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If ϕ is an analytic function of D into itself,

and H is a Hilbert space of analytic functions on D,

then the composition operator Cϕ on H is the operator

Cϕf = f ◦ ϕ for f ∈ H



If ϕ is an analytic function of D into itself,

and H is a Hilbert space of analytic functions on D,

then the composition operator Cϕ on H is the operator

Cϕf = f ◦ ϕ for f ∈ H

Usual spaces: f analytic in D, with f (z) =
∑∞

n=0 anz
n

Hardy: H2(D) = H2 = {f : ‖f‖2 =

∞∑
n=0

|an|2 <∞}

Bergman: A2(D) = A2 = {f : ‖f‖2 =

∫
D
|f (z)|2 dA(z)

π
<∞}

weighted Bergman (α > 0): A2
α = {f : ‖f‖2 =

∫
D
|f (z)|2(1− |z|2)α dA(z)

π
<∞}

weighted Hardy (‖zn‖ = βn > 0): H2(β) = {f : ‖f‖2 =

∞∑
n=0

|an|2β2
n <∞}



Recall: For w in D, the reproducing kernel function for H is Kw in H with

〈f,Kw〉 = f (w) for all f ∈ H

For H2, we have Kw(z) = (1− wz)−1

For A2, we have Kw(z) = (1− wz)−2



For A a bounded operator on H, a (closed) subspace M is called

a (non-trivial) invariant subspace of A if M 6= 0 and M 6= H and

v ∈M implies Av ∈M also.

In finite dimensional spaces, every operator has invariant subspaces

and understanding the structure of the invariant subspaces

has been critical in understanding the structure of the operators.



For A a bounded operator on H, a (closed) subspace M is called

a (non-trivial) invariant subspace of A if M 6= 0 and M 6= H and

v ∈M implies Av ∈M also.

In finite dimensional spaces, every operator has invariant subspaces

and understanding the structure of the invariant subspaces

has been critical in understanding the structure of the operators.

Want the same for operators on infinite dimensional spaces!

Invariant Subspace Problem:

Does every bounded operator have a (non-trivial) invariant subspace?

No! in general, for Banach spaces! (C. J. Read and others 1984–)

Still open for Hilbert spaces!



BUT,

for Hilbert space operator for which the lattice of invariant subspaces is known,

we feel we have a basic understanding of the structure of the operator!

Goal today:

Outline ideas about invariant subspaces of composition operators

that are also invariant for the unilateral shift.



BUT,

for Hilbert space operator for which the lattice of invariant subspaces is known,

we feel we have a basic understanding of the structure of the operator!

Beurling’s Theorem (1949):

Let S be the operator of multiplication by z on H2(D). A closed subspace

M of H2(D) is invariant for S if and only if there is an inner function ψ

such that M = ψH2(D).



Common invariant subspaces for Cϕ and S, multiplication by z

(Wahl & C., 2011)

Let ϕ be an analytic map of D into itself.

We say b is a fixed point of ϕ if ϕ(b) = b (when |b| < 1),

or if limr→1− ϕ(rb) = b (when |b| = 1).



Third Example:

Common invariant subspaces for Cϕ and S, multiplication by z

(Wahl & C., 2011)

Let ϕ be an analytic map of D into itself.

We say b is a fixed point of ϕ if ϕ(b) = b (when |b| < 1),

or if limr→1− ϕ(rb) = b (when |b| = 1).

Julia-Carathéodory Theorem implies

If b is a fixed point of ϕ with |b| = 1, then limr→1− ϕ
′(rb) exists

(call it ϕ′(b)) and 0 < ϕ′(b) ≤ ∞.



Denjoy-Wolff Theorem (1926).

If ϕ is an analytic map of D into itself (not an elliptic automorphism),

there is a unique fixed point, a, of ϕ in D such that |ϕ′(a)| ≤ 1.

Moreover, the sequence of iterates, (ϕn), converges to a uniformly on compact

subsets of D, and this distinguished fixed point is called the Denjoy-Wolff point.



Denjoy-Wolff Theorem (1926).

If ϕ is an analytic map of D into itself (not an elliptic automorphism),

there is a unique fixed point, a, of ϕ in D such that |ϕ′(a)| ≤ 1.

Moreover, the sequence of iterates, (ϕn), converges to a uniformly on compact

subsets of D, and this distinguished fixed point is called the Denjoy-Wolff point.

Analytic self-maps (not elliptic automorphisms) of D divide into distinct

classes based on linear fractional models for iteration:

• (Plane/Dilation): |a| < 1 and 0 < |ϕ′(a)| < 1

• (Half-Plane/Dilation): |a| = 1 and 0 < ϕ′(a) < 1

• (Half-Plane/Translation): |a| = 1 and ϕ′(a) = 1, and {ϕn(z)} interpolating

• (Plane/Translation): |a| = 1 and ϕ′(a) = 1, and {ϕn(z)} not interpolating

• (no LF model): |a| < 1 and ϕ′(a) = 0



Always assume that ϕ is non-constant and not an elliptic automorphism.

Without loss of generality, if a, the Denjoy-Wolff point of ϕ, is in D, we can

assume a = 0 and if |a| = 1, we can assume a = 1.

For simplicity, we will assume that the Hilbert space is H2(D), although many of

the results hold for H2(βκ). When weighted composition operators, Wψ,ϕ, are

discussed, we will assume that ψ is in H∞(D).



Always assume that ϕ is non-constant and not an elliptic automorphism.

Without loss of generality, if a, the Denjoy-Wolff point of ϕ, is in D, we can

assume a = 0 and if |a| = 1, we can assume a = 1.

For simplicity, we will assume that the Hilbert space is H2(D), although many of

the results hold for H2(βκ). When weighted composition operators, Wψ,ϕ, are

discussed, we will assume that ψ is in H∞(D).

Theorem.

If ϕ is an analytic map of D into itself, ψ is in H∞, and M is an invariant

subspace for Cϕ and for S, then M is an invariant subspace for Wψ,ϕ.

Conversely, if ψ−1 is in H∞ and M is an invariant subspace for Wψ,ϕ

and for S, then M is invariant for Cϕ.



Theorem.

If ϕ is an analytic map of the unit disk into itself with ϕ(1) = 1 and

ϕ′(1) ≤ 1, then eα
z+1
z−1H2 is an invariant subspace for Cϕ when α > 0.



Theorem.

If ϕ is an analytic map of the unit disk into itself with ϕ(1) = 1 and

ϕ′(1) ≤ 1, then eα
z+1
z−1H2 is an invariant subspace for Cϕ when α > 0.

Outline of Proof:

Use Julia’s Lemma to prove the following:

Let ϕ be an analytic map of the unit disk into itself with ϕ(1) = 1 and

ϕ′(1) ≤ 1. Then for z in D, Re

(
ϕ(z) + 1

ϕ(z)− 1
− z + 1

z − 1

)
≤ 0



Theorem.

If ϕ is an analytic map of the unit disk into itself with ϕ(1) = 1 and

ϕ′(1) ≤ 1, then eα
z+1
z−1H2 is an invariant subspace for Cϕ when α > 0.

Outline of Proof:

Use Julia’s Lemma to prove the following:

Let ϕ be an analytic map of the unit disk into itself with ϕ(1) = 1 and

ϕ′(1) ≤ 1. Then for z in D, Re

(
ϕ(z) + 1

ϕ(z)− 1
− z + 1

z − 1

)
≤ 0

For g in H2, Cϕ(eα
z+1
z−1g)(z) = e

α
ϕ(z)+1
ϕ(z)−1g(ϕ(z))

=

(
eα

z+1
z−1e

α
(
ϕ(z)+1
ϕ(z)−1−

z+1
z−1

))
g(ϕ(z))

= eα
z+1
z−1

(
e
α
(
ϕ(z)+1
ϕ(z)−1−

z+1
z−1

)
g(ϕ(z))

)



Theorem.

If ϕ is an analytic map of the unit disk into itself with ϕ(1) = 1 and

ϕ′(1) ≤ 1, then eα
z+1
z−1H2 is an invariant subspace for Cϕ when α > 0.

Conversely, if ϕ is an analytic map of the disk into itself and eα
z+1
z−1H2 is

an invariant subspace for Cϕ for some α > 0, then ϕ(1) = 1 and ϕ′(1) ≤ 1.



Theorem.

Conversely, if ϕ is an analytic map of the disk into itself and eα
z+1
z−1H2 is

an invariant subspace for Cϕ for some α > 0, then ϕ(1) = 1 and ϕ′(1) ≤ 1.

Outline of Proof of Converse:

Let M = eα
z+1
z−1H2. Now, eα

z+1
z−1 in M implies e

α
ϕ(z)+1
ϕ(z)−1 is in M also. This means

limr→1− e
α
ϕ(z)+1
ϕ(z)−1 = 0 so that ϕ(1) = 1.

Using the Julia-Carathéodory Theorem, we see e
α
ϕ(z)+1
ϕ(z)−1 in eα

z+1
z−1H2 implies

ϕ′(1) ≤ 1.



Theorem.

Conversely, if ϕ is an analytic map of the disk into itself and eα
z+1
z−1H2 is

an invariant subspace for Cϕ for some α > 0, then ϕ(1) = 1 and ϕ′(1) ≤ 1.

Outline of Proof of Converse:

Let M = eα
z+1
z−1H2. Now, eα

z+1
z−1 in M implies e

α
ϕ(z)+1
ϕ(z)−1 is in M also. This means

limr→1− e
α
ϕ(z)+1
ϕ(z)−1 = 0 so that ϕ(1) = 1.

Using the Julia-Carathéodory Theorem, we see e
α
ϕ(z)+1
ϕ(z)−1 in eα

z+1
z−1H2 implies

ϕ′(1) ≤ 1.

Conclusion:

Suppose ϕ maps the disk into itself and α > 0. Then the subspace eα
z+1
z−1H2

is invariant for Cϕ if and only if 1 is the Denjoy-Wolff point of ϕ.



For |λ| = 1 and zj for j = 1, 2, · · ·, points in D satisfying
∑

j(1− |zj|) <∞,

the function

B(z) = λ
∏
j

|zj|
zj

zj − z
1− zjz

is a Blaschke product. The zero set, {zj}, for B is denoted Z(B).



For |λ| = 1 and zj for j = 1, 2, · · ·, points in D satisfying
∑

j(1− |zj|) <∞,

the function

B(z) = λ
∏
j

|zj|
zj

zj − z
1− zjz

is a Blaschke product. The zero set, {zj}, for B is denoted Z(B).

Lemma.

Let Cϕ be a composition operator on H2. Then BH2 is invariant for Cϕ if

and only if zj in Z(B) implies ϕn(zj) is in Z(B) for all non-negative integers

j and n and if w is in Z(B), then multiplicity ϕ(w) ≥ multiplicity w.



For |λ| = 1 and zj for j = 1, 2, · · ·, points in D satisfying
∑

j(1− |zj|) <∞,

the function

B(z) = λ
∏
j

|zj|
zj

zj − z
1− zjz

is a Blaschke product. The zero set, {zj}, for B is denoted Z(B).

Lemma.

Let Cϕ be a composition operator on H2. Then BH2 is invariant for Cϕ if

and only if zj in Z(B) implies ϕn(zj) is in Z(B) for all non-negative integers

j and n and if w is in Z(B), then multiplicity ϕ(w) ≥ multiplicity w.

Outline of Proof.

BH2 invariant for Cϕ ensures that there is g in H2 so that CϕB = Bg. Thus,

CϕB = 0 whenever B = 0, so zj in Z(B) implies 0 = (CϕB)(zj) = B(ϕ(zj)),

that is, ϕ(zj) is in Z(B) also.



Theorem.

Suppose Cϕ is a composition operator on H2 with ϕ(a) = a for a in D.

If BH2 is a non-trivial invariant subspace for Cϕ, then

(i) a is in Z(B)

and (ii) for every zj in Z(B), there is an integer nj so that ϕ(znj) = a.



Theorem.

Suppose Cϕ is a composition operator on H2 with ϕ(a) = a for a in D.

If BH2 is a non-trivial invariant subspace for Cϕ, then

(i) a is in Z(B)

and (ii) for every zj in Z(B), there is an integer nj so that ϕ(znj) = a.

Outline of Proof.

If w is in Z(B), then, by the Lemma, ϕk(w) is in Z(B) for all k, but

limk→∞ϕk(w) = a. If there were infinitely many points ϕk(w), then B ≡ 0,

which is not the case, so there are only finitely many and there is n so that

ϕn(w) = a. This means a is in Z(B).



Theorem.

Suppose Cϕ is a composition operator on H2 with ϕ(a) = a for a in D.

If BH2 is a non-trivial invariant subspace for Cϕ, then

(i) a is in Z(B)

and (ii) for every zj in Z(B), there is an integer nj so that ϕ(znj) = a.

Corollary.

Let ϕ be a univalent analytic function mapping the disk into itself with

ϕ(a) = a for some a in D.

Then the subspaces

(
z − a
1− az

)k
H2 are the only non-trivial

Blaschke-product induced subspaces invariant for both Cϕ and S.



Corollary.

Let ϕ be a univalent analytic function mapping the disk into itself with

ϕ(a) = a for some a in D.

Then the subspaces

(
z − a
1− az

)k
H2 are the only non-trivial

Blaschke-product induced subspaces invariant for both Cϕ and S.

Outline of Proof.

If B were a Blaschke product with a zero w 6= a with BH2 invariant for Cϕ, then

ϕn(w) = a for some n. Because ϕ is univalent, ϕn is univalent for each n. But,

because ϕn(a) = a for each n, we see ϕn(w) 6= a for any n.

This contradiction means that the only zero of B is a.



Theorem.

Let ϕ be an analytic function mapping the disk into itself with Denjoy-Wolff

point on the unit circle.

If B is a Blaschke product and BH2 is invariant for Cϕ, then for each

w in Z(B), the set {ϕn(w) : n ∈ N} is an infinite set in Z(B).



Theorem.

Let ϕ be an analytic function mapping the disk into itself with Denjoy-Wolff

point on the unit circle.

If B is a Blaschke product and BH2 is invariant for Cϕ, then for each

w in Z(B), the set {ϕn(w) : n ∈ N} is an infinite set in Z(B).

Proof.

The function ϕ has no fixed points in D, so each of the points ϕn(w) are distinct,

for n in N.



Theorem.

Let ϕ be an analytic function mapping the disk into itself with Denjoy-Wolff

point on the unit circle.

If B is a Blaschke product and BH2 is invariant for Cϕ, then for each

w in Z(B), the set {ϕn(w) : n ∈ N} is an infinite set in Z(B).

Corollary.

Let ϕ be an analytic function mapping the disk into itself with Denjoy-Wolff

point on the unit circle.

Then there are no finite Blaschke products B so that BH2 is a (non-trivial)

invariant subspace for Cϕ.



Theorem.

Let ϕ be an analytic function mapping the disk into itself with Denjoy-Wolff

point 1 on the unit circle.

If B is a Blaschke product and BH2 is invariant for Cϕ, then for each

w in Z(B), the set {ϕn(w) : n ∈ N} is an infinite set in Z(B).

Corollary.

Let ϕ be an analytic function mapping the disk into itself with Denjoy-Wolff

point 1 = ϕ(1) on the unit circle and suppose ϕ is in the half-plane

translation or half-plane dilation case.

Then if B0 is any finite Blaschke product, there is a Blaschke product B

so that B0 divides B and BH2 is an invariant subspace for Cϕ.



Theorem.

Let ϕ be an analytic function mapping the disk into itself with Denjoy-Wolff

point 1 on the unit circle.

If B is a Blaschke product and BH2 is invariant for Cϕ, then for each

w in Z(B), the set {ϕn(w) : n ∈ N} is an infinite set in Z(B).

Corollary.

Let ϕ be an analytic function mapping the disk into itself with Denjoy-Wolff

point 1 = ϕ(1) on the unit circle and suppose ϕ is in the half-plane

translation or half-plane dilation case.

Then if B0 is any finite Blaschke product, there is a Blaschke product B

so that B0 divides B and BH2 is an invariant subspace for Cϕ.

Outline of Proof.

In these cases, if w is a zero of B0, then {ϕn(w)} is a Blaschke sequence.



Theorem.

Let ϕ be an analytic function mapping the disk into itself with Denjoy-Wolff

point 1 on the unit circle.

If B is a Blaschke product and BH2 is invariant for Cϕ, then for each

w in Z(B), the set {ϕn(w) : n ∈ N} is an infinite set in Z(B).

Example.

Let ϕ(z) = 1/(2− z). Then ϕ maps the disk into itself, and ϕ(1) = ϕ′(1) = 1,

but ϕ is in the plane translation case. There is NO Blaschke product B so

that BH2 is an invariant subspace for Cϕ.



Theorem.

Let ϕ be an analytic function mapping the disk into itself with Denjoy-Wolff

point 1 on the unit circle.

If B is a Blaschke product and BH2 is invariant for Cϕ, then for each

w in Z(B), the set {ϕn(w) : n ∈ N} is an infinite set in Z(B).

Example.

Let ϕ(z) = 1/(2− z). Then ϕ maps the disk into itself, and ϕ(1) = ϕ′(1) = 1,

but ϕ is in the plane translation case. There is NO Blaschke product B so

that BH2 is an invariant subspace for Cϕ.

Outline of Proof.

In this case, if w is in D, then {ϕn(w)} is NOT a Blaschke sequence.



There is space between our results: If J is a singular inner function whose

singular measure has no atom, then our work says nothing about possible

non-trivial spaces of the form JH2 that are invariant for Cϕ!



THANK YOU!

http://www.math.iupui.edu/˜ccowen/Downloads.html


