y) — v(y) —(—1)"4u(y)s ) ’
where
v(y) =y +20), wl) =u(y),

and u(y) is the Hastings-McLeod solution of the Painlevé II equation (2.19). For
another form of the model equation, see the physical paper by Akemann, Dam-
gaard, Magnea, and Nishigaki [1].
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3.1 Turning Points of the Model Equation

The turning points of (3.2) are the zeros of det A(s) on the complex plane.
Observe that

(3.4) det A(s) = 165* + 8ys® + v*(y) — 4w?(y);
hence the turning points are solutions of the biquadratic equation

2 A2
(3.5) Pty ? O —4w'(y) _

0.
2 16

Denote for this equation,

2 2
o= g gy = W —AwR)
p—p(y)=2, qg=q(y) = T ,
2 .2
)

PROPOSITION 3.1 (1) The discriminant D(y) is positive for all y € R, so that
equation (3.5) has four roots, £s1, = £512(y), such that

(3.6)
D =D(y) =p*(y) —4q(y) =

—00 < slz(y) < szz(y) < 00.
(i) Forall y € R, sf(y) < 0. There exists some yy > 0 such that

5N >0, y<yo. 5500 <0, y>yo.
(iii) The following asymptotics hold:
1 y
2 2
Sl’\“—@, SZN—E, y — —00,

Y ! —/3)y¥?
4 T a@m)ayint -

(3.7)

2
Si2 =

-, y— 00.

PROOF: We have

D'(y) = —u*(y) — 2u' () (yu(y) + 20 (v) — u"()) = —u*(y)
and D(0c0) = 0; hence

(3.8) D(y) :/ u*(x)dx > 0,
y
which proves (i). To prove (ii) and (iii), observe that by (3.8),
; y D)  y+2i(y) v D(0)
. =2 _ = = , q0)=-—""=1<0.
3.9 gk A ) 2 A q(0) VR

Since g(—o0) = 0, we obtain that

1
q(y) =3

y 1
8fvm@=—ﬂvwﬁyya—w

0 32y
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This gives the first line in (3.7). From (3.8) and (2.21),

| 32 _
D(y) = o @Y1+ 0(k7%), y— 0.

This gives the second line in (3.7). Thus, (iii) is proved.
To prove (ii) we will show that ¢ (y) has a unique zero yq on the real axis. Then
(i1) follows. Since
v(y) =y +2(y) >0, y>0,
we obtain from (3.9) that ¢ (y) is increasing for y > 0 and it has one zero yy > 0
on the positive half-axis (observe that g(co) = 00). We claim that g(y) has no
zeros on the negative half-axis. Indeed,

V(y) = 40 () + 4" u(y) = 4w (3))* + 4 (v(y);

hence if v(y) > 0 then v”(y) > 0. From (2.21) we have that v(y) is negative for
negative y sufficiently large in absolute value. On the other hand, v(0) = 2u?(0) >
0; hence there is y; < 0 such that v(y;) = 0. We claim that v(y) can have only one
zero. Assume that there are two. Then there exists y, < 0 such that v(y,) = 0 and
v(t) > Ofor yp — 8 <t < y, for some § > 0. But then v'(y,) < 0and v”() > 0
for y — 8 <t < y,. Now take any y < y,. By the Taylor expansion,

1 2
v(y) = v(y2) + V() (y — y2) + 5/ (t —y)"(r)dt,
:

hence v(y) > 0 as long as v(¢) > 0 on [y, y,], which implies that v(y) > 0 for
all y < y,, which is not true. The contradiction proves the unicity of the zero of
v(y). This in turn proves that g (y) has no zero for negative y’s. Indeed, g(—o0) =
q(yo) = 0; hence if g (y3) = 0 for some y; < 0, then v(y) = 8¢’(y) would have at
least two zeros, which is not true. This finishes the proof of Proposition 3.1. ]

3.2 Standard Form of the Model Equation

The matrix (3.3) differs from the standard Flaschka-Newell form of the ¥ equa-
tion for Painlevé II [27]. To put it in standard form we make the gauge transforma-
tion

= (1 =i\{1 0 \_ (1 (="
(3.10) W(s) =UW(s), U—<_i 1) (0 (—1)"i>_(—i (—1)"i)'

Then
(3.11) V' (s) = A@)P(s),
where

—4is? —iv dus + 2w

~ _
(3.12) A@s)=U"A)U = (4us —2iw  4is®+iv

) . v=y+2u’.
Solutions to equation (3.11) are entire functions of the complex variable s.

Their behavior at s = oo is governed by six Stokes matrices (the infinity is an

irregular singular point of (3.11) of Poincare index 3). A key fact for our analysis
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is that the Stokes matrices of (3.11), with u, v, and w determined via the Hastings-
McLeod Painlevé furlction, are known. More precisely (see [22, 41]), there exist
six Stokes solutions W;(s) to equation (3.11) such that

G=bm) 7
3 -3
The Stokes solutions are uniquely determined by (3.13), and they are related as
follows:

(3.13) Jim T (5)e! @5 1999 — 1 if | args — c.
S|—00

By(5) = Tits) (é _i) liz(s):@l(s)(} (1’) Ts(s) = Bats),
(3.14)
Ta(s) = Ts(s) (_} (1)) @S(S)=@4(S)<(1) i) To(s) = Ts(s).

Remark. The existence of the Stokes solutions \Ilj (s) is a fact of the general theory
of systems of linear ODEs with rational coefficients (see, e.g., [62]), and it has
nothing to do with the particular choice of the parameters u, y, and w in (3.11).
For any triple u, y, and w, the solutions E’,- (s) exist, they are holomorphic with
respect to u, y, and w, and the asymptotics (3.13) is uniform with respect to u, y,
and w varying in a compact set. Also, in the general case, the relations (3.14) are
replaced by the general equation

Uj1(s) = U(5)S;

where the Stokes matrices S; are some franscendental functions of parameters u,
vy, and w. A remarkable fact ([27, 43]; see also [41] and indeed classical works
of R. Garnier [33]) is that the Stokes matrices S; form a complete set of the first
integrals for the Painlevé equation (2.19). The particular choice of Stokes matrices
indicated in (3.14) corresponds to a selection of the Hastings-McLeod solution of
the Painlevé II equation (2.19).

Equations (3.14) lead in turn to three special vector solutions to (3.2).

PROPOSITION 3.2 Assume that A(s) is defined as in (3.3). Then for every real y,
there exist vector solutions ®(s) = ®(s;y) and ®;(s) = ®;(s;y), j = 1,2, of
the equation @' (s) = A(s)D(s) on the complex plane such that

(1) C_IS(S) is real, i.e.,
(3.15) D) = d(s),
and it satisfies the parity equation
(3.16) B(—s5) = (=1)"53D(s) .

As |s| = o0,

0
k

%)
Sl

(3.17) d(s) ~ (Z

)e—t((4/3)s +ys) ife <args <m—¢ Ve >0
k=0

e¢]
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with T = ("), and

- ©r 4s® _mn
q><s>~(1+zs—j,’j)(c°s(3fys 2,,_))>
k=1

(3.17) —sin (% +ys — 5

. v T
if largs| < 5—8 or |args —m| < 5—8,
where 'y, are some matrix-valued coefficients.
(ii) 5>1 (s) has the asymptotics as |s| — oo,
0 Al
> r . ‘ b4 4
G18) D) ~ [ Y k)l @I e <args < — —
sk 3 3
k=0
. d _nyn+l
with T} = (¢ (3): ).
(iii) ®,(s) = D, (5) and

N _1\n+1 N
(3.19) ‘Dz(—S)=(( PO )cl>1<s),

(G
(3.20) D (s) — Dy(s) = —iD(s).

In what follows we will use the matrix-valued functions
(3.21) D(5) = (D(s), Di(5)),  D(s) = (B(s), Pa(s)) .
As follows from Proposition 3.2, they satisfy the relations
PU(s) = ®U(s)S, S= (1 _i) :
0 1

Ul (—s) = (=1)"03 0 (s)03, D*(5) = D(s).

(3.22)

At infinity for all £ > 0, the function ®*(s) has the asymptotics

u _ I —i = m; —(%is3+iys+y)o3
(323) P“(s) = (_i 1) (.Z;F)e ;
j:

ass —»> o0, e <args <mw —¢,

where
nm

2 b
and the rest of the matrix coefficients m; can be found recursively by substitut-
ing series (3.23) into equation (3.2). The first two coefficients are given by the
following equations:

iD (—D"u u?>— D? Jw+uD
SO3T T, 01, M= I+ (=1) )
D:wz—u4—yu2,

y =—i mo=1,

mp = — 02,

(3.24)
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where o; are the Pauli matrices

(3.25) o) = ((1) é) o) = (? B’), 03 = (é _01).

The proof of Proposition 3.2 is given in Appendix A below.

4 Semiclassical Approximation near the Critical Point

In this section, which plays the central role in the whole paper, we will construct
a semiclassical approximation to the equation

.1 V'(z) = NAY(2) ¥ (2)

in a fixed neighborhood of the critical point z = 0. It is worth emphasizing from
the very beginning that we will not prove any results concerning properties and
asymptotics of solutions to equation (4.1). It will be used only as a tool in con-
structing an approximate solution to the RH problem.

Denote

4.2) 6] =t+ gR)+gRY,,.

From (1.66) we get that

0% = N2Bcs + N7 leg + O(N?),

n

gz 1/3
cs = (M) [v(y) +2(=D"w(y)],

Co = (%)[2(—1)%@)1)@) + 0],

4.3)
00, =N Pc;+ N 'eg + O(N*7),

g2 1/3
c7 = (m) [v(y) = 2(=D"wI,

oy = (ﬁ)m—l)"u(y)v(y) — V().

This gives the matrix elements of A?(z) as

3
8z ,, _ _
ad(z) = —= —lag=D FINTBu(y) + cagN o]z,

@4  ah@) = (R)*[g2 + N es+ Nleg + 0N,

a3 (2) = —(RY)*[g2> + N"cr + N7les + O(N~*7)],
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where the constants ¢; and c¢; are defined in (1.45). In the semiclassical approxi-
mation the function det Ag(z) will be important. We will use the function

gzt n
45)  d@=-"E )+ g(ﬁ - xc)zz — (sN~P 4 NP
as a suitable approximation to det Ag(z) (cf. (1.58)). From (1.67) we have that
4.5) detA2) =d(@) +a’*+ 8%, =03, g=0W?.

4.1 Three-Step Critical Point Solution

In a neighborhood of z = 0 we are looking for a critical point approximate
solution to equation (4.1) in the following form:

(4.6) Yep(z) = V(DN (2)),

where V (z) is a gauge matrix-valued function, ®(z) is a matrix-valued solution to
the model equation

4.7) d'(z) = A()P(2)

with A(z) defined as in (3.3), and ¢(z) is an analytic change of variable with
£’'(0) # 0. We will choose ®(z) differently for Imz > 0 and Imz < 0 to se-
cure the necessary multiplicative jump. Here we will carry out a general analysis
of (4.1), and we will assume that ®(z) is any solution to (4.7). Substituting (4.6)
into (4.1), we obtain the equation

48) V@[{@QNPAN @]V () =A@ - NV @V ().

From this equation we determine iteratively ¢(z) and V (z) in three steps: (1) the
zeroth-order approximation for ¢ (z), (2) the zeroth-order approximation for V (z),
and (3) the first-order approximation for ¢ (z).

4.2 Zeroth-Order Approximation for ¢ (z)
Taking the determinant of both sides in (4.8), we obtain that
(4.9) [’ @PN " det AN (2)) = det [A)(z) — N™'V'(2)V 1 (2)].

In the zeroth-order approximation we will neglect terms of the order of N~!. So
we drop the term N ~'V’(z) V~!(z) on the right,

(4.10) ['@PN" det AN ¢ (2)) = det A)(2) ,

which is an equation on ¢ (z) alone. By (3.4),

N det AN'30) = £(0) = 16¢%(2) + 8N 2Py¢(2)
+ NP () — 4w’ ().

We replace det A%(z) by d(z) (see (4.5)), reducing (4.10) to the equation

(4.12) )V f(&)=d@).

@.11)
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Now we drop the O(N~") terms in f and d, and we introduce the functions

(4.13) FO>r) = 16¢* + 8N~23y?

and

(4.14) PSS K2t B N
. ) = 4 <0 Z 8 N c ]2 .

Equation (4.12) then reduces to

(4.15) € r¢) =d @)

or

(4.16) ¢V ) = Vd @)

To fix a branch for the square roots, observe that both f%(z) and d°(z) are
positive at z = zo/2 for large N. We will assume that both square roots are also
positive at zo/2. Equation (4.16) is separable and is easy to solve. The problem is

to find an analytic solution.
Consider this problem more carefully. Let us make the change of variables

4.17) z=CN Vs, =N,

where C is the same as in (3.1). We will call (s, o) local coordinates (at the critical
point) and (z, ¢) global ones. In the local coordinates, equation (4.16) reduces to

(4.18) o'V (o) = v/8%s),

where

@’(0) = N*3 fON~136) = 160* + 8yo?,
(4.19) 8%s) = C>’N*3d°(CN~"3s)

= 16s* + 8c51N2/3(% — Ac)sz — N72/3C956 ,

where ¢ is defined in (1.43) and
214/32/3
(4.20) cy = W
Using the definition of y in (1.43), we reduce (4.19) to
¢’(0) = 160 + 8yo?,

“4.21)
8%(s) = 16s* + 8ys? — N~*3¢qs.

Observe that ¢° and §° differ only by a term of the order of N ~?/3. Therefore, we

are looking for an analytic solution to (4.18) in the form

(4.22) o(s) =s+ N"o1(s) + N *oy(s) +--- .
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To secure the analyticity of o (s) at s = %5y we need the condition

(4.23) /JO Vol(r)dt = /SO Vé&l(t)dr.
0 0

Indeed, 0 = o (s), as a solution to equation (4.18) with initial condition ¢ (0) = 0,
is determined by the implicit equation

(4.24) /U Vol(r)dt = /S V8ot dr .
0 0

The integrals on both sides have the same s*? singularity at 0 = o and s = s,
respectively. Therefore, to have an analytic solution o (s) at s = 59, we should be
able to rewrite (4.24) as

(4.25) /a Voo (r)dt = / V80 (0) d

which implies (4.23). We will call (4.23) the equation of periods.

From (4.21) it is not difficult to evaluate the periods by perturbation theory in
1/N?/3, and they are certainly different. Therefore we need a parameter to adjust
the periods. To that end we change the relation between n and y from (1.43) to

(4.26) y = c01N2/3(% _ xc) +aN~3,

where « is a parameter. Then (4.21) changes as follows:
¢°(0) = 160* + 8yo?,

(4.27)
80(s) = 165% + 8(y — aN~2/3)s2 — cgN~2/3s5 |

and we find the value of the parameter « = «(y) from equation (4.23). Let us
analyze this procedure in more detail.

When y = 0 we take « = 0. Then both ¢° and §° have a quadruple zero at the
origin, and equation (4.23) holds. For y # 0, let us scale the functions ¢°(c’) and
8%(s) as follows:

(o) = ——z(po(‘/—Zy o) =-0"+07,
16y
A 1
4.28 3(s) = ——8°(v/-2
(4.28) T (vV—2ys)
N-2/3
=—s*+ (1 —aN?P)s* - %sé, a=ya,

where /—2y > 0 for y < 0 and Im \/—2y > 0 for y > 0. Then (4.23) reduces to

1 s
(4.29) /J(ﬁ(t)dr:/ V(@) dr,
0 0

where § is the zero of & (s) that is closest to 1.
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(4.30) 36)=0, §=1+0W?.

To analyze (4.29) we use the implicit function theorem. To that end, introduce,
for small |x{| and |x,|, the function

§(x1,x2)
4.31) 1(x1, x2) =/ V=s*+ (1 — x1)s2 — x255ds,
0

where §(x1, x,) is the zero of the function under the radical closest to 1. We claim
that 7 (x;, x») is an analytic function at x; = x, = 0 and
01 (xy, x2) £0. 01 (x, x2) £0.

3)61

8)62 x1=x2=0

(4.32)

x1=x2=0

To prove the analyticity, apply the Cauchy theorem and rewrite 7 (x, x,) as

1
(4.31) I(x1,x) = 3 7{ V=s*+ (1 — x1)s2 — x25%ds,
Lo

where 'y is a circle on the complex plane of radius 1 centered at s = 1. In this form
one can differentiate 7 (x;, x,) with respect to x; and x, and prove the analyticity
at x; = x, = 0. To prove (4.32), differentiate (4.31"), set x; = x, = 0, and return
to the real integral

o1 , 1 2
(x1, X2) :_/ s ds £0.
OX1 |y —n—0 0 2/ —s*+ 52
and similarly for (071 (x1, x2))/0x;,. Equation (4.29) is equivalent to
R N-2/3
I0n.a) =10.0), 1 =GN, n=—"22

The implicit function theorem ensures the existence of an analytic solution x; =
x1(x2) with dx;/dx,(0) # 0. This in turn gives an analytic solution o = «(y) ~
cy?, ¢ # 0, to (4.23).

Let us summarize our calculations. In the zeroth-order approximation, the
change-of-variable function ¢((z) is determined from the initial value problem

(4.33) &V 100 = Vd%(z),  £(0) =0,

where

f2»2) = 16z* + 8N 3yz%, % = de + coN"P(y — aN~%,
(4.34) 2 4
872 2 2 n )
dO =4 - ~ )\'C L)
(2) 2 (zg—2°) + g(N >z

and « is determined from (4.23). We consider the solution to (4.33) in the region

(—QNUQUQ ={z:—z0+di <Rez <z9—dj, [Imz| <do};
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see Figure 1.2. We also notice that, because of the uniqueness of the solution of
the initial value problem (4.33), the following symmetry relation takes place:

(4.35) So(=2) = —¢o(2) .

When z is separated from 0, i.e., |z] > wg > 0 where wy < d; does not depend
on N, (4.34) gives

V0@ =422 + N Pyz 4+ 0N, VdO@) = Jd@) + ON )

(cf. (4.5) and (4.9)); hence equation (4.33) implies that
455265 () + NP ygp() = Vd(@) + ON ), z] = ap.

In what follows, we use the function

(4.36) po(z) = v —d(z)

rather than /d(z), so we rewrite the last equation as
4i5(2)65 (2) + N72Piyt(2) = po(2) + O(NT),

ze (=2 UQU)\{lz] < w} .
Observe that the function —d(z) is positive for large N if z > z¢ 4 d; (cf. (4.5)
and (4.9)), and we take the branch of the square root for uo(z) that is positive for

7 > zo+d;. In (4.37) we continue 1o (z) analytically going around zo from above.
We note that, for sufficiently large N, p1o(z) is holomorphic in the domain

{|Z| > CUO} \ ((—OO, _ZN] U [ZN, +OO)) )
where z"V denotes the zero of d(z) that approaches zy as N — oco. In particular,
o(z) is holomorphic in the domain ((—€2;) U Q°U Q) \ {|z] < wo}-
Equation (4.37) can be used to describe, within an error term of the order of
N~4/3, the function &y(z) by an elementary explicit formula. Indeed, as long as z is

separated from 0, the function 1 (z) admits the asymptotic representation (cf. (4.5)
and (4.36)),

10(2) = —\/ 0¥ N2 o(vy,
(4.38) ,/zo — 72

z € Awo) = (-2 UL U Q) \ {lz] < wo},

4.37)

where ,/ z(z) — 72 denotes the branch of the root that is analytic in C \ ((—o0, zo] U

[z0, 00)) and positive for —z¢ < z < zo. This estimate allows us to rewrite (4.37)
as

(4.39) 452083 () + Nygi(z) =

Z
8« 22— +7yN_2/3+0(N‘4/3), ze Alwy).

2 V2o — 22
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By integrating the last equation and taking into account the symmetry z — —z, we
arrive at the relation

4
(4.40) 555 (2) + N"Pyeo(2) =

Doo(2) + N™PyDi(z) + O(N*?), 7€ Alwy),

where we have introduced the notation

Z 2
gu
(4.41) Doo(2) :=f0 T,/zg—bﬂdu

and

N du
(4.42) Di(z) = Co/ _—.
0 /Z(z) 2

Notice that both the functions D, (z) and D;(z) are analytic and odd in C \
(=00, zo] U [z9, 00)). (Of course, Dy (z) and D;(z) can be expressed in terms
of elementary functions, but we will not need these expressions; the integral rep-
resentations are already elementary enough and quite convenient for any further
analysis.) Equation (4.40), in its turn, implies the estimate

(4.43) 20(2) = Loo(@) + N"2y01(2) + O(NT*3), 7z € Alwy),

where the functions {(z) and ¢;(z) are defined by the equations

3 1/3
(4.44) (o(2) = |:ZD00(Z)]
and

D (2) — §s0(2)

4.45 ) =—" "=
(4.45) ¢1(2) 22 (2)
respectively. By a straightforward calculation one can see that both ¢, (z) and ¢;(z)

are analytic at z = 0. In fact, the first terms of the relevant Taylor series are

’

(446) (oo(d)=C'z— 10Cz§Z3 +.--, Di(x)=C'z— 6Cz§z3 +.nn,
and
(447) () = gzt

60c3

(note the absence of the singularity of ¢;(z) at z = 0). Therefore, the functions
{oo(z) and &;(z) are analytic in the full rectangle (—2;) U Q° U ;. This, by virtue
of the maximum principle, allows us to extend the asymptotic formulae (4.43) to
the full rectangle,

(4.48) 20(2) =l0o(@) + Ny (2) + OIN™), ze(=Q)HuUQluUQ,.
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Initial value problem (4.33), which we have used to define the function &(z),
was obtained by neglecting terms of the order of N~! in basic equation (4.9).
Therefore, in view of uniform asymptotics (4.46), it makes perfect sense to re-
define {y(z) as

(4.49) 00(2) = L@+ NPy01(0), y=cg'N 2/3<% - A“)

(note that we dropped the parameter « in the definition of y). With this new defini-
tion we preserve all three basic properties of the function ¢y(z), which we will use
in the next step and later in matching the critical point and WKB asymptotics (see
Section 5 and Appendix A). These properties are

(i) analyticity and £;(z) # O in the rectangle (—Q;) U Q° U Q,
(i1) estimate (4.37),
(iii) estimate (4.22) for the function o (s) = N'/3¢(CN~1/3s), and
(iv) symmetry relation (4.35).
Our next step is to construct the gauge matrix V (z) in the zeroth-order approx-
imation.

4.3 Gauge Matrix in the Zeroth-Order Approximation

In the zeroth-order approximation, equation (4.8) reduces to
(4.50) V@[5@NTPAN @]V () = A)@),

which can be viewed as a generalized eigenvector problem, because by step 1 the
matrices

LN TPAN 6(2))
and A%(z) have the same (up to terms of the order of N ~#/3) eigenvalues. We will
be looking for an approximate solution V (z) to (4.50), with a possible error term

in the equation of the order of O(N~!), and we will replace the matrix elements of
A%(z) by their suitable approximations (cf. (4.4)). We put

gz’
2

— [c1g(=D"'N"Pu(y) + c2gN o (y)]z,

a?l (2) = —agz(z) ==
>0 0 0\1/2 2 -2/3

ay(2) = (R)) " (g2° + N*¢s)

a%@) = —(R)" (822 + N *cs).

LEMMA 4.1 Let B = (b;;) and D = (d;;) be two 2 x 2 matrices such that

trB=trD=0, detB=detD.
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Then the equation VB = DYV has the following two explicit solutions:

diy 0 by dyi — by
4.52 V= , Vo= .
(452) : (bu —di b12> 2 ( 0 dr, )

The proof of Lemma 4.1 is given in Appendix B.
We apply Lemma 4.1 to solve equation (4.50) with

B = ()N PAN¢(2), D=A%).

The problem is that in (4.50) we need an analytic matrix-valued function V (z) that
is invertible in some fixed neighborhood of the origin. Neither V| nor V; in (4.52)
are invertible. Nevertheless, we will find a linear combination of V| and V, (plus
some negligibly small terms) that is analytic and invertible.

Let us rewrite (4.50) in the local coordinates (s, o) defined in (4.17):

Vo)[o'()A(o ()] Vs () = CN*BAUCN s,

4.53
*3) Vo(s) = V(CN~s).
Define
_ _ (b b1z
Bo(s) = o' () A0 (5)) = (b21 bzz),
by = —byn = (—1)"4uc’(s)o (s),
(4.54)
by = 0'(s)do*(s) + (—1D)"2w +v),
by = 0/ (s)(—40%(s) + (= 1)"2w — v),
and
D()(S) — CN2/3AO(CN—1/3S) — (dll d12> ,
" dr dyp
d11 = —d22 = (—1)"4145‘ — N’mcal(vs + 4S’;) ,
(4.55)

R92g\ /2
dip = < ”t|g> (4s* + (—=D)2w +v),

|
R02g 172
dy = ( rll > (—4s% + (=D)"2w —v).

To solve (within the error O (N ~%/3)) the equation
(4.56) Vo(s) Bo(s) V' (5) = Do(s)

we can use any linear combination of V; and V; in (4.52). To determine an appro-
priate linear combination, consider the matrix element b;; — d;, that appears in V;
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and with minus sign in V,. By (4.54) and (4.55),

(4.57) by —diy = (=1)"4uc’(s)o(s) — (—1)"dus + N~ ey s(4s* +v).
By (4.22), 0(s) = s + N"?30(s) + - - - ; hence

(4.58) by —dy = N3¢y s(@s? +v) + O(N~27) .

Thus the function b1 (s) —d; (s) has three zeros: s = 0 and two other zeros that are
determined, in the zeroth-order approximation in N ~!/3, by the quadratic equation

(4.59) 452 +v=0.

(The function b;;(s) — di;(s) may have more zeros at the distance of the order of
N'/3 from the origin, but we are not interested in those now.) Let us take

1
e
| Wo(s) = <d12(s) —byi(s) buls) = dn(S))
° bii(s) —dyi(s) bia(s) —dai(s) )

which is a linear combination of V| and V; in (4.52). We want V;(s) to be an
analytic, invertible, matrix-valued function. To that end we will slightly correct
Wo(s). Consider the matrix elements w;;(s) of Wy(s). From formulae (4.54),
(4.55), and (1.66),

w1 (s) = diz(s) — by (s)
= 8s% 4+ 2v
+ NP (=DM u(ds® + (—=1)"2w 4+ v) + O(N~*7),
wi2(s) = wai(s) = byi(s) —dii(s)
= N""c;ls(@s* +v) + O(N~),
w(s) = bia(s) — dai(s)
= 85>+ 2v
+ NP M (=D u(ds* — (=1)"2w + v) + O(N "),

4.61)

Observe that in the leading order of approximation in N~'/3, the zeros of w;;(s)
are determined by the same quadratic equation (4.59).
Let us define now

Wo(s) =
(4.62) dia(s) — bai(s) — N~VBay;  bii(s) — dii(s) — N~2Payas
bii(s) —di1(s) — N Bays  bia(s) — da(s) — N~ V3ay, )°

where the numbers o1, o;» = o1, and oy do not depend on s and are chosen in
such a way that all the elements in the matrix on the right vanishes at the zeros of
4s? + v. Then the matrix-valued function

Wo(s)

Wol$) = e 20
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is analytic in s and for finite s,
(4.63) Wo(s) =

10 —1y3 ((Qeo) M=) u (2co)~ s ~2/3
(0 1) + N < (2CO)_1S (ZCO)_I(—I)H+II,{ + O(N ) .

This implies that

1 1 ~
Vi = — W, = — W,
0(s) S0 0(s) o) 0(s)

is analytic in s as well and for finite s,

-1
469 Vo) = ((1) ?) + N7 ((zco(;—ls (2008 s) +O(N.

If we go back to the global coordinates z and ¢y, we obtain that

1
V(@) = V(CT'N'"Pz) = ——=W(2),
4.65) (2) o 2) SAAE) (2)

W(z) = C'N2BPwy(C'N3y).

To ensure that V (z) is analytic in the region (—2;) U QU U Q,, we will prove
the following lemma.

LEMMA 4.2 Define

~ ~ W(2)
W(z) = CT'N2BWy(C™'N37) = )
@ ot A= 3TN 4 20

Then there exists dg > 0 such that if 0 < dy < dg, then for sufficiently large N for
allz € (—2)UQUQ, det W(z) # 0.

The proof of Lemma 4.2 is given in Appendix E.
Observe that for |z| < &,

_ —azl(Z) + a(l)z(z) all(z) - a(l)l (2)
W) = ( an(z) — a?l (z)  an() — agl(z)
d@ij(2) = LN Pai;(N'Peo(2) -

) + 0N,
(4.66)

An important feature here is that the correcting terms N 1By, N~ Bay,s, etc.,
in (4.62) become O(N~!') after multiplication by N~2/3 and substitution s =
C~'N'/3z. From (3.3),

a11(z) = —an(z) = NP (=1)"4ugj(2)%0(z)
(4.67) an(2) = L[4 + N7 (=D"2w + v)],
@ (2) = (@[-445 @) + NP (= D"2w — v)].
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4.4 First-Order Approximation for ¢ (z)

We will solve equation (4.9) with an error term of the order of N~2. Using
notation (4.11), we write (4.9) as

(4.68) (N2 f(&) =det[Ay(x) = NV @V~ '(D)].

As a suitable approximation to the determinant on the right, we will consider the
function

a(z) =d(z) — N7 '[a),@)g2(2) + a3 (2)q11(2)
— a},(2)q21(2) — a3, (2)q12(2)]

where ¢;;(z) are the matrix elements of the matrix

(4.69)

(4.70) 0=V @V (@),

where V (z) is defined in (4.65). We replace (4.68) by the equation
4.71) IV @) =+Va().

In the local coordinates (s, o), it is written as

(4.72) o'\ folo) = ao(s) ,

where

4.73) folo) = N*P f(N"'Po) =det A(o) = 160 +8ya” +[v* (y) — 4w’ ()]
and

4.74) ao(s) = C*N*3a(CN~15s).

From (4.69),

(4.75) ao(s) = do(s)—[d11(5)g3>(8)+daa ()}, (5)—dr2(5)g3y () —da1 (5)g 15 (5)]

where
do(s) = C2N*3d(CN~3s)

4.76) = 165* + 8¢5 ' N?/3 <% - Ac)sz

+ () — 4w (y)] = NPy (=D"2w(y) + O(N3)

(use (4.5)), d;j(s) are the matrix elements of the matrix Dy(s) defined in (4.55),
and qlpj (s) are the matrix elements of the matrix

Qo(s) = CN?PQ(CN~"Ps) = Vi)V (s)

-1
_ N3 ((2C(3)_1 (268) )+ O(N~23

(use (4.50)). From (4.75) and (4.55),
ao(s) = do(s) + N73(2¢co) "' [d1a(s) + da1 ()] + O(N~2/3)
= do(s) + N™'Peg ' (=D)"2w(y) + O(NT*7),
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hence by (4.76),

n
ao(s) = 16s* + 8c_1N2/3(— —A )s2
4.77) ’ 0 N

+ [P — 4w+ N"Pry(s),  ra(s) = 0().
Here the notation ry(s) = O(1) has the following meaning: For any R > 0 there

exist No = No(R) and C = C(R) such that for all N > N, the function ry(s) is
analytic in the disk |s| < R and |ry(s)| < C(R) for all s in the disk.

To get an analytic solution to (4.72) we have to secure the equality of periods
of fo(s) and ag(s). The function f(s) has four zeros %s;, j = 1, 2 (see Proposi-
tion 3.1). The function ao(s) is an O (N ~%/3) perturbation of fy(s), and ay(s) also
has four zeros £¢;, j = 1,2, such that |t; — s;| — 0as N — oo.

We have to secure the equality of the periods,

4.78) /Sj vV fo(s)ds = /j Vvaos)ds, j=1,2.
0 0

To that end we need two parameters. As before, we can use the parameter « in
(4.26) that slightly changes the relation between n and y. Where can we take the
second parameter? The idea is to change a((s) by a constant SN ~2/3, putting

ao(s) = 16s* + 8(y — aN~2/3)s?
+ [ (y) — 4w (y)] + N ry(s) + BN3.
Observe that by (4.74),
a(z) = C*N~ay(C7'N'Pz);

4.79)

therefore, when we go back to the global coordinates, the function a(z) will change

by BN 2, which is of the order of the error term. We find the values of the param-

eters « and § from condition (4.78). Let us analyze this condition more carefully.
Assume that y # yy, so that s, 7~ 0. Introduce the auxiliary functions

(4.80) 1;(x1, X2, X3) =

t
/ \/16s4 + 8ys? + [vV2(y) — 4w?(y)] + x152 + x2 + x3rn(s) ds ,
0

where ¢; is the corresponding zero of the function under the radical, j = 1, 2. Then
(4.78) reads

(4.81) I;(—8aN~*3 BN~ N7 =[,0,0,0), j=1,2.
Observe that the Jacobian

an  an
_ 0x1 dxp
J = det (Zﬁ ﬂ)

x| dxo

x1=x2=x3=0
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is not zero. Otherwise, this would mean that there exists a number ¢ such that the
periods of the elliptic integral of the second kind,

K 2
u-+c
I1(s) = f du
0 \/16u4 + 8yu? + [vi(y) — 4w?(y)]

on the genus 1 algebraic curve w = 16s* + 8ys? + [v*(y) — 4w?(y)], are all zero.
This in turn would mean that the sum

Sl
3 1)

makes a meromorphic function on the curve (w, s) having a simple pole at exactly
one point, namely, at one of the two points lying over s = co. This is impossible
since none of these points is a Weierstrass point of the elliptic curve (w, s) (see,
e.g., [26]). (In fact, using Riemann’s bilinear relations for the periods of abelian
integrals, one can show that J = %.) Therefore, the implicit function theorem
gives the solvability of equations (4.78) for « and 8.

If y = yp, so that s, = 0 and the curve (w, s) degenerates, the parameter
should be taken equal to —ry (0) to ensure that , = 0 as well. The parameter « is
determined from equation (4.78), j = 1, which is the only period equation left. Its
solvability follows from the obvious inequality (we recall that yy > 0),

. 1Yo
S1 =1, —

S1 52
/ L du#0, .
0 +/16s* 4+ 8yps? 2

(One can also argue that since the Jacobian J = mi/128 and hence does not de-
pends on y, the solvability for y £ y, implies as well the solvability for y = yy.)

Let us summarize our calculations. The function ¢(z) is the unique analytic
solution of the initial value problem

IV =Vak, ¢0)=0,
f(©) =162%(2) + 8NPy (2) + N[ (y) — 4w’ ()],
(4.82) az) = d(x) — N~'[a,(2)g22(2) + a3, (2)qn1 (2)
— a5 (2)q21(2) — a3, ()q12(2)] — BN 2,
y = IN3 n A ) +aN"23
0 N )
where d(z) is defined in (4.5), the functions a](-)k (z) are defined in (4.51), the func-
tions gjx(z) are the matrix entries of the matrix Q(z) defined in (4.70), and the

constants « and § are uniquely determined by the equation of periods (4.78). The
branches of square roots in (4.82) are determined for large N by the condition
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that they are positive on the interval [(z9/4), (3z0/4)]. The domain for ¢ (z) is the
rectangle (—Q;) U QU Q.

By exactly the same arguments as in the case of initial problem (4.33) and
taking into account that the term in the brackets in (4.82) is of the order of N ~/3
(cf. equation (C.10)), we derive from (4.82) the estimate
483) (@) =L@+ N y0@) + O™, ze(=Qpua'uQ,

that is (cf. (4.48))

(4.84) (@ =6@+ 0N, ze)UQ'UQ.
In addition, the following symmetry relations take place:

(4.85) {(=2) ==t ()

and

(4.86) V(—z) =03V (2)o3.

Equation (4.86) follows from (4.35) and the explicit formulae (4.62) and (4.65)
defining V (z). The uniqueness of a solution to initial value problem (4.82) implies
equation (4.85).

Remark. Unlike the zeroth-order change-of-variable function ¢((z), the first-order
function ¢(z) cannot be replaced by the first two terms in the right-hand side of
(4.83). As we will see in Section 5 (Proposition 5.2 and Theorem 5.4), in order to
match the critical point solution and the WKB solution within an O (N ~!) error, the
approximation given by (4.83) is not enough. However, it can be used for a more
explicit but less accurate approximation to the solution ¥, (z) of Riemann-Hilbert
problem (1.35)—(1.38). We discuss this matter in more detail in Appendix F below.

5 Matching CP and WKB Solutions
5.1 WKB Solution

The WKB solution is an approximate solution to (4.1) in ¢, and it is defined
as (cf. [7])

5.1 Wywip(z) = éoT (z)e_[N JZ n@yduos+[Z diag T~ @) T’ ) du+Co3)

where éo # 0 and C are some constants (parameters of the solution),

1 a), (@)
0
(52) p@=1-d1", T@=[ L., ")
- p—ad )

and diag A means the diagonal part of the matrix A. Recall that d(z) is a suitable
approximation of det A%(z) (see (4.5)), and it is a polynomial of the sixth degree in
z. Observe that both the function o (z) in (4.36) and w(z) in (5.2) are defined as
[—d(2)]'/?. The difference is in their domains: For 1((z) the domain is ((—£2;) U
QYU Q) \ {Iz] < wo}, while for u(z) it is Q¢. The function o(z) is an analytic
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continuation of w©(z) along the contour that goes by the positive half-axis from oo
to zo+d, and then around z from above. For z lying in [((—=2;)UQUQ)\{|z| <
wo}] N €,

wo(z), Imz>0,

6-2) o) = —uo(z), Imz<O.

The integral fozo w(u)du in (5.1) diverges at infinity and its regularization is defined
as follows. We obtain from (4.5) that

o0
W@ = a2+ iz pa AR, B@ =Y ez,
j=0

8 ot _n
/~’L3 - 2 ) /~’L1 - 2 ’ /~’L—l - N ’
and we define
¢ M3 M1 ¢
(5.3) / wu)du = e U_1lnz —I—/ w(u)du .
%0 4 2 0

Because of the logarithmic term, this defines f OZO u(u)du as a multivalued function
on the complex plane. Observe that the coefficient p_; at the logarithmic term in
(5.3) is —n/N; hence the function e~V Jso mwdu ig one-valued if 7 is an integer.

The integral f OZO diag T 'w)T (w)du in (5.1) converges at infinity, because by
(4.4) and (4.5), as z — 00,

a}y(2) _ (RH'? oE al, (2) _ C(R)” 0w
u(z) = ai @) z T @ —a) @ z
Formula (5.1) can be brought into the following form:
54 Wywip (2) = CoTo(z)e WE@FT@+Cilos

where Cy = Cy/+/2 and

z z 0 0’/ (K 0
_ . ap(way, () — ay, (u)ay, (u)
s = /oo pladu,  T(2) = /oo ol —awl

0 1/2

7)) —aj (2

To(z) = (M) T(z), detTy(z)=2.
wn(z)

The square root branch in (5.5) is determined by the condition that for large z > 0,

(u(z) —a%(z))”2 o
w(z) '

The integral for 7(z) in (5.5) converges at infinity, so no regularization is needed.
The reduction of (5.1) to (5.4) is based on the formula

(55/) dlag T—I(Z)T/(Z) — f/(Z)a3 — %[11’1 (W)] 1 )

(5.5)
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which follows from (5.2) by a straightforward calculation (cf. [7, app. A]). The
numbers Cy # 0 and C; in (5.4) are free constants that will be chosen later.

PROPOSITION 5.1 There exists No = No(d;, d>) such that for all N > Ny, (5.4)
and (5.5) define VYwkg (2) as an analytic function in Q°. As 7 — 09,

Wwks(z) =

5.6 01
(5.6) J2Co (I L (RY) (1 0) + 0(|Z|—2)>e—[N(V(Z)/Z)—nlnz+C1]l73 .
In addition, the symmetry relation
(5.7 Uwip(—2) = (—=1)"03Wwkg(2)03
holds.

PROOF: From (5.3) and (5.4),
(5.4') Wwig (2) = CoTo(z)e WV @/2)=n In z4+NE(2)+7(2)+C1lo3 ’

where

Ez) = / u)du .

o0

Let us prove that for large N,
(5.8) w(z) — a?l(z) #0, zeQ°.
Indeed, by (4.4) and (4.5),

122) — (6% @) = —d ) — (%, (2))?
_ gt -z g%

4 4

g2z4z% ~1/3 4
=" +OWNT"PA+1z)* £0, zeQf;

hence (5.8) holds. In addition, as z — oo,

+OWNA1 + 1zDY

n(z) —al (z)
w(z)
1)—af ) )12

(5.9) =2+ 0(z]7?).

Therefore, the function ( : is analytic in €. Since [i(z) is analytic in
Q¢ and fi(z) = O(z %) as z — oo, it follows that £(z) is analytic in ¢, Simi-
lar arguments prove the analyticity of t(z) and hence the analyticity of Wwgg(2).
Asymptotics (5.6) follows from (5.4") and (5.9). The equations
w(=2) = —pu(@), a)(=2)=—a};, ah(=2)=ah@), a3(=2)=a3(@),
and "

§(—2) = iﬁni +6@), t(=2)=1(),

imply symmetry (5.7). Proposition 5.1 is proven. U
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5.2 Critical Point Solution
We define the critical point solution in the region Q. = (—2;) U QU Q, as

CV(@)®“(N'¢(z)), Imz>0,

(5.10) Yerld) =1 cy (et (V18 z), mz <0,

where C is a constant, a parameter of the solution. The functions ¢(z) and V (z)
are defined by (4.68) and (4.51), respectively, and the model solutions ®*(z)
are defined and described in Section 3 (see (3.21)). It is important to notice that
equations (4.85), (4.86), and (3.22) yield

(5.1D) Wep(—2) = (=1)"03¥cp(2)03

i.e., the same symmetry relation as for the function Wwgg (z).

5.3 Matching CP and WKB Solutions
Let I'E be the horizontal sides of the rectangle Q..,

Ff:{zch:Imzzidz}.

Our goal is to show that we can choose constants Cy # 0 and C; in (5.1) and
C # 0 in (5.10) such that the CP solution W¢p(z) coincides, up to terms of the
order of N~!, with the WKB solution Wwgg(z) on Ff. Because of equations (5.7)
and (5.11), it is enough to consider I'}. Replacing in (5.10) the model function
®"(z) by its asymptotics (3.23), we obtain that for z € I'",

(5.12) Wep(z) = CV(2) <—11 _ll) Yo(z)e ! V@IS @+N ye@—ivis

where
N~13m, N=2Bm
_l’_
¢(2) £2(z)

To transform Wcp(z) to the WKB solution, we use the following proposition.
Denote, as before, by z(’JV the zero of the potential U°(z) (see (1.68)) that approaches
zpas N — oo.

(5.13) Yo(z) = I + 2L ON7Y).

PROPOSITION 5.2 Forz € T'[,

4 D
(5.14) i(N<§)g“3(z) +N'"Pye) + N—1/35;—1(z)) —
Nf w()du +t(z) + C° + % +N2BA@+O0WNTY,
where D = D(y) is given in (3.6),

o0
1
(5.15) Cc’ = N/ uu)du — ~1n RY,
N 4
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1e(z) = /U%z) (see (1.68)), and

P a? (2)

— 2i(=1)"w¢’
P S o o i(=D)"w (2) b@)

Az) =
(5.15)

0 20\ "° n 2 : 0 0
c = <?> (D'w, b)) =-2u(z)— l,u(z)(alz(z) — azl(z)).

In addition,

(5.16) V(z) <_11 _;) = To(2) Vo(2)
where
-1/3 -2/3
Vo) =1+ m N 2"2(1) +ONTY,
(5.16) ¢(2) X ¢%(2)
nu u n+l1 w 2
ny=(-1) 501 ny(z) = @1 + (=1 L + A(2)¢°(2)o3 .

Proof of Proposition 5.2 is given in Appendix C. Applying this proposition to
(5.12), we obtain that

(5.17) Wep(z) = CTy(2)Y) (z)e NE@HT @+
where
(5.18) Yi(z) = VO(Z)YO(Z)e(N*‘”%—N*Z/M(zwow*')m ‘

PROPOSITION 5.3 Yi(z) = I + O(N~!) forz e T}.

PROOF: From (5.18), (5.16"), and (5.13) we obtain that

N3, N=23p, N~3m,  N-2Bm,
+ +
2(2) 2% (2) ][ 2(2) $%(2) ]

. 2
NP N—2/3<D_1 A )] O(N-!
X |: + Q) 03 802 + Aoz ||+ O( )

Yi(2) = |:I+

N—1/3 Yl(l) N—2/3Y1(2) (Z) .
1+ + + oY,
¢(2) £%(2)

where

Y| —n1+m1—|—703,

D? (ny +m))iD

YI(Z)(Z) =ny(z) + myr(z) + nymy — ?[ _ A(Z)é’z(z)ag + f(ﬁ .
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By formulae (3.24) and (5.16"),

—1)" i D —-"
n1=( 2)u01’ m1=—1703—( 2)u61, D=w2—u4—yu2,
M2 nW 2
ny(z) = i (=D i A(2)¢7(2)o3,
u2—D21+( l)nw+uD
nmyp = - 02,
2 3 1 2
(=1)"uD u? (ny +my)iD D?
nm=————o— —1, ———o3=—1I.
4 4 2 4
This gives Yl(l) =0and Y 1(2) (z) = 0. Proposition 5.3 is proven. U

Now we can formulate the main result of this section about the match of W, (z)
with Wwkg(z) on F:_

THEOREM 5.4 If we take

o
. 1
(5.19) Co=C, C1=Nf Uo(u)du—ZInRS,
N
0

where the potential function U°(2) is defined in (1.68), then
(5.20) Wep(z) = (I + O(N™1) Wykp (2)

uniformly with respect to z € '},

PROOF: From (5.17) and Proposition 5.3,

(5.21) Wep(2) = (I + O(N"NCTy(2) Y1 (z)e WE@HT@+Cos
Therefore, if we take the constants Cy and C; in formula (5.4) as in (5.19), then
equation (5.20) follows. Theorem 5.4 is proven. g

Remark. Since the parameters d; and d, of the rectangle €2 can vary, estimate
(5.20) is valid uniformly in an &-neighborhood of "}

6 Matching TP and WKB Solutions

6.1 Turning Point Solution

Let Q¢ = Q; U Q! (see Figure 1.2), and let Qg‘d be the upper and lower halves
of Qo,
Qg’d ={ze€QyxtImz >0}.

The turning point solution Wrp(z) is defined in €2 as

CW@Y,(w(z), zeQk,

6.1 Y =1_
©b O =) E W), el

The constant C; # 0 is a parameter of the solution. The function of change of
variable w(z) and the gauge matrix W(z) have been defined by formulae (1.78)
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and (1.79). The matrix-valued functions Y, ;(z) are model solutions defined in
terms of the Airy function

NYe 0 Yo(N?32)  y12(N*z)
(62) Yu,d(Z) = ( 0 N—1/6> (y(/)(N2/3Z) yi,z(N2/3Z) s
where
() =AiR), y@) =e ™ Ai(e ),
(6.3) Yo Y

ya(z) = €™/ Ai(e¥ 7).

Remember that Ai(z) is a solution to the Airy equation y” = zy, which has the
following asymptotics as z — o0:

1 3/2
(6.4) Ai(z) = W exp (— +0(|z|_3/2)) , —nm+e<argz <m—¢.
The functions y;(z) satisfy the relation
(6.5) Y1(2) = y2(2) = —iyo(2) .

Let us explain (6.1). The turning point solution can be obtained by solving the
Schrodinger equation (see (1.50))

(6.6) -+ N*Up =0
near the turning point. Namely, we are looking for solutions in the form
C,\N'Ye
6.7) (2) = (NPw(z), j=01,2
77 my] .]
(cf. [5]). Equation (6.6) then reduces to the following equation on w(z):
1
(6.8) W'@)w@) =U"@) + {w, 7}
where {w, z} is the Schwarzian
w” (z 3/w'(z 2
(6.9) {w, z} = ()——( ()) .
w'(z) 2\ w'(2)
Dropping the Schwarzian term, we get
(6.10) W' (@2)’w@) = U@,

or taking the square root,

6.11) (%ww(z)) = U%z).

To secure the analyticity of w(z) at z = zf)v , we take a solution as

2 2/3
(6.12) w(z) = (% /N VU (u) du) .
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The function U°(z) is positive for z > zé\’ , and we take the positive branch for
VU u) foru > z(’)V and also the positive branch for the power 2/3. Formula (6.12)
defines w(z) as an analytic function in €2, for large N. Observe that because the
dropped Schwarzian term in (6.8) is of the order of N2, (6.7) and (6.12) solve
(6.6) with an error O(N7?).

To obtain the gauge matrix W (z), recall that equation (6.6) was derived from
the system

U =NA, U= <‘/") :
()
by solving ¥, in terms of vy,
1 /
Yy = —O(N_llﬁl —any),

ap

and by substitution ¥, = a?z n (cf. (1.49)). For ¥; and ,, we obtain from (6.7)
the following formulae:

5 0 1/2
wl(z>=clzv”6<%) yi(N*Pw)), j=01,2,
(6.13) Ua(z) = C (@)1/2[1\;1/6& (NP ()
. 2(Z) = 1 w/(Z) a(1)2(z)yj Z
0

_ 1/6“11(2) A2/3 :|

N a—‘fz(z) Yi (N7 w(z))

—-5/6

(we omit the term of the order of N in yr,), or in the vector form,

. B N1/6 0 <(N2/3 (2))
(6.14) V() =CiW(2) ( 0 N_1/6> (ij((Nzﬁzé))) )
where
aO (Z) 1/2 1 0
(6.15) W(z) = (L) @ we |-
w'z) o ahe

This gives the gauge matrix W (z).
It is important to notice that the turning point solution Wrp(z) has the “right”
jump on the real axis:

6.16) Wi (2) = Unp(2) <(1) "1> . zeQN{Imz =0},

which follows from equation (6.5). We want to check that if we choose appro-
priately the constants Cy and C; in (5.1), then the turning point solution Wrp(z)
matches the WKB solution Wywkg(z) on the boundary of €2 excluding a neighbor-
hood of the interval [0, zo].
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Let I'; be the union of the three sides of the square 2y excluding the one cross-
ing [0, 2o,

(6.17) ={z€Q:|Imzg| =dyor Rez =z¢+d,;}.
LEMMA 6.1 If we take the WKB solution with the constants
C
(6.18) Co = 2—11/2 C, = N/ VU u) du — —lnRO
T
then
(6.19) Wrp(z) = (I + O(N ") Wwks(z), z €Ty,

uniformly with respect to z € T,

A proof of Lemma 6.1 is given in Appendix B. It will be based on an alternative
form of the WKB solution in €.
6.2 Alternative Form of the WKB Solution

The standard WKB form for a solution of the Schrodinger equation (6.6) is

Co +N
6.20 )= ———e N,
(6.20) n(z) P
Equation (6.6) then reduces to the following equation on k(z):
0
(6.21) (K'(2)* = U2) + Z—NZ{K z},
where {k, z} is the Schwarzian derivative. Dropping the term with the Schwarzian
derivative, we obtain
(6.22) K'(2) = (U @)'?,

which gives

Co (N [ U @)Pdu+Cy)
(623) U(Z) = W@
and the WKB solution in the form
(6.24) Uwis(2) = CoT (R)E(NE(2))
where the gauge matrix 7°(z) is defined in (1.70),
z
(6.25) £() = f pwdu+ G, p@) = UE)'?,
<0
and the model solution E(z) is
e—Z eZ
(6.26) E(z) = (_e_z ez) :

Lemma 6.1 is an obvious corollary of the following result, which will be proven
in Appendix B.
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LEMMA 6.2 If we take Cy and C; as in Lemma 6.1 and C’l = 0, then for z € QF,

(6.27) Wywis(z) = 1+ ON "z ) Uwke(z), z€Q°,
and for z € T'[,
(6.28) Wrp(z) = (I + O(N ) bwie(z), zeTy.

It is worth noticing that the derivation of (6.28) is based on WKB-type asymp-
totics for the Airy function. In vector form, the latter is formulated as follows:
Let

629)  AiQz) = (::((ZZ))) E@) = (_i) C) = (_CZISHZZ)

PROPOSITION 6.3 Forany ¢ > 0, as 7 — 00,

B, 1 L (273
(6.30) Ai(z) = (1 + 0(|z|*"*)——=B@)E[ Z*—),
27 3
—m4e<argz<mw—¢,

where
-1/4
6.31) B() = (Z 0 Zm),

and

- 1 (2737 ¢
N -3/2 _r
(6.32) Ai(—z) =1+ O(|z| ))ﬁB(z)C( 3 4),

27-r+ - <27r
——+e<ar — —=.
3 TESABI=m e

The notation O (|z|~3/?) in (6.31) and (6.32) means a 2 x 2 matrix-valued func-
tion r(z) such that |r(z)| < Col|z|~>/? for |z] > C,, where Cy, C; > 0 are some
constants. The branches for fractional powers are fixed by the condition that they
are positive on the positive half-axis. We will not prove Proposition 6.3 because it
is just a reformulation of well-known asymptotics for the Airy function.

7 Matching CP and TP Solutions

In this section we will define a WKB solution Wwkg(z) in the region €2, and
we will show that it matches both Wcep(z) and Wrp(z). We begin by introducing an
auxiliary CP solution. Let 2 be the part of Q. = Q% U Q, between the diagonals
of the first and fourth quadrants,

Q ={z€ Q. :|Imz| <Rez}.
We define the auxiliary CP solution in Q2 as

(7.1) Win(z) = CV (@) (P2(N¢(2)), D1(N¢(2))),
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where 5>1 (z) and 532(1) are the Painlevé 11 ¢ functions defined in Proposition 3.2.
Using (5.10) and (3.21) we can relate W&, (2) to Wep(z) as

(7.2) Wep(z) = Wip(2)S12, +£Imz >0,

where

(7.3) S, = (‘i (1)) S, = (‘i é)

Observe that W, (z) is defined in terms of 531 (z) and 532(2) for which we know
from (3.18) their asymptotics in the sector
T - T
3 +e<argz < 3 e.
This allows us to find asymptotics of W¢p(z) in €21, assuming that d; is small
enough. Namely, {'(0) > ¢ > 0, and if d, is small enough, then z € 2, implies
that

T o< ()<n
—— ar -~ —¢.
376 gg‘z_3 ¢

Using the asymptotics of @ 5(z), we obtain the following result:

PROPOSITION 7.1 If we take Cy and Cy as in (5.19), then, uniformly with respect
toz € 4,

9 _ i 0
(7.4) Wep(2) = (I + O(N ™)) W) S0, So = (0 1) ,

where the function W\?\/KB (z) is an analytic continuation of the function Vwxg(z) in
(5.4) from the upper half-plane to 2.

Proof of Proposition 7.1 is like the proof of Theorem 5.4, and we omit it (take
into account that formula (5.14) is extended to ;; see Appendix A). Formula
(7.4) is easy to check without any calculations if Imz > ¢ > 0, z € ;. In this
case CTD] (N'73¢(z)) is exponentially small, while C-ISQ(N 1/3¢(z)) is exponentially big
(cf. Proposition 3.2); hence in (7.1) the function

(N3¢ (2)) = ®1(N'P(2)) +iP(N'¢(2))

can be replaced by ié(N 13¢(z)) with an exponentially small error. This gives
Wep(z) Sy, which can be further replaced by Wwkg(z)So, with an O(N ~1 error,
due to Lemma 6.1. Thus, we obtain (7.4).

We will call the function on the right in (7.4) the auxiliary WKB solution

(7.5) Wik (@) = Wykp (2)So
so that
Wep(2) = (I + ON" D)) Wip(2) . z€ Q.
With the help of Wy 5 (2), we introduce the WKB solution in 1 by pattern (7.2),
(7.6) Wy (2) = Wykp(2)S12, F+Imz>0.

It shares the following nice properties:
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PROPOSITION 7.2 Uniformly with respect to z € €2,
(1.7 Wep(z) = (1+ O(N ™) Wwie(2) -

On the real axis,

_ 1 —i
(7.8) Wikp (2) = Yykp(2) (O 1) , di=z=z0—d.
Finally, on the horizontal sides of 24,
(7.9) Vi@ =+ ON"NVyp(), zelFUury,
where

IF={zeQ :Imz=+dy)}.

PROOF: Equation (7.7) follows from Proposition 7.1, (7.8) from (7.6), and
(7.9) from (7.7) and Theorem 5.4. ]

We introduce next the auxiliary TP solution, similar to the auxiliary CP one
(cf. (7.1)),

Wi(2) = W@ Y (w(2), z€Q,

where

NS N2/3 N?2/3
(7.10) Y.(2) = ( 0 N—1/6> GEENME; QENZBE;) .

The function W{p(2) is defined in the domain
Q) ={z=:|Imz| <z —Rez}

between two 45° lines through zg to the left. Using (6.1), (6.2), and (6.5), we can
relate W{p(z) to Wrp(z) as

(7.11) Wip(2) = Wp(2)S12,  £Imz > 0.

By (6.3) and (6.4), we know the asymptotics of y; »(z) in the sector |argz — w| <
2m/3 — ¢, and from these asymptotics we obtain, as in Lemma 6.1, that W{,(z)
matches W, 5 (z) in Q,

V() =T+ ON""NVers@), z€Q.
This, together with (7.11), proves the following addition to Proposition 7.2:
PROPOSITION 7.3 (Addition to Proposition 7.2) Uniformly with respect to z € Q2,

(7.12) Urp(z) = (1 + O(N ") Wwka(2) .
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8 Proof of the Main Theorem

Define the matrix-valued function W(z) on the complex plane by the formulae

Wwka(2) , 7€ Q°UQ,
(=D"o3Wwks(—2)03, z € (=),

8.1 V() = { Wpp(z), 7eQ,
(=1)"o3Wrp(—2)03, z€(—QY,
Wep(z), 7€ Q0.

Let

(82) X,(2) = VU, [P ()]

From (1.37) and (5.6) we obtain that as z — 00, X,,(z) admits the asymptotic
expansion

o0
O,
(8.3) X,(z) ~ ) —
Z/
j=0
with
1 — —An)o
©p = ECO "Toe 174
(8.4) 1
Q, = ﬁcgl[rle(cl—ln)aa _ Foe(cl —An)o3 (R2)1/20'1] .
In particular,
(8.5) lim X,(z) = Q.
7—> 0
From (8.1) we obtain that \IJ,? (z) satisfies the equation
(8.6) W (=2) = (=1)"o3¥) (2)03,
the same as W,,(z) (cf. (1.42)); hence
(8.7) Xu(=2) = 03Xn(2)03 .

The function X, (z) has multiplicative jumps on a number of contours because
of the piecewise definition (8.1) and because of the jump of W, (z) on the real axis.
Let us discuss this situation more carefully. Let yy be the union of boundaries of
the regions €2, 21, and —2,

Yo =0QU IR U (—030%2).
Then by Proposition 7.2,

[Xo- @] X @ = [V @] ¥, @ =1+ 0N, zen.
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FIGURE 8.1. The contour y = yy U y1.

The function X, (z) has no jump on the segment [—z¢ — d;, zo + d;] because here
the jumps of ll’,? (z) and W, (z) cancel out each other. Consider also the set

n={z=<-z0—di}Uf{z=z0+di},
and let ¥ = yy U y; (see Figure 8.1). On yy,

_ (1 =i
[Xo- (17 X (2) = [W) ()T (0 1) V).
Observe that if 7 > z¢ + dy, then
WP (2) = Wy () = T()e V97,

where the matrix 7 (z) is uniformly bounded; hence
1o—2NEC(D)\ .

_ A a1 - _
[Xo- @] Xor @) = [T @] (O “ ) T(z) =1+ 0@
with some a > 0. Thus, we obtain the following proposition:

PROPOSITION 8.1 The function X,(z) is an analytic, matrix-valued function on
the complex plane with multiplicative jumps on the contours yy and y| such that

_ I+0(NTY, zew,
8.8 Xy- (@] ' Xy (2) =
(8.8) (X, ()] X1 (2) [HO@_QMZ)’ e

At infinity X, (z) admits asymptotic expansion (8.3).

Proposition 8.1 implies that the function X,(z) solves the Riemann-Hilbert
problem on the contour y = yy U yy,

(8.9) Xu(00) = lim X, (z) = 6o,
(8.10) Xt (2) = X,-(2)G(@), ze€vy,
with the jump matrix given by the equations
G = [V @] v, (@, Zen.
(8.11) 1

-1 —i
G(2) = [¥,)2)] (O 1) V@), zen,
and satisfying the estimates

(8.12) 1T — G@) L)L) = ONY.



490 P. BLEHER AND A. ITS

The Riemann-Hilbert problem shares a remarkable property of well-posedness
(see, e.g., [3, 14, 51, 66]). Namely, estimate (8.12) implies the following estimate
of X, (z) on the full complex plane (see [7, app. D]):

PROPOSITION 8.2 Forall z € C,

1

Comparing (8.13) with (8.3), we obtain that
0,'0,=0(N"),
that is, according to (8.4),
(8.14) e~ Gl 1t (RYV26) = O(NT).

This is a 2 x 2 matrix equation. If we write it for the matrix elements, we obtain

from (1.38) that two equations are trivial, 0 = 0, and the other two are
815) e 2% — (R L oN Y,
' R, =% = (R))? + o(v).

Observe that by (4.2),

n

t
R)=——+ O™,

2
so that R > 0 is uniformly bounded and separated from 0 as N — 00; hence from
the first equation in (8.15) we obtain that
(8.16) e = (RHY* + Oo(N ).

Substituting this into the second equation in (8.15) gives
(8.17) R,=R’+O(N".
From (8.16) we also obtain that
e = RN+ O(NTY).

M (see Proposition 1.1), we obtain that

Since h,, = e
(8.18) hy = CURHZ1 4+ ONTY).
The constant C is given in (5.19). Substituting its value into (8.18), we obtain that

2N [§ 1€ (u)du
<0

(8.19) h,=e 1+ O0NY).

This proves the part of Theorem 1.2 concerning the asymptotics of R, and #,,.
Let us take

(8.20) Co

1
= 21/2(RO)1/4
Then from (8.16) and (8.4) we obtain that
®=1+O0(N";
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hence

1
8.21 V@)= I1+0——))¥0).
®-2D © ( (N(l—i-lzl))) ®
Due to (8.1) and (1.96), this proves asymptotic relations (1.64), (1.76), (1.80), and

(1.89). Theorem 1.2 is proven.
9 Universality
9.1 Critical Point

The double scaling limit at the critical point z = 0 is determined by the kernel

u v
9.1 Oc(u,v) = hm cN1/3 QN(CN1/3’ cN1/3> )

where

1/2 YN (D) Yn-1(w) — ¥n-_1(D)¥n(w)

On(z,w) =
I—w

and ¢ > 0 is a normalizing constant. To evaluate (9.1), we apply CP solution
(1.88), which gives that modulo O (N ~!/3) terms,

Un@) = T(R ) Vi@ @ NPe(2) + Vi@ @2 (NP ()]
9.2)

-1 = —5 R [Va@ @' (Ne (@) + V@ @*(N e ()]

To evaluate (9.1) we can replace V;;(z) by V;; = V;;(0) and ¢ (z) by ¢'(0)z. We
take

c=¢'(0).
Then, modulo O (N ~!/3) terms,

u v
cN1/3 QN(CN1/3’ cN1/3>
=Cu—v) '[(Vii®' () + Vio@* ) (Va1 @' (v) + Vo @*(v))
— (V@' (v) + Vip®*(0)) (Va1 @' () + Vo @*(w)) ]
_ o2 0P - ')’ w) ’

u—v

9.3)

where C = 1/ and
C = C(V1 Vo — V1o V) =CdetV =C.

Observe that as they are defined in Section 3, the functions ®/(z) depend on n
mod 4. Nevertheless, the combination

(9.4) ' ()P (v) — D' (V) D (u)
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does not depend on n. Indeed, by formula (A.5),

b = v, vo= (1 ).

N 1
where By(z) = ( 2228) does not depend on n. A direct computation gives that

' (u)P*(v) — @' (V)P (1) = (det Up)[ By (1) By (v) — By (v) By (w)] .
Since det Uy = 2i, this proves that combination (9.4) does not depend on n. Thus,
! ()P (v) — ' (1) P*(u)

m(u —v)

9.5) QO (u,v) =

9.2 Edge of the Spectrum
The double scaling limit at the edge is determined by the kernel

cN2/3 cN2/3’ cN2/3

where Q,(z, w) is the same as in (9.2) and ¢ > 0 is a normalizing constant. To
evaluate (9.6) we use the TP solution

Va(z) =
(RH'*
27-[1/2

Vn-1(2) =
(R)!/*
27-[1/2

If we take ¢ = ¢'(zo) and repeat the above calculation at the critical point, we
obtain that

9-8) Qc(u,v) =
the Airy kernel.

(9.6) 0., v) = lim : QN(zO+ 0+ — )

[Wi ()N Ai(N*¢(2)) + Win(2) N~ AV (N e (2))],
9.7)

[Wa1 ()N Ai(N'P¢(2)) + W (2) N AT (N'P¢(2))].

Ai(u) Ai'(v) — Ai(v) AP’ ()

u-—v

9.3 Bulk of the Spectrum
The double scaling limit in the bulk is determined by the kernel

cN cN

where ¢ = p(z), the value of the density function at z. To evaluate (9.9), we use
the WKB solution, and in the same way as above we obtain that

) 1 u v
9.9) Q(u,v)zl\}gnoomQN(Z-i-—,Z-{——),

0y (. v) = sinw(u — v)

w(u — v)
the sine kernel.
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Appendix A: Proof of Proposition 3.2

Let \Fljj (z), j =1,...,6, be the Stokes solutions to equation (3.11). We recall
that the solutions W, (z) are uniquely determined by the asymptotic condition

(J—Dm
3

T
<——¢€.

(A.1) Jim T (2)e! @ITHr9m — [ jf <
7]—00 3

argz —
and that they are related as follows:

¥1(2) = To(a) (é ‘}) () = B (} ?) ) = a(a).
(A2)

Ho=00(_) 1) Bo=Fo( 1) F0=00

(see (3.13) and (3.14)).
Let us rewrite these equations in terms of vector solutions. Let

Uy (2) = (Bo(z), B1(2)) -

Then by (A.2),
Ui (2) = Uy(z) = (B>(2), Bi(2)),  Ba(2) = Bo(2) — Bi(2),
(A3) U (2) = ¥3(2) = (Bo(2), Bi(2)),
Us(2) = Us(z) = (B2(2), Bo(2)) ,
and
lim By(z)e! (4379 — ! ife <argz <m —e¢,
|z]—>00 0
‘llim éo(z)e—i((4/3)z3+yz) — ((1)) ifr+e<argz <2m —e¢,
—00
(A4) 0 4
- . 3 T T
lim Bl(Z)e_’((4/3)Zz+yz) _ if ——+ée<argz< — —¢,
|z|— o0 1 3 3
> . 3, 2 7
lim BZ(Z)el((4/3)Z’S+)’Z) — 1 if _T[ +e< argz < _T[ —¢.
|z| =00 0 3 3
Define
®(2) = i"UBo(2) = (ii_l ((_;3_1) Bo(a).
- - l‘n—l (_l')n+l N
- ol N l'n+1 (_l')nfl N
CDZ(Z) - ln+ UBZ(Z) = ( in (_l)nZ) BZ(Z) .
Then

(A6) D/(2) = AR)P;(2)
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and
lim ®(z)e! @I = <'}’ll—l) ife<argz<m—e¢,
|z]—00 l
lim ®(z)e (@A) = (_.l,)l,l ifr +e<argz <2m —¢,
(A7) (=)
’ 5 . —j)yntl T 4
lim &, (x)e @70 - (1) if ——4¢&<argz < ——¢,
o, Pri@)e (i)' 3resweissy
> . jntl 2 I
lim ®,(z)e @30 = (1 if —+e<argz < — —=¢.
|z|—o00 l 3 3

Observe that the function ED(Z) satisfies equation (A.6), because the matrix A(z)

is real and, in addition, @(Z) has the same asymptotics (A.7) as &3(2). Hence (3.15)

holds. Similarly, o, (z) satisfies equation (A.6), and it has the same asymptotics as
®,(z). Hence (iii) holds.
The function V&D(—z), where

_ (=D 0
V= ( 0 (_l)n—l) ’

satisfies (A.6), and it has the same asymptotics as Cf)(z). Hence (3.16) holds. A
similar argument proves (3.19). Finally, (3.20) follows from (A.3). Proposition 3.2
is proven.

Appendix B: Proof of Lemma 4.1

The proof is a direct computation:

ViB — di2 0 biy b\ _ biid» birdi»
! by —dy b)) \by —by bi, — bidi + biaby  —bpadi

and

DV, = d11 d12 d12 0 — blldlz b12d12
dyi1 —dyi ) \bi1 —di b2 d}, —bndy +didy —bpdy )

Since
b2, + biyby = —det B = —det D = d?, 4 diadyy ,

we obtain that V| B = DV, which was stated. Similarly, V,B = DV,. Lemma 4.1
is proven.
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Appendix C: Proof of Proposition 5.2
Letz € I'}. By (4.37) and (5.2),

(C.1) w(z) = 4icl(2)¢2 (@) + N2Piyg)(z) + O(N~3);

hence from (4.66) and (4.67), we obtain the following asymptotics of the matrix
W(z) as N — oo:

W(Z):(a?z(z)—iﬂ(z) —af,(2) )

—al| () —ad,(z2) —ip(z)
+ N73(=1)"4ugi(2)¢0(z)0y
+ N7P[=(=D"2wii(2)os + (v — Y&y ]+ O(NT).

Substituting this formula into (4.65), we obtain the equation

(€2) v<z)(_§ ‘j):

1 (a?z(z) —ip@) +ia),(x)  —iady(z) — p(z) —a} (Z)> Uo(2)
Vb \—a)\ (@) +iad (2) — n@) ia)\(2) —ad () —in@) ) "

(C.1)

where

(C2)) b(z) = =21%(2) — ip(@)[afy(2) — a3, ()],

and the matrix-valued function Uy(z) admits the asymptotic representation
u

280(2)

I+ (_l)n—l—l

(C3) Up(x) =1+ N'3=1"

0 /
+ N‘2/3[ o — 20 (— 1y L OWEG(E) 03]

w
4¢2(2) b(z)
+ONY.

83 (2)

When deriving (C.3), we use (C.1), the formula
b(z) = —2ipn(2)[a () —ip@)] + ON?7),
which follows from (C.2'), and the formula
als(z2) + ad (2) _
2
which follows from (4.4). Taking into account that, by (4.5"),
2 _
1 @) = (a})) @) + ah(2)a3; z) + ON~?),
simple algebra shows that
(a?z(z) —in() +iad (z) —iady(z) — pn(z) —al (z))
—a?l () + iag] (2) — u(2) ia?] (z) — ag] () —in(z)
To(2)8(z)" + O(N~*?),

(C.4) N30 oY, =g/ (—D"w,

(C4)

Vb(2)
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where

(a2 —ip@ +iad @)\ a%,(2) + a3, (z) 12
S(Z)_ .0 ) . = 1+O _ 0 - ’
la“(Z) CIZI(Z) ipn(z) lall(z) a21(z) ipu(z)
and Ty(z) is the WKB gauge matrix (see (5.5)). From (C.4),

CO

ia? (z) —ad (z) —ip(2)

Using this equation, equations (C.3) and (C.4'), and also equation (4.84), we can
rewrite (C.2) as

§(z)=1+N7?? +O(N7Y.

(€5) V@ (_f _§> = T Vo(a)

where
u

Vo(z) =1+ N3 (=1)"

2¢(2) 7!
(C.6) ,
+ N—2/3|:”_1 + (_1)n+1 w o + A(Z)O’%] i O(N—l)
8.%(2) 4¢2(2) : ’
and
0 0
(C.6)) AQz) = o iy wg @ A

b(z)

ia},(z) — a3, (z) — in(2)
This proves equation (5.16).
Let us prove (5.14). By (4.68) and (4.69),

a(z) =det[A)(x) = N"'V'@QV '@+ ON?).
Using (C.5) and the diagonalizing property of the matrix Ty(z),
Ty ATy = — oy,
we obtain that
det[A) — N~'V'VT]

=det[A) — N 'TyTy ' = N T VgV ' T

=det[T; AV, — NIy Ty — NV
(C.7)

=det[ —pos — N7'T; ' Ty — N7'Vy V']

2 1 -1 —1 1 -1 ryy—1
=—p“det|{lI +—N O'3TO TO + —N O’3V0V0
% w

=—u —uN"tr[osTy ' Tg] — uN " [os VgV |+ O(N ).
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From (C.6) we conclude at once that
(C.8) tr[o3VgVy '] = 20" NP+ O(NT).
At the same time, equation (5.5") and the identity (following from the equations
det To = 2 and (To)11 = (To)22)
diag T, ' Ty = % (tlosTy ' Tyl)os
imply
(C.9) tr[osTy ' Ty] = 27'(2)

From (C.7)—(C.9), and taking into account our convention about the branches of
the square roots in (4.82), we derive the asymptotic formula

Va(z) =[det(A)(z2) — N"'V' @V () + O(N )]
= —ip@) —iN'T' () —iNPAN () + O(N ),

1/2
(C.10)

as N — oo,z € T}
From (4.11) it follows that when z € T},

V@) = {1604 + 8NPy + NP (y) — 4w’ ()]}
2 2 2
_4s2 23 Y _ap " () —4w(y) —y -2
(C.11) =4¢ {1+N —4§2+N 3200 + O(N?)

D

2z TONT,

— 4é.2 + N72/3y _ N74/3

where (cf. (3.6))

¥ = vy +4wi(y)

2 .
Replacing both sides of (4.82) by their asymptotics (C.10) and (C.11) and integrat-
ing the resulting equation, we arrive at the formula

D=D(y) =

i(§§3 +NPye + N—4/39;—1) = f p)du +N7't(2)

(C.12) 2 I~

+NBAR) +c+ ONT?.

Let us find the constant c. We will use the fact that the function ¢ (z) is odd in
z. Consider the contour y that goes along the imaginary axis from ioo to id», then
around zero on the right to —id,, and then to —ico. Denote by y; the part of y
from ioco to id,, by y» the part of y from id, to —id,, and by y3, from —id, to —o0
(see Figure C.1).

Let 1o(z) = +/—d(2) with two cuts (—oo, —z") and (zV, 0o). We will consider
to(z) outside of a small disk D,,, = {|z] < wp} around the origin. For z € Q°,

u(z), Imz >0,

1) Holz) = —u(z), Imz<O.
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B

FIGURE C.1. The contour y.

In contrast to w(z), which is an odd function, the function w((z) is even. The
function 7(z) is defined in (5.5). Let 79(z) be the function on C \ D,, defined
by the same formula (5.5) with two cuts (—oo, —z") and (z", c0). Replacing in
all formulae (C.1)—(C.11) the functions u(z) and t(z) by the functions po(z) and
70(2), respectively, we can extend the validity of these formulae to the points z of
the annulus Q. \ D,,,. Hence equation (C.12) can be extended to the equation

4 D
(C.12) i(§§3 + N2y +N_4/33§_1) _

Z
[ otrdu+ Nt @) £ NP A0 + e 0N ze @\ Dy,

o
where

Ao(2) = AD)|

w(@)—>po(z)’

and it is an analytic continuation of A(z) to C\ D, with two cuts (—oo, —zV) and
(", 00).

We will split the function ty(z) as

(C.14) 0(2) = T0(2) + 20(2) + co + O(N7),

where

_ .0 z 1
%(z)%ln[—’“’@ a“(ﬂ, fo(Z)I%f “

C.15) aly(z) oo Mo(u)

/
ayy (z)

1 /
c():—lnR,?, Ul(Z):a?l (Z)—Cl?l(Z) 0
apy(z)

4

(we will justify (C.14) at the end of this section). The branch of the logarithm in
Tp(z) is determined by the condition that for sufficiently large N,

0 <Im7y(z) < % , 2€C\[Dy, U (=00, —z"TU[Z", 00)].
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z+,/22 -2}

2[R9]'/2

Note that

1o(z) — af) (z)
a?z(z)
and ¢ : C\ [(—00, —z0] U [20, 0)] = {Re ¢ > 0}.
Using (C.14), we rewrite (C.12") as

=¢(2)+ ON"?) where ¢(z)=

4 D
(C.16) i<§C3+N_2/3y§‘ +N‘4/3?§—1> _

z 1
/ <Mo(u) +N7! M)du + N7'%(2) + NP Ag(2) + e + O(NT?),
. 2p0(u)

ci=c+ Nl¢.

where z € Q. \ D,,. The integral ]OZO wo(u)du diverges at infinity, so a regulariza-
tion is needed. Let us describe the regularization we use.

Let y, be any contour that goes from oo to z in the region
SO = (C\ (Da)o U (_OO’ _ZN) U (ZN’ OO)) )

and which starts at co in the upper half-plane. For our purposes it will be useful
to introduce a slightly more general regularization than (5.3), which in fact will be
equivalent to (5.3). Take any point a on y and define the regularized integral as

a

(C.17) fuo(u)du B B2 na +/

Z
2 3 - Ho(u)du +/a po(w)du ,

Y0

where

Ho(2) = po(2) — m3z® — iz — gz,

t n

M1 =—7.

Mu3 = M1=§, N

g
5

The branch of Ina is taken as follows. By our assumption yy starts at oo in
the upper half-plane. If the whole piece of yy from oo to a lies in the upper half-
plane, then take Ina on the main branch of the logarithm, with a cut at (—o0, 0)
and In1 = 0. For other a’s, extend Ina continuously along . Definition (C.17)
yields the following important properties:

(1) The right-hand side of (C.17) does not depend on a.

(2) The contour of integration y; can be deformed by the Cauchy theorem.

(3) The integral fozo wo(u)du does not depend on the contour of integration
in S().

Observe that property (3) is not automatic because Sy is not simply connected. It
follows obviously from the fact that 1to(z) is an even function.
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The function ZU/L lo(é)) has the following asymptotics as z — oo, Imz > 0:

U'(z) I, 3

(C.18) =—=7z +r@@, r@=0("),
2p0(2) 2

(see (1.71)), and we define the regularized integral of this function as
4 Ul 1 a b4 Ul

(C.19) / W gy =4 +/ r(u)du +/ O

0o 2o(ut) 2 00 a 2mo(u)

It also shares properties (1), (2), and (3).

Observe that the left-hand side of (C.16) is an odd function in the annulus Q° \
D,,. Hence the right-hand side is odd as well. Applying this to z = id,, we obtain
the equation

1
/ (Mo(u) + N7 U @) )du + N5 (idy) + N3 Ag(idy) + ¢
2po(u)

Y1
1
(C.20) =_[/ (Mo(u)+N—1U—(”))du
2po(u)

Y1Uy2

+ N7 "% (=idy) + NP A(—idy) + cl] + ON7?Y.

The functions 110(z) and U'(z) are even; hence

1
(C.21) f(uo(u)—l—N] v w )du _
2puo(u)

L UNu) Tin i
1 S —
/(MO(”HN 2Mo(u))du N 2N

V1

V3

with the term —(;win)/N — (i) /(2N) coming from regularization. Indeed, due to
(C.13),as z —> 00, Imz < 0,

(C.22) o(z) = —p3z® — iz — uz '+ fHo(@),  Ho(z) = 0(z7),

and we define the regularization of fy3 no(u)du as

(C.23) / potuydu = Pt 4 11

V3

o a
+M11Ha+f ﬁo(u)dqu/ po(u)du ,
a z

where z = —id, and a is any point on y;3. The integral faoo is taken over the part of
y3 from a to oo (in the lower half-plane). Similarly, as z — oo, Imz < 0,

Uz 1
(C.24) © _lire, re=06),

2uo(z) 2
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and we define

Ul(u) _ Ina o “ Ulu)
(C.25) / o) du = > —I—fa r(u)du +fz 20 () du .

V3

We take the main branch of logarithm for Ina in (C.23) and (C.25). The re-
mainder functions [{y(z) and r(z) are even. Since

(C.26) In(id>) = In(—id>) + i
and u_; = —n/N,
L UNw)
1
/ (“ o)+ N 2Mo(u)>du

Y1
1
= %(idzr‘ + %(idz)z + <u_1 - ﬁ) In(idy)

idy
+ / [o(u) + N~'r(u)]du

oo

I
= B (iay* + B (—idy)? - <% * ﬁ)uﬂ(_idZ) i

+ / [,Tio(u) + N*]r(u)]du
—idy

L UYw) Tin i
_ 1 R
_/(MO(”HN Zuo(u))du N 2N’

V3

hence (C.21) is proven.
We obtain from (C.20) and (C.21) that

1/ W) + N1 U'(u) J +nin+ni
g =—= u — 4+ —
Y A 20 ) TN Tan

Y

(C.27) N To(idy) + To(—id>)
N Ao(id2)2 +2A0(—id2) P
Foru € v,
€28 o+ N a) £ NUN @1 + 0N

210 (u)
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hence

1
(C.29) /(uo(u)+N1M)du =
2puo(u)

14

/[—d(u) + N'U' W) *du + O(N7?).
Y

Deforming the contour of integration, we obtain that

/[—d(u) + N U W)V du = —2/ [—dw) + N"'U'@)1"* du
(C30) 7 Z°Oo
= —2/ uS(w)du .

0

Thus, (C.27) reduces to

C3) = wwdet T LT N NP+ 0N,
' = 2N 4N

0
where

©32) a0t T(id) o Aolidy) + Ao(idy)
. - g e : |

Let us evaluate a and b. From (C.15),

1y Mo 2)—a) (=) 1. poz)+a}(2)

C.33 21
(C33) %(—2) = e L v
1 ad, (2) 0 (2)
= —1 21— _ + _1 ay )
2 nuo(z) —a},(2) @) 2 al(2)
From (4.4) and (C.4),
(C.34) a%(z) = _ M 1N 2c° L O
a1(2) ap,(2) ay(2)
hence
a3, (2) 20
(C.35) In 221222 — N L oNTY.

a(l)Z(Z) 12(2)
Thus, from (C.33) (and the inequality 0 < Im 7(z) < %),

. 0
~ - Tl
(C.36) () + (=)= — —N2P—— 4+ Oo(N
2 af ()
and
0
(C.37) N-la= Ly N*S/3 ¢ LOWNY, z=id.

4N 12( )
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Let us evaluate Ag(z) + Ag(—2z). From (C.6"),

(C.38) Ao(2) = Ao(2) + Ao(2)
where
Ao c?
AO Z) = - 0 0 N s
la”(Z) - 6121(2) —in(z)
(C.39) Auo) = _2i(—1)"wC/(Z)a?l (2)
s bz

The function Ao(z) is odd; hence Ao(z) + Ao(—z) = 0. For Ao(z) we have that
modulo O (N~%?3) terms,

Ao(z) + Ao(— Z)—C< : + 1 - )
Lo

0 : . 0 0
—ay —ipo —iay; —az —

( ipo + a3, )
Mo + 21M0a21 + (az])z + (011)2

(C.40)
2 g et )
‘112“21 + 21u0a21 + (a21)2
( ipo + ad, )_ S
2[121 (l Mo + az]) ag] (Z) a?z(z) .
Thus,
0
(C.41) N™Bp = — 5/* +ON?, z=id;.
2a},(2)
Combining (C.37) and (C.41), we obtain that
C.42 N'a+ N Pb=—-"—4 0N
(C42) a -+ N + (N79);
hence by (C.31),

R Tin s
= uwdu+ —+ O(N™),
2 2N

so that by (C.15),

o0
(C.43) c:cl—Nlc():/ZN w (u)du—mlnRo—l—ﬁJFO(N ).

0

From (C.12) and (C.43), we obtain (5.14). Proposition 5.2 is proven. It remains to
prove (C.14).

PROOF OF (C.14): To simplify notation we will drop “0” from super- and sub-
scripts. In the proof we will neglect O (N ~') terms. We will prove first that

(C.44) U=7 41,
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and then we will check (C.14) at infinity. From (C.15),

!/ ! !/ / /
Ho—ay,  dp +a“a12—a11a12

M —dar an Maipz
_ap(up' —anayy) +ajy(aq; — p?)
app(pn —a)

20+ 1) =

Since
W =aj +anay, 2up =2and), +d),a + and,
we obtain that
AF 43 = ap(a,ax + apay,) — 2a),a12az1 _ apay, — aj,a)
app(u —an) pu(p — ain)

which coincides with 4t’; see (5.5). This proves (C.44).
Asz — oo, Imz > 0,

1(2) = 0@z, ()= %lnz - %ln RO+0(z?Y, @)= —%z*l +7(2),
Fz)=0@E);

hence
Zz

T(z) = —%lnz +/ F(u)du .

e¢]

This implies that
1
Mnﬂ@:IM[ﬂ@+ﬂ@+—mRﬂ:0,Imz>0
z—>00 7—>00 4
Equation (C.14) is proven. ]

Appendix D: Proof of Lemma 6.2
PROOF OF (6.27): Let us rewrite (6.24) as

(D.1) Uwip(2) = CoT (z)e V@

~ 11 &\ 1 0 11
TC(Z) = TC(Z) (_1 1) = ( 1c2 ) _a(l)l(z) 1 (z) 1 1
() PN

1/2
ap@\"*( Lo 1
= C( ) _M"(Z)+a“(z) Ml'(z)_a“(z) )
poiz ads(2) ads(2)
and

(D.3) E°(z) = / Caydu . ptz) = (U2)"2.

where

(D.2)

N
0
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From (1.68),
n(@) = (U2)"* = (=dx) + N'U'(2))"/*
1UY(2)

= N71=
(D.4) wu(z) + > 20

(@) (2) .
(@)

therefore we can replace ©¢(z) for pu(z) in formula (D.2) for Te (), with an error
term of the order of N ~!|z|~!, which we will omit. This gives

0 12 1 1
e a;,(2)
T (z) = (%) (_u(z)+a?l(z) u(z)—a?l(z)>

+ O(N?|z]™?),

U'(z) = (a}) (z) —a),(2)

a, (2) ad, (2)
0
0 172 _ 9@
(D.5) _ <M(Z> - an(z)> (1) RO @ | s
wu(z) 18 1

nw(@—a?| 2)
= Tp(2)e 9%
where

(D.6) i(z) = L

|:M(Z) —a?l(z)}
S| =5

apy(2)
hence by (D.1),
Wywip(2) = COTO(Z)e—[NSC(z)—H(z)]m .

From (D.3),

(D.7) £(z) = / Z ué(uydu +C",
where N

(D.8) Cc'= /:O w(u)du .
From (D.4), i

09) /;:u"(u)du = [.:,u(u)du—l-le(z) + O(N%z|™h

=£@+N'T@) +O0W |z,
where
1 (2U!
(D.10) t2) = - / W g
2 Joo (u)
Thus, modulo terms of the order of N ~!|z|~!,

(D.11) liJWKB(Z) — COTO(Z)e—[Nf(z)+f(z)+f(z)+Cl]03 )
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From (5.5), (D.6), and (D.10) we obtain that
(D.12) T'(2) +1'(x) =7'(2)

(cf. the proof of Proposition 5.2). In addition, as z — oo,

~ 1 1 0 -2 ~/ 1 -1 / -3
T(Z)ZEIHZ—ZIHRH+O(Z ) t(z)z—iz , T(@)=0(@@).

Hence, integrating (D.12), we obtain that

1
(D.13) 7@ + 1@ =1@) — 7 IRy,

where integral (D.10) is regularized as

I | L [f2(Uw) 1
fo=—gnees [ (G i)

Thus, we obtain that, modulo terms of the order of N ~!|z|~!,

o 1
Wwip(z) = COTO(Z)e*[NS(Z)+r(Z)+C1103 = Wywip(2), C = Cl _ Z In RS ,

which was stated. O

PROOF OF (6.28): Letz € I'(. For the sake of definiteness, assume that Im z >
0, so that

WUrp(z) = CIW(2) Y, (w(2)),

where

N1/6 0 N2/3 N?2/3
(D.14) Yu(z)=< 0 Nl/é) GZENMS QENZBS)'

From Proposition 6.3,
Yo(N*z)
Yo(N*z)

= Ai(N?¥37)

(D.15) 32
» 1 N-1/6,-1/4 0 e 2NZ?/3
=1+ O0WNW ))ﬁ 0 N4 )\ —anzys |

—mTt+e=<argz<m—¢
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and
YI(N*z)
YI(N*z)
—mi/6 N .
_ (e . e5(7)”'/6) Ri(NY3e~2mil3y)
(D.16) o1 (NTMeg1A 0 e2NZ/3
=1+ O0W ))ﬁ < 0 _N1/6Z1/4> _2NEP3 )
2
—Jr—i-efargz—? <m-—e.
Thus,

» 1 4 e 2NZP/3 p2NZ)3

(D.17) Yu@) = 1+ 0N == ( 0 Z1/4) N anags
T

—§+s§argz§n—s.

From (6.12),
2 3/2 L .
(D.18) % = /N pu(w)du =§°(z),
and from (6.10),
_ K@
(D.19) w(z) = pravE

hence

(D.20) Wrp(2) =

reN1/2
- I . 0 e NE@  pNEQ
CWE(1+O0OWN")—— (“ @1 12 <_e_Ngc(z) eNgc(Z)),

2 ﬁ 0 1@

w’(z) 172

—%—i—s <argw(z) <m—c¢.
Observe that if z € F? and Imz > 0, then

—%—i—efargw(z)fw—s;
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hence (D.20) holds. From (1.79),

w (Z)I/Z

w (z)l/2
W(Z) w (Z)I/Z
w (Z)I/Z

1 W' ()12

(D.21) _ a]z(Z) 1 ()17 0
. /( ) 1 (2) w (z) 0 w2 (1)1/2
< alz(z) tllz(z) w' ()2

0 1/2 1 0
a,(z) .
= < lcz ) (_ af) @ /L"(z)) =T%Q);
ue(z) %) ‘l?z(_z)

hence from (D.20),

. _ 1
(D.22) Wrp(z) = (1 + ON N

=14+ 0N~ lyka(z),

(2)E(N§“(2))

if Cy = C;/(2y/m). Lemma 6.2 is proven. O

Appendix E: Proof of Lemma 4.2

PROOF: Let R > 0 be a large number, independent of N, which will be chosen
later’.v Consider two cases: (1) |z] < RN~'3 and (2) |z] > RN~'/3. In case (1)
det W(z) # 0 by (4.63).

Consider case (2). First we notice that by (4.48),

2
EB.1) 45255 @) = 2 =22+ 0N, ze(-Q)HuUQUQ.

Therefore by (4.67),

a11(z) = —an(z) = O(N'7),
2

~ 8z _
(E.Z) alz(Z) = 7 Z% —z2 + O(N 2/3) s
2
~ z
i@ = =S\ -2+ o).
By (4.4),
3
Z
al)(2) = —ah() = = E-+ 0,
(E3)

aly(z) = (RH2gz* + O(N?P),
agl(Z) — _(RS)I/ZgZZ _|_ O(N*2/3) .
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By (4.66) this gives the matrix elements w;;(z) of W(z) as

2

z
wi(z) = % 22— 22+ (RH2gz* + O(N?),
3

(E.4) win(2) = w1 (2) = % +ON"3y),

2

z _
W (z) = gT 22— 22+ RH2g2 + O(N),

and these estimates are valid for all z € (—2;) U Q° U Q;. Observe that by (1.45)
and (1.53),

RO =1y o) = G, ON"'7).
2g 4
Also,
N3 =0(R™") forall|z| > RN"'/3;
hence

2 2_ .2
(E.S5) Wi =85 | [VRoT T T ¢ +OR™)

2 4 Vi =22+ 20

forallz € (=) UQ°UQ; and |z| > RN~'/3. Since

E6) det Jzb =22+ 20 4
. € =
4 Vi =22+ 20
2\/z§—z2<\/z3—z2+m) #0

for z € (=) U Q" U Q, we obtain that det W(z) # 0 for sufficiently large R if
7€ (=Q)UQ°UQ and |z| > RN~'3. Lemma 4.2 is proven. ]

Appendix F: Alternative Forms for ¥?(z)

Recall that each of the functions ¢ (z) and ¢y(z) defines an analytic change of
variable in the rectangle Q. = (—;) U Q¥ U Q, and according to (4.84) we have
that

(E.1) () =)+ 0N, zeQ..

Let us use the function ¢y(z) instead of the function ¢ (z) in the right-hand side
of (5.10). This will lead us to the matrix function

CV(@)@“(N'¢(z)), Imz>0,

0 —
(F2) YD = evoel W g @), Tnz =<0,
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It is clear that the functions \Ilgp(z) and Wcp(z) have exactly the same Stokes ma-
trices. Taking also into account that, by (F.1),

eTIGNE@+N Py @)os (i GNG@+NPyto@os — [ 1 o(N~1/3)
we arrive at the asymptotic formula

(F.3) V@[S @] =T+ 0WN "), e,

The last equation together with (8.21) yields the following representation for the
solution W, (z) in the domain Q°:

(F4) ()= +O0OWN"PN), ze.
Of course, equation (F.4) has a bigger error term than the similar equation
(F.5) W,(2) = I+ O(N"HVep(2), z€Q,

which is given by Theorem 1.2. Sometimes, however, using (F.4) offers a certain
advantage. Indeed, the function ¢y(z), unlike the function ¢(z), is given by an
elementary explicit formula (4.49). It is also worth noting that estimate (F.4) can
be improved as follows:

Consider the matrix ratio

R(2) = Wep(D)[Wep()] "

The function R(z) does not have a jump on the interval [—d, d;], and hence it is
analytic in Q. Therefore,

R(z) = / Wep (@) [ W)™ du

0
-, e Q.
u—7z 2mi

Q0

At the same time, on the boundary of the domain Q°, the function Wcp(z) can be
replaced by Wwkg(z) with an error of the order of N -1

(F.6) Wep(z) = (I + O(N ")) Wywke(z), z€0Q°,

and therefore

1 0 .
(F7) R(Z)=/(1+O(N )Wk () [Wep )]~ du

u—z 2mi
900

In addition, it follows from (F.6) and (F.3) that
(E8) Uwrp ) [W@)] " =T+ 0N, zed’,
and hence equation (F.7) can be rewritten as

Wy () [WEpu)] ™! du ( >
u—z 2mi N dist(z; 9R0) )

(F.9) R(2) = /

Q0
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The last equation, together with the standard arguments based on the flexibility
in the choice of the basic geometric parameters d; and d,, yields the following
improvement of estimate (F.4):

(F.10) W, (z2) =+ ON"NY5z), zeQ?,
where
Wy () [ W2 ()]~ d
(E.11) wlo() = {/ WS L;_?’ ! ﬁ“i}wgp(z).
Q0

The only nonexplicit element—apart from the Painlevé functions, of course—that
is left in formulae (F.10) and (F.11) is parameter « in definition (4.82) of the vari-
able y. To determine it, one needs the equation of periods (4.78). However, the
terms of order N~!/3 can be extracted from (F.10) and (F.11) in the very explicit
form. Indeed, by straightforward but slightly involved calculations, one can see
that

(F12) Wwip ()W ()] =
ir(z)

- 22

I-N"' (z03 = 2i(R)'*00) + OWN ), z€93Q",

where

j %0 22
ri(z) = ‘D 1/ (C3 Y % ) du +,-sz,

e — —
2800(2) 8 Jz u? — Z(z) lu? — Z(2) {o(2)

By a direct calculation (this time much less involved), we check that r;(z) has no
pole at z = 0; i.e., it is an analytic function in °. Therefore, equation (F.11) yields
the estimate

(F.13) Wlp(z) = (1—N_1/3irzli(z03—2i(R2)1/202)+O(N_2/3)>\118P(z).
25— 22

(F.13) can be further improved. However, when we go beyond the order N ~!/3,

we have to take into account the parameter «, and hence representation (F.10) will
not give us any advantage over our basic formula (8.21).

In principle, it is possible to avoid the use of the period equation (4.78). To this
end, let us define the approximate solution W°(z) of the Riemann-Hilbert problem
by relation (8.1), where Wcp(z) is replaced by lIfgp(z) and « in the definition of
v is set to zero. Then for the ratio X,(z) = V¥, (z)[lIJ,?(z)]‘l, we will arrive at
the Riemann-Hilbert problem whose jump matrix G(z) = [X,—(2)]7' X,4(2) is
given explicitly in terms of \IJS (z) and satisfies the uniform estimates (cf. (8.11)
and (8.12))

1T — G@)lL)nLwy = ON"').
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This would mean replacing the final estimate (8.21) by the estimate

— ! 0
(F.14) W,(z) = (1+0(N1/3(1+|z|)>)\p”(Z)'

Theoretically, this estimate can be improved by iterating the corresponding singular
integral equation (cf. [21] and [16]). In particular, the first iteration leads to the
function \Ilép(z) satisfying (F.13). The second iteration, however, looks extremely
cumbersome. In fact, our basic construction involving the nontrivial change-of-
variable function ¢ (z) can be thought of as a way to bring the second iteration of
the singular integral operator with the weight I — G(z) to a compact form.

Let us finally discuss the dependence of ¢y(z) on the parameter y, {o(z) =
Zo(z; y). To that end, put

43 Viven(zy)—i
Mi(z, §o(z; ¥), ¥) = Wp(z, So(z; ), y)eN 3D @IHN Fivt@n=ivos

(F.15)
zele<argz <m—e€}U{—m+e€ <argz < —¢€},
and

_ 0 . —1 (N%¢3 Ly N1/3; sy)—i
MZ(Zv {O(Z; y)7 y) == lIJCID(Z? gO(Zv y)’ y)S]’ze( 3 §O(Z })_‘— ly{O(z )) IJ/)O'3 ’

(F.16) T b4
re -y tesagrs T -6 EImz=0

(the matrices S 1_; are the Stokes matrices from (7.3)). It is not difficult to see that

(F.17) M;(z, S0(z; y), y) = (I + O(N ")) M;(z, 0(z; 0), y) .

This implies that we can redefine \I’gp(z) as

Condi o3 1/3; i
Wep(2) = Mi(z, §o(z; 0), y)e” VT @EHN QG ZI

(F.18)
zefe<argz<m —e}U{—m+e<argz < —¢},
and
WEp(2) = Ma(z. G0z 0), y)e NIRENENnEniness, ,
(F.19)

T T
Ze{_§+€§argzs§—€,:|:1mzzo},

and still have (F.4). Observe that by (4.49) and (4.44),

z 2 1/3
(F.20) {o(z; 0) = |:§/ cl % —u? du:| )
4 )0 2
Formulae (F.18)—(F.20) are of the type that would appear if for the analysis of the
Riemann-Hilbert problem (1.35)—(1.38) we used the nonlinear steepest descent ap-
proach similar to the method used in [2] for the orthogonal polynomials on the
circle. The advantage of such a scheme would be the appearance of the Painlevé
Riemann-Hilbert problem in a completely deductive way, i.e., without using any
prior information about the structure of the asymptotics of the coefficients R?. The
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price, however, would be a much subtler structure of the relevant contour deforma-
tion and a much more complicated analysis of the error terms. In our approach, we
take full advantage of the prior heuristic study of the Freud equation (1.24), which
leads us to the choice of the approximate solution, whose justification needs only
a very “light” Riemann-Hilbert analysis. Moreover, we obtain the error term up to
the order O(N~1). To get this accuracy in the framework of the [2] scheme, avoid-
ing cumbersome multiple integrals for the correcting terms would in fact require, a
posteriori, a WKB-type analysis of the associated Lax pair. In our method, we use
the WKB formulae from the very beginning.
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