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SOME PROBLEMS ON COMPOSITION OPERATORS

CARL C. COWEN AND BARBARA D. MACCLUER

1. Introduction

When ϕ is an analytic map of some domain Ω into itself (in C or CN )
the composition operator Cϕ takes an analytic function f on Ω to f ◦ ϕ.
Usually f is restricted to be in some Banach or Hilbert space H of analytic
functions on Ω, and a driving principle of the subject is to connect operator
theoretic properties of Cϕ on H with geometric or analytic properties of ϕ
on Ω. Thus the field of composition operators has been fertile ground for the
interaction of operator theory and classical function theory. Our purpose
here is to highlight some open problems concerning composition operators
that seem likely to continue to develop this interplay.

The problems we have chosen to discuss in this note of course reflect
our personal interests. Undoubtedly they vary in difficulty, but we have
concentrated on questions where we feel optimistic about the chances of
success. Our goal is to point out areas we believe are deserving of further
attention, and we hope to entice others into thinking about some of these.

To keep things simple, we have chosen to set many of our questions in
the Hardy spaces Hp(D) or even just H2(D). Anything that can be asked
about Cϕ on H2(D) could also be asked about Cϕ on such other function
spaces as the standard weighted Bergman spaces defined by

Apα(D) ≡
{
f analytic : ‖f‖p =

∫
D
|f(z)|p(1− |z|2)αdA/π <∞

}
, α > −1

or weighted Hardy spaces defined from a suitable positive weight sequence
{β(n)} by

H2(β) ≡

{
f =

∞∑
n=0

anz
n : ‖f‖2 =

∞∑
n=0

|an|2β(n)2 <∞

}
With few exceptions, problems that are open in the H2(D) case are also
open in many of these other spaces as well.

Our discussion is deliberately brief, including just enough background in-
formation to put the problems into context for a reader with some familiarity
with the basics of the field. Sources for additional background are indicated
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as appropriate; a general reference is [13], which is also a source for any
unexplained notation.

2. Norms

Recall that if ϕ : D → D is analytic, then on the Hardy space Hp(D) we
have (

1
1− |ϕ(0)|2

)1/p

≤ ‖Cϕ‖ ≤
(

1 + |ϕ(0)|
1− |ϕ(0)|

)1/p

and that similar upper and lower bound estimates can be given for the norm
of Cϕ acting on the standard weighted Bergman spaces in the disk. Since
these estimates determine ‖Cϕ‖ to within a constant multiple, for some
purposes (e.g. spectral radius computations) they are quite satisfactory.
However when ϕ(0) 6= 0 there are few composition operators, even on the
Hardy spaces of the unit disk, where the norm of Cϕ is known exactly.
Exceptions are those whose symbol is an inner map, in which case the norm
is equal to the upper estimate above, and certain linear fractional maps
such as the affine maps ϕ(z) = sz+ t (|t| < 1, |s|+ |t| ≤ 1) where the rather
complicated formula

‖Cϕ‖ =

√
2

1 + |s|2 − |t|2 +
√

(1− |s|2 + |t|2)2 − 4|t|2

holds on the Hardy space H2(D). In this latter case a similar formula is
known on the weighted Bergman space A2

α(D) [13, Section 9.1], [19], and a
factorization argument will generalize the H2(D) result to Hp(D), p 6= 2.

An interesting variation on the question of computing ‖Cϕ‖ exactly is
to ask when one can recover ‖Cϕ‖ (on H2(D) for example) solely from the
action of Cϕ or C∗ϕ on the reproducing kernel functions Kw for H2(D); i.e.
is either

(2.1) ‖Cϕ‖ = sup
w∈D

‖C∗ϕ(Kw)‖
‖Kw‖

= sup
w∈D

‖Kϕ(w)‖
‖Kw‖

or

(2.2) ‖Cϕ‖ = sup
w∈D

‖Cϕ(Kw)‖
‖Kw‖

true? Recent work of Appel, Bourdon, and Thrall [1] shows that the answer
to both of these questions is no in general. In fact they show that for the
linear fractional map ϕ(z) = 2/(3− z) the strict inequalities

‖Cϕ‖ > sup
w∈D

‖Cϕ(Kw)‖
‖Kw‖

> sup
w∈D

‖C∗ϕ(Kw)‖
‖Kw‖

hold. Is this the “typical” situation?
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To put this in some perspective, recall that it is the case that the essential
norm of any composition operator on H2(D) is determined by the action of
Cϕ on reproducing kernel functions:

‖Cϕ‖2
e = lim sup

|w|→1

‖Cϕ(Kw)‖2

‖Kw‖2

(a consequence of J. Shapiro’s work in [27] as pointed out by J. Cima and
A. Matheson in [6]; see also [24] for an alternate proof and an extension of
this result to Bergman spaces). Of course ‖Cϕ‖e is not determined from
the action of C∗ϕ on these kernel functions, since the non-existence of the
angular derivative is not sufficient for Cϕ to be compact on H2(D). Recall
that when ϕ is an inner function we have ‖Cϕ‖ = ‖Cϕ‖e, so that in this
case we do see that ‖Cϕ‖ = supw∈D ‖Cϕ(Kw)‖/‖Kw‖. There are non-inner
symbols where this holds as well. For example, when ϕ(z) = sz + 1 − s,
0 < s < 1, then C∗ϕ is hyponormal (in fact subnormal) and it follows that

‖Cϕ‖e ≥ lim sup
|w|→1

‖C∗ϕ(Kw)‖
‖Kw‖

≥ lim sup
|w|→1

‖Cϕ(Kw)‖
‖Kw‖

= ‖Cϕ‖e

so that we have equality throughout, and moreover ‖Cϕ‖e = 1/
√
s. The

spectral radius r(Cϕ) is also 1/
√
s and hyponormality implies that ‖Cϕ‖ =

r(Cϕ). Thus ‖Cϕ‖ = ‖Cϕ‖e and both Equation (2.1) and Equation (2.2)
hold.

When ϕ(0) = 0 it may be useful to ask for ‖Cϕ|znH2‖. This would give
information that is “between” ‖Cϕ‖ and ‖Cϕ‖e; an interesting choice for n
is the minimal positive integer with |ϕ′(0)|n < ρe(Cϕ), the essential spectral
radius of Cϕ.

3. Adjoints

The computation mentioned in the last section of ‖Cϕ‖ for ϕ(z) = sz + t
proceeded from the explicit description of the adjoint of Cϕ for this symbol
as C∗ϕ = TgCσT

∗
h where, in this case, Tg and Th are the analytic Toeplitz

operators with symbols g(z) = (−tz + 1)−1, h(z) = 1, and σ(z) is the disk
map sz/(−tz + 1). This is a particular case of a result due to C. Cowen
[10], [13, Section 9.1] which identifies C∗ϕ on H2(D), for any linear fractional
ϕ, as a product of Toeplitz operators with a composition operator whose
symbol is best interpreted as a Krein space dual to ϕ. (See [14] for an
elaboration of this point of view in the setting of linear fractional maps in
several variables.)

When ϕ is inner with ϕ(0) = 0 there is a description of C∗ϕ using disin-
tegration of measures which gives C∗ϕ as a weighted expectation operator.
For such ϕ we have

C∗ϕf(λ) =
∫
∂D

fdµλ (for a.e. λ ∈ ∂D)
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with Borel probability measures {µλ : λ ∈ ∂D} given by

dµλ(ζ) = weak ∗ lim
r→1

Prλ(ϕ(ζ))dm(ζ)

for almost every λ in ∂D, where Pz(η) = 1−|z|2
|η−z|2 is the Poisson kernel at z in

D (see [20]). For example when ϕ(z) = z2, then dµλ is just 1
2 times the sum

of point masses at
√
λ and −

√
λ, and we get a description of C∗z2 in terms

of an averaging operator and the inverse of z2:

C∗z2f(λ) =
f(
√
λ) + f(−

√
λ)

2
.

In spite of the early and important role that C∗ϕ plays in the subject due
to its simple action on reproducing kernel functions, and with the exception
of the cases just discussed, no satisfactory formula for C∗ϕ is known, and
this lack of knowledge pervades a number of different areas in this subject.
In recent work, R. Wahl [28] obtained a formal expression for C∗ϕ when ϕ

is the multivalent map ϕ(z) = z2/(2 − z); this expression is then used to
provide the intuition for a study of the properties of Cϕ. This may provide
a promising direction for further understanding of the adjoint.

4. Spectra

Much work remains to be done on the problem of identifying the spectrum
of Cϕ, and classifying its parts, even in the H2(D) setting. Recall that the
nature and location of the fixed points of ϕ are governing factors here, and
the linear fractional model (see [13, Section 2.4]) is a key tool. When ϕ, not
a rotation, has a fixed point in D and is either univalent in D or analytic in
a neighborhood of D, the spectrum consists of a central closed disk (possibly
degenerate), with radius equal to the essential spectral radius of Cϕ, and
isolated eigenvalues. The non-univalent/non-smooth case is not yet under-
stood. A test question — which we conjecture has an affirmative answer —
is whether the spectrum is connected except for isolated eigenvalues.

A look at all the results on spectra for Cϕ on H2(D) suggests the need for
an explanation of the presence or absence of circular symmetry in the spec-
trum. For example, when ϕ has Denjoy-Wolff point a in ∂D with ϕ′(a) < 1
(i.e. when ϕ has the half-plane/dilation linear fractional model) then λ in
σ(Cϕ) implies eiθλ is in σ(Cϕ) for all real θ. In this case, the circular sym-
metry is explained very well by the fact that Cϕ is similar to eiθCϕ [9][13,
Section 7.5]. On the other hand, for maps that have the plane/translation
model (one of two subcases when the Denjoy-Wolff point is on the circle and
the derivative is 1 there), we can get examples where the spectrum has no
circular symmetry: the family of maps

ϕt(z) = ω−1(ω(z) + t)
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where

ω(z) =
(

1 + z

1− z

)2θ/π

, 0 < θ ≤ π/2

and t satisfies | arg t| < θ give examples where the spectrum is the closed
interval [0, 1], a logarithmic spiral from 1 to 0, or a heart-shaped region in
the closed unit disk [9],[13, Section 7.7].

Circular symmetry in operators is associated with weighted shifts [16]. For
composition operators, we have the “shift-like” property C∗ϕ(Kw) = Kϕ(w)

and this point of view at least partially explains the circular symmetry in
the spectrum. In the half-plane/dilation case of the model, the normalized
kernel functions for an iteration sequence form an almost orthogonal set, the
closed span of such a set is an invariant subspace for C∗ϕ , and the restriction
of C∗ϕ to this subspace is similar to a backward weighted shift. Since the
spectrum of this restriction is either a disk or an annulus, this explains the
presence of a circularly symmetric part of the spectrum of Cϕ. However,
when ϕ has the plane/translation model for iteration, the kernel functions
corresponding to an iteration sequence are not close to orthogonal and we
cannot carry out a construction that leads to an embedded weighted shift;
this can be taken as a partial explanation for the lack of symmetry in the
spectrum of Cϕ in this case.

When ϕ has a fixed point in D, in the cases known so far, the spectrum of
Cϕ is a disk centered at the origin together with isolated eigenvalues outside
this disk. (Sometimes the central disk is just the origin, for example, when
Cϕ is compact.) When the central disk is not degenerate, can the circular
symmetry of the spectrum without the eigenvalues be explained? This has
been done in the example ϕ(z) = z/(2 − z), a map which fixes 0 and has
derivative 1/2 there. Regarding Cϕ as an operator on H2(D), its essential
spectral radius is 1/

√
2 and its spectrum is {λ : |λ| ≤ 1/

√
2} ∪ {1}. In [10]

and [13, Section 9.1], it is shown that the restriction of C∗ϕ to the invariant
subspace zH2 is unitarily equivalent to 1

2Cψ on H2(D), where ψ(z) = 1
2z+

1
2 ,

a map with a half-plane/dilation model. Since Cψ ∼ eiθCψ we get the same
conclusion for Cϕ on zH2 and the spectrum of this restriction is the disk in
the spectrum of Cϕ.

Conjecture: If ϕ has a fixed point in D and the essen-
tial spectral radius of Cϕ is positive, there is an invariant
subspace for Cϕ on which the restriction of Cϕ is similar to
rotates of itself.

In her thesis, when ϕ(z) = z2/(2 − z), Wahl [29] has identified such a
subspace for Cϕ acting on H2(D) even though constructions analogous to
those above fail.
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5. Hyponormality

An understanding of which ϕ have Cϕ or C∗ϕ hyponormal, even on H2(D),
is far from complete. Recall that any hyponormal operator has norm equal
to its spectral radius. It follows that if either Cϕ or C∗ϕ is hyponormal, either
the Denjoy-Wolff point of ϕ is at the origin, or it is some point a in ∂D with
ϕ′(a) < 1 . Moreover, when ϕ(0) = 0 and C∗ϕ is hyponormal on H2(D),
then Cϕ is, in fact, normal and ϕ is a dilation or rotation [13, Section 8.1].
However, several interesting cases for which Cϕ or C∗ϕ is hyponormal are
known.

As far as subnormality of Cϕ goes, some examples are known [13, Section
8.2] but there is no reason to believe this list is complete. Subnormality of
C∗ϕ is somewhat better understood, at least on H2(D), where for 0 < s < 1
and 0 ≤ r ≤ 1 the linear fractional maps

(5.1) ϕ(z) =
(r + s)z + (1− s)
r(1− s)z + (1 + rs)

give co-subnormal composition operators. Moreover, when ϕ is analytic in
a neighborhood of the closed disk, with ϕ(1) = 1 and ϕ′(1) = s < 1, and
C∗ϕ subnormal on H2(D), then ϕ is as in Equation (5.1) for some r in [0, 1].
These results are due to C. Cowen and T. Kriete [12]; see also [13, Section
8.2]. It may be possible to remove the smoothness hypothesis from this
latter result. The situation is less clear on other weighted Hardy spaces,
although co-subnormality on some of these spaces imply co-subnormality on
others (see [11]). For example, the maps in Equation (5.1) give co-subnormal
composition operators on the Bergman space A2(D) (in fact the parameter
r can now take some negative values as well [23]), but it may be the case
that other maps, not necessarily linear fractional, do as well.

The question of precisely which linear fractional maps lead to co-hypo-
normal composition operators on H2(D) has an inviting, and deceptive,
simplicity to it. However, several people have worked, independently, on
this question and arrived at the same incomplete conclusion. For example, if
−1 < r < −1/3 in Equation (5.1), then C∗ϕ is not hyponormal on H2(D) [26,
page 24] and for 0 ≤ r ≤ 1, it is hyponormal by the subnormality result
noted above, but for −1/3 ≤ r < 0, it is still not known whether C∗ϕ is
hyponormal.

6. Equivalence

For composition operators Cϕ and Cψ on H2(D) various notions of equiv-
alence can be addressed — similarity and unitary equivalence being two ob-
vious choices. It is of particular interest to determine if the equivalence can
be induced by an invertible composition operator, that is, by a composition
operator with automorphism symbol.

For Hp(D), where 1 ≤ p < ∞ and p 6= 2, the isometric isomorphisms of
Hp(D) onto itself are all weighted composition operators [15]; from this it
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follows that if Cϕ and Cψ are isometrically isomorphic composition operators
on Hp, then ϕ(z) = eiθψ(e−iθz) for some real θ [2], [3]. (Extensions of
this result to the Hardy space Hp(BN ) for p 6= 2, of the unit ball BN are
considered by W. Hornor and J. Jamison in [17]).

R. Campbell-Wright showed that the same conclusion holds, under some
additional hypotheses, when Cϕ and Cψ are unitarily equivalent on H2(D),
even though the supply of isometric isomorphisms (unitary operators) is
much greater. As an example that shows some additional hypotheses are
necessary, recall that the inner functions ϕ(z) = z2 and ψ(z) = z3, or
indeed any two non-automorphism inner functions fixing 0, give composition
operators with the same Wold decomposition, so Cz2 and Cz3 are unitarily
equivalent but clearly z2 6= eiθ(e−iθz)3 for any θ. Examples of unitarily
equivalent composition operators have not yet been well codified.

Campbell-Wright also shows that for a power compact composition oper-
ator Cϕ on H2(D) with non-zero derivative at the Denjoy-Wolff point, then
Cψ is similar to Cϕ only if ϕ = σ ◦ ψ ◦ σ−1 for some automorphism σ, and
Cψ is unitarily equivalent to Cϕ only if ϕ(z) = eiθψ(e−iθz) for some real θ.
Campbell-Wright’s proof of these results in [2], [4], and [5] uses some quite
technical combinatorial arguments and a more intuitive, function-theoretic
proof would be desirable.

As far as we know, quasi-similarity of composition operators has not yet
been studied.

7. Commutants

In general, describing which operators commute with a given operator
reveals information about the structure of the operator. Given a map ϕ, we
would like to have a description of which operators commute with Cϕ. The
commutant of an operator always includes the algebra generated by I and
the operator. The powers of Cϕ are composition operators whose symbols
are the iterates of ϕ, so there are composition operators that commute with
Cϕ. If f is a non-constant bounded analytic function such that f ◦ ϕ = f ,
which happens for many but not all ϕ, then multiplication by f commutes
with Cϕ. We would expect that there are some composition operators for
which the commutant of Cϕ is generated by the multiplications and the
compositions that commute with it, and that there are some composition
operators for which this does not hold. It would be interesting to find
theorems that identify a class of symbols as having this small commutant
and interesting to find non-trivial examples of composition operators that
have a larger commutant. Bruce Cload [7, 8] has some new results that
discuss commutants of composition operators, in particular, those for which
ϕ is an automorphism of the unit disk, and has theorems that say that some
commutants are small and some are large. More work needs to be done in
this area.
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8. Automorphism invariance

Automorphism invariance (meaning f ◦ϕ is in the space under considera-
tion whenever f is in the space and ϕ is an automorphism) makes a frequent
appearance by permitting the normalization ϕ(0) = 0 in a variety of prob-
lems. While H2(D) and a wide range of moderately sized spaces, including
any weighted Hardy space H2(β) where β(n) = (n+1)γ for some real γ, are
automorphism invariant, it is known that automorphism invariance fails for
certain weighted Hardy spaces that are either too large or too small. For
example, when ϕ is the hyperbolic automorphism (z + r)/(1 + rz) for r in
(0, 1) and

fk(z) =
(

1 + z

1− z

)k

an easy computation shows that the fk are eigenvectors for Cϕ

fk ◦ ϕ =
(

1 + r

1− r

)k

fk

Since the spectrum of a bounded operator is compact, Cϕ cannot be bounded
on any space H2(β) that contains the functions fk for all k = 1, 2, · · · . This
will be the case if the sequence {β(n)} defining H2(β) decays sufficiently
rapidly that nAβ(n) → 0 as n tends to infinity for all A > 0. A dual result
appears in [21]: if

lim
n→∞

nA

β(n)
= 0

for all A > 0, where β(n) satisfies the regularity condition β(n+ 1)/β(n) →
1 as n → ∞, then no hyperbolic automorphism, indeed no non-rotation
automorphism, gives a bounded operator on H2(β).

This simple calculation suggests the following conjecture.
Conjecture: If β(n) is monotone decreasing (or satisfies
some other reasonable regularity requirement), H2(β) is au-
tomorphism invariant if and only if there exists a positive
integer n so that (1− z)−n is not in H2(β).

9. Composition operators in several variables

Many of the initial complications in studying composition operators on
analytic function spaces in the unit ball BN of CN for N > 1, arise from
the fact that not every composition operator is bounded on Hp(BN ). One
approach to this would be to seek a separable Hilbert space of analytic
functions on BN on which all composition operators are bounded. There
are analytic function spaces for which this is the case; for example the Lumer
Hardy spaces LHp(BN ) defined by requiring that |f |p have a pluriharmonic
majorant u in BN . Norming f by ‖f‖p = inf u(0)1/p, where the infimum
is taken over all pluriharmonic majorants of |f |p, makes LHp(BN ) into a
Banach space for p ≥ 1. However, from a functional-analytic standpoint
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these spaces have various unpleasant pathological features: they are non-
separable and LH2(BN ) is not a Hilbert space [25, Section 7.4].

It is also the case that every composition operator is bounded on the
Bloch space B(BN ) of analytic functions satisfying

|||f ||| ≡ sup{‖∇zf‖(1− |z|2) : z ∈ BN} <∞

where ∇zf is the gradient (∂f/∂z1(z), · · · , ∂f/∂zN (z)). This is a non-
separable Banach space when normed by ‖f‖B = |f(0)| + |||f ||| and has
proved to be a tractable space for considering compactness properties of
composition operators [22].

On the other hand the single example ϕ(z1, z2, · · · , zN ) = (2z1z2, 0′)
will give an unbounded composition operator on any weighted Hardy space
H2(β,BN ) where β(s) is comparable to (s + 1)γ for some real γ, including
the space H2(BN ), the weighted Bergman spaces A2

α(BN ), and the weighted
Dirichlet spaces Dα. (Here β(s) = β(|η|) = ‖zη‖/‖zη‖2 for any multi-index
η, see [13, Section 2.1]).

Are there any natural separable Hilbert spaces of functions on the ball for
which all composition operators are bounded? As seems more likely, perhaps
there are results that say no reasonable space can have this property.

Alternatively one can stay in the Hardy or Bergman space setting but
work with a family of maps, each of which gives a bounded operator, that is
sufficiently rich to provide examples of diverse properties for the operators.
In one variable, the family of linear fractional self-maps of the disk has served
just this role. Moreover, the model for iteration has provided the means for
transferring information from linear fractional maps to more general maps.
A study of a family of analytic maps on the ball, which generalize the linear
fractional maps in one variable, and provide an interesting class of bounded
composition operators in these several variable classical spaces, is begun in
[14]. Much work needs to be done on these operators before their role in the
theory will be comparable to the linear fractional composition operators in
one variable.

Another approach to studying properties of Cϕ on H2(BN ) which has not
been sufficiently exploited is to seek structural theorems for Cϕ when ϕ has
some kind of degeneracy or reducibility. For example, some of the existing
work on spectra in several variables has excluded as an exceptional case maps
that are “unitary on a slice”. This means that there are η and ζ in ∂BN
with ϕ(λη) = λζ for all scalars λ in the unit disk. A systematic investigation
of how this kind of reducibility affects the structure of Cϕ has not yet been
undertaken. A simple example of this sort is ϕ(z1, z2) = (z1ψ(z1, z2), z2),
where ψ is a map of the ball into the unit disk. The hope is to obtain
information on Cϕ in terms of the simpler object ψ.

Other obvious sorts of degeneracy are seen in maps of the form ϕ(z1, z2) =
(ϕ1(z1, z2), 0) or ϕ(z1, z2) = (ψ1(z1), ψ2(z2)), where one seeks to understand
Cϕ in terms of the pieces ϕ1 or ψ1 and ψ2. As a specific example where this
has been done we mention the mapping ϕ(z1, z2) = (sz1 + (1 − s), sz2) for



10 CARL C. COWEN AND BARBARA D. MACCLUER

0 < s < 1. Exercise 3.5.13 in [13, page 173] outlines an argument which
shows that Cϕ acting on H2(B2) is unitarily equivalent to

∞∑
n=0

⊕s(n−1)/2Cψ

acting on H2(D) ⊕H2(D) ⊕ · · · , where ψ maps D into D by ψ(z) = sz +
(1− s).

10. Conclusion

The study of composition operators on spaces of analytic functions pro-
vides a rich arena in which to explore the connections between operator
theory and function theory. Over the past 30 years, much progress has been
made in this study, but we believe there are many exciting and fundamental
results yet to be found. We hope the questions above can stimulate you to
explore some of these ideas.
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