Stable loosely-coupled-type algorithm for fluid-structure
interaction in blood flow
Giovanna Guidobonia , Roland Glowinskia,b , Nicola Cavallinia,c , Suncica
Canica
a

Department of Mathematics, University of Houston, PGH 651, Houston, Texas
77204-3476, USA
b
Laboratoire Jacques-Louis Lions, Université P. et M. Curie, 4 Place Jussieu, 75005,
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Abstract
We introduce a novel loosely coupled-type algorithm for fluid-structure
interaction between blood flow and vascular walls. This algorithm successfully deals with the difficulties associated with the “added mass effect”, which
is known to be the cause of numerical instabilities in fluid-structure interaction problems involving fluid and structure of comparable densities. Our
algorithm is based on a time-discretization via operator splitting which is
applied, in a novel way, to separate the fluid sub-problem from the structure
elastodynamics sub-problem. In contrast with traditional loosely-coupled
schemes, no iterations are necessary between the fluid and structure subproblems; this is due to the fact that our novel splitting strategy uses the
“added mass effect” to stabilize rather than to destabilize the numerical algorithm. This stabilizing effect is obtained by employing the kinematic lateral
boundary condition to establish a tight link between the velocities of the fluid
and of the structure in each sub-problem. Due to the crucial role played by
the kinematic lateral boundary condition, the proposed algorithm is named
the “Kinematically Coupled Scheme”.
Key words: Fluid-structure interaction, Operator splitting, Added-mass
Email addresses: gio@math.uh.edu (Giovanna Guidoboni), roland@math.uh.edu
(Roland Glowinski), nicolauh@math.uh.edu (Nicola Cavallini), canic@math.uh.edu
(Suncica Canic)

Preprint submitted to Elsevier

December 12, 2008

effect, Finite-elements methods
PACS:
1. Introduction
The study of the flow of a viscous, incompressible fluid through a compliant (elastic or viscoelastic) channel is of interest to many applications.
A major application is blood flow in human arteries. Understanding fluidstructure interaction between blood flow and vascular tissue, the wave propagation that it causes in the arterial walls, local hemodynamics and wall shear
stress is important in understanding the mechanisms leading to various complications in cardiovascular function.
Fluid-structure interaction between blood flow and vascular tissue is particularly complicated due to the following distinctive features of the problem:
(1) The coupling between blood and vascular tissue is highly nonlinear due
to the fact that the ratio between the densities of blood and tissue is roughly
equal to one. In contrast with other fluid-structure interactions such as those
arising in aeroelasticity, in this problem the structure (tissue) is relatively
“light” and therefore “sensitive” to the small variations in the fluid forcing
giving rise to numerical instabilities. (2) The coupled problem embodies a
competition between the hyperbolic effects, associated with wave propagation in the structure, and the parabolic effects, associated with the viscous
dissipation in the fluid (and in the structure, if the structure is viscoelastic).
A sophisticated combination of the hyperbolic and parabolic techniques is
required for the analytical and numerical study of the problem.
Several techniques have been proposed in the literature for the numerical solution of fluid-structure interaction problems. The best known are the
Immersed Boundary Method [19, 24, 39, 42, 46, 47] and the Arbitrary Lagrangian Eulerian (ALE) method [17, 34, 35, 38, 48, 49, 50]. We further
mention the Fictitious Domain Method in combination with the mortar element method or ALE approach [1, 51] and the methods recently proposed
for the use in blood flow application such as the Lattice Boltzmann method
[18, 20, 36, 37], the Level Set Method [14] and the Coupled Momentum
Method [23].
To date, only strongly coupled (monolithic, implicit) algorithms seem applicable to blood flow simulations [4, 5, 16, 23, 26, 43, 52]. Unfortunately,
they are generally quite expensive in terms of computational time, programming time and memory requirements, since they require solving a sequence
2

of nonlinear, strongly coupled problems using, e.g., fixed point and Newton’s
methods [4, 5, 13, 16, 22, 34, 41, 43], or Steklov-Poincaré based domain
decomposition methods [15].
The multi-physics features of the blood flow problem strongly suggest to
employ partitioned (or staggered) numerical algorithms, in which the coupled
fluid-structure interaction problem is split into a pure fluid sub-problem and a
pure structure sub-problem. When the density of the structure is much larger
than the density of the fluid, as is the case in aeroelasticity, it is sufficient to
solve, at every time step, the fluid sub-problem and the structure sub-problem
only once. Algorithms which utilize only one fluid and one structure solution
at every time step are also known as loosely coupled (explicit) algorithms.
Unfortunately, when fluid and structure have comparable densities, as is the
case with blood and vascular tissue, this approach suffers from severe stability
issues due to the artificially “added mass effect”, as shown in [11]. On the
other hand, iterating several times between fluid and structure at every time
step is computationally expensive and, additionally, suffers from convergence
issues for certain parameter values [11, 43].
To get around these difficulties, several new methods have recently been
proposed.
The method proposed in [2] is based on the classical approach of splitting
the coupled problem into the pure fluid and pure structure sub-problems,
with the goal of improving the convergence rate of the iterations between the
sub-problems by introducing novel transmission conditions. More precisely,
instead of using the traditional Dirichlet-Neumann transmission conditions
(in which the fluid is solved with a Dirichlet boundary condition at the interface given by the structure velocity, and the structure is solved with a
Neumann boundary condition at the interface given by the fluid stress), the
authors propose a set of Robin-type transmission conditions. These conditions are obtained in an ad hoc manner as a linear combination of the
kinematic and dynamic interface conditions. They introduce an artificial
redistribution of the fluid stress on the interface between the fluid and the
structure sub-problems which gets around the difficulty associated with the
added mass effect. A similar approach was previously proposed in [44], where
it was shown that, in the case of a simple algebraic membrane model for the
structure, the structure can be “embedded” into the fluid problem leading
to a Robin boundary condition.
A different stabilizing strategy for explicit schemes for fluid-structure interaction problems was proposed in [8]. Here a coupled discrete formulation
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based on Nitsche’s method [33] was presented, with a time penalty term
giving L2 -control on the fluid pressure variations at the interface.
In [21] a different strategy to decouple fluid-structure interaction problems was proposed to get around the difficulties related to the “added mass
effect”: the computation of the fluid velocity is decoupled from the strongly
coupled fluid-structure system which only involves the pressure and structure unknowns. In [21], this method was combined with a Chorin-Temam
projection scheme, while in [3, 48] the same method was combined with an
algebraic splitting which allows the use of other solution strategies, such as
the Yoshida method.
In the present article we introduce a loosely coupled-type scheme that
is fundamentally different from all the schemes presented so far and which
possesses the following appealing features over the existing schemes: (1) The
fluid and structure problems are split (in a novel way) and exisiting solvers
can be easily used; (2) No iterations between the fluid and structure subproblems are required; (3) The transmission conditions between fluid and
structure sub-problems are a natural consequence of the coupled problem
and do not need to be artificially tuned; (4) The fluid stress at the interface
does not need to be computed explicitly. These features have been achieved
by performing a time-discretization via operator splitting that isolates the
purely elastic portion of the structure equations without the hydrodynamic
load, that treats the hydrodynamic load on the structure together with the
fluid, and that uses the kinematic lateral boundary condition to establish a
tight link between the fluid velocity and the structure velocity. The crucial
role of the kinematic condition for the stability of the proposed algorithm
motivates its name: Kinematically Coupled Scheme.
More precisely, we consider a fluid-structure interaction problem that couples the Navier-Stokes equations for an incompressible, viscous fluid with the
equations modeling an elastic or a viscoelastic thin shell or membrane which
serves as a (lateral) boundary of the fluid domain. The proposed scheme is
based on a novel operator splitting approach using the Lie’s operator splitting method. The main novelty lies in the way how the operator splitting is
performed. Instead of treating the equation for the structure dynamics as a
whole, we split it into two parts: the hydrodynamic load exerted by the fluid
on the structure (together with the viscoelastic terms if the structure is viscoelastic) and the purely elastic part without the hydrodynamic load. Then,
we build our algorithm on two main sub-problems: a fluid sub-problem in
which the hydrodynamic load on the structure (and the structure viscoelas4

ticity) is taken as data for the fluid velocity on the boundary via a novel
boundary condition that involves fluid acceleration, and an elastodynamics
sub-problem driven only by the initial condition, namely by the trace of the
fluid velocity at the boundary just computed in the fluid sub-problem.
By this splitting, and in particular by the inclusion of the hydrodynamic
load to the structure into the fluid sub-problem, the added mass effect was
used to stabilize rather than to destabilize the numerical algorithm. This is
a crucial point of this method.
It has been our experience that it is important for the stability and accuracy of splitting schemes to treat properly the non-dissipative sub-steps.
Indeed, the elastic part of the structure equation is essentially hyperbolic,
and therefore non-dissipative, and we take advantage of the operator splitting
technique to treat it in a separate sub-step where we can use a non-dissipative
solver. This approach was also used in [32] where a fluid-structure interaction
problem on a fixed fluid domain was considered. In the same spirit of distinguishing the hyperbolic from the parabolic part of the problem, we further
split the fluid sub-problem into one parabolic step (the Stokes problem) and
two hyperbolic steps (fluid advection and ALE advection).
Numerical experiments show that our method is stable even in the case
when fluid and structure have comparable densities. Our results are in very
good agreement with those obtained using strongly coupled schemes.
Our paper is organized as follows. The mathematical problem is formulated in Section 2. In Section 3 we introduce the time-discretization of the
underlying fluid-structure interaction problem. In Section 4 we discuss our
strategies for solving the underlying sub-problems and in Section 5 we show
several numerical results pertinent to the problem. We conclude the paper
by Section 6 where remarks about the scheme’s features and its drawbacks
are discussed.
2. The mathematical model
We consider the flow of an incompressible, viscous fluid in a two-dimensional,
axially symmetric channel of length L, with thin, deformable walls. See Figure 1. We denote the horizontal and vertical coordinates by x1 and x2 ,
respectively. In this article we assume that the horizontal displacement of
the lateral boundary, which is at reference height x2 = H, is negligible, and
we denote the vertical displacement by η. Without loss of generality, we
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consider only the upper half of the fluid domain supplemented by a symmetry boundary condition at the axis of symmetry. Thus, we define the fluid
domain Ω(t) to be
Ω(t) = {(x1 , x2 ) ∈ R2 | x1 ∈ (0, L), x2 ∈ (0, H + η(x1 , t))},

(1)

with the lateral (top) boundary denoted by
Γ(t) = {(x1 , x2 ) ∈ R2 | x1 ∈ (0, L), x2 = H + η(x1 , t)}.

(2)

The fluid flow is governed by the Navier-Stokes equations:


∂u
̺f
+ u · ∇u = ∇ · σ, ∇ · u = 0 in Ω(t) for t ∈ (0, T ),
∂t

(3)

where u = (u1 , u2) is the fluid velocity, p is the fluid pressure, ̺f is the
fluid density, and σ is the fluid stress tensor. We assume that the fluid is
Newtonian so that the fluid stress tensor is given by σ = −pI + 2µD(u),
where µ is the fluid viscosity and D(u) is the rate-of-strain tensor D(u) =
(∇u + (∇u)T )/2.
x2
H

Γ(t)
Ω(t)

x1
L

Figure 1: A sketch of the flow region.
We consider the flow driven by a time-dependent pressure drop, imposed
by prescribing the normal component of the stress at the inlet and outlet
sections:
σn(0, x2 , t) = −p̄(t)n,

σn(L, x2 , t) = 0

on (0, H) × (0, T ).

(4)

Condition (4) is easier to implement than imposing just the pressure. This
kind of boundary condition has been widely used in blood flow modeling
[2, 43, 44, 48].
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At the bottom boundary x2 = 0 the following symmetry boundary conditions are imposed:
∂u1
(x1 , 0, t) = 0,
∂x2

u2 (x1 , 0, t) = 0 on (0, L) × (0, T ).

(5)

The upper portion of the domain boundary Γ(t) represents the deformable
channel wall. In the present article, we assume that Γ(t) behaves like a linearly viscoelastic thin shell, undergoing only transversal displacement. The
dynamics of Γ(t) is modeled by
̺s hs

∂2η
∂η
∂2η
∂3η
+
D
= f2
+
C
η
−
C
−
D
0
0
1
1
∂t2
∂x21
∂t
∂t∂x21

on (0, L) × (0, T ) , (6)

where ̺s is the wall (structure) density, hs is the wall thickness, C0 and C1
are the elastic constants [9, 10], D0 and D1 are the viscoelastic constants
[9, 10], and f2 is the x2 -projection of the force applied to the structure. In
this problem, the structure dynamics is governed by the time-dependent fluid
stress. Thus, f2 is given by the x2 -projection of the normal fluid stress to the
boundary Γ(t):
s
2

∂η
σn · e2 on Γ(t) for t ∈ (0, T ),
(7)
f2 = − 1 +
∂x1
where e2 = (0, 1). The term with the square-root corresponds to the Jacobian of the transformation between the Eulerian framework used in the
description to the fluid flow equations (3) and the Lagrangian framework
used in the description of the structure equations (6). Equation (6) with f2
given by (7) describes balance of forces (structure and fluid forces at Γ(t))
and it represents the dynamic coupling condition between the fluid and the
structure.
The second coupling condition between the fluid and the structure is
given by the kinematic coupling condition which describes the continuity of
the kinematic quantities such as the horizontal and vertical components of
the velocity. The continuity of the velocity on Γ(t) gives:
u1 = 0,

u2 =

∂η
∂t

on Γ(t) for t ∈ (0, T ) .

(8)

This embodies the no-slip boundary condition at the lateral boundary Γ(t).
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To complete the problem, we prescribe the boundary conditions for η:
η(0, t) = η(L, t) = 0 on (0, T ),

(9)

and the initial conditions for the fluid velocity u, the structure displacement
η and the structure velocity ∂η/∂t:
u = 0,

η = 0,

∂η
= 0 at t = 0.
∂t

(10)

3. Time-discretization via operator splitting
In this section we discuss the time-discretization of problem (3)-(10) using
a strategy based on operator splitting. Operator splitting methods have
been widely used for the time-discretization of initial value problems (see
e.g. [27, 28, 40] and the references therein). They are based on the idea
of first isolating the main difficulties of the problem and then solving them
separately in different (fractional) time steps. The resulting algorithm has
a simple modular structure, where the communication between modules is
limited to the initial conditions. As a consequence, it is possible to use
exisiting solvers (if available) as black boxes to solve each sub-step, and,
in particular, it is possible to use different time steps and different space
discretizations for the different sub-problems.
The application of the operator splitting technique to the time-discretization
of problem (3)-(10) is challenging and non-standard for two reasons. One is
related to the fact that equation (6) for the wall dynamics contains second
order derivatives in time, while the theory of operator splitting is properly
developed only for first-order inital value problems [7]. The second reason is
related to the fact that the fluid domain changes in time as a result of the
interaction between the fluid flow and the wall (structure) giving rise to the
complications in splitting the problem on a moving domain.
To get around the difficulty associated with the fact that the structure
equations incorporate the second-order time derivative, we use the kinematic
lateral boundary condition (8) to relate the wall acceleration ∂ 2 η/∂t2 to the
fluid acceleration at the moving boundary ∂(u2 |Γ(t) )/∂t. This has profound
consequences which are related to using the added mass effect as a stabilizing
feature of the problem. See equation (32) and Remark 5 for more details.
To get around the difficulty associated with the fact that the fluid domain
changes in time, we use an ALE-method [43]. More precisely, a family of
8

mappings is introduced which, for each time t ∈ (0, T ), maps the current
b Operator splitting
domain Ω(t) into a fixed reference rectangular domain Ω.
b in order to accurately account for
is then performed on the fixed domain Ω
the extra advection term due to the mesh motion, known as ALE-advection.
Once the splitting is done, we can solve the corresponding sub-problems on
the fixed or on the deformed physical domain depending on which of the two
approaches is more convenient. The solutions of the sub-problems that were
solved on the fixed domain are mapped back onto the physical domain and
the final solution at each time step is obtained as a composite function of the
solutions of each sub-problem. See (27)-(29) below for more details.
We mention here that this splitting approach is different from the one
studied in [3] where an algebraic splitting is performed after the space and
time discretization and linearization of the underlying fluid-structure interaction problem are performed. In our approach, the splitting is performed at
the differential level thereby allowing the use of the already existing solvers
for the calculation of the solutions of the differential sub-problems.
We begin by first describing the ALE method and deriving a first-order
formulation of problem (3)-(10) in the fixed reference domain. Then, in
Section 3.2 we introduce the time discretization via operator splitting leading
to the kinematically coupled scheme.
3.1. ALE-mapping and first-order formulation
Let At be a family of mappings which at each time t ∈ (0, T ) maps the
b = (0, L) × (0, H) defined
current domain Ω(t) into the reference domain Ω
by
At :

Ω(t) ⊂ R2

b ⊂ R2
→ Ω


 ξ1 = x1

H
x2 ,
H + η(x1 , t)
(11)
see Figure 2. We observe that the deformable, lateral boundary Γ(t) is
mapped into
Γ̂ = {ξ ∈ R2 | ξ1 ∈ (0, L), ξ2 = H}.
(12)
x = (x1 , x2 ) → ξ = (ξ1 , ξ2 ) = At (x) =

 ξ2 =

It is clear that this transformation is well defined as long as H +η(x1 , t) >
0, which is the case for the flow regime we are interested in.
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At

H

0

L

0

Ω (t)

L

Ω

−1

At

b
Figure 2: At maps the the current domain Ω(t) into the reference domain Ω.

ˆ t) = f (A−1
Let f = f (x, t) be a function defined on Ω(t) and fˆ = f(ξ,
t (ξ), t)
b It follows from the chain rule that
the corresponding function defined on Ω.
∂ fˆ
∂f
b fb,
=
+w·∇
∂t
∂t

(13)

where the domain velocity w is given by
w(ξ, t) =

∂ξ
.
∂t

(14)

By using the kinematic lateral boundary condition (8) the domain velocity
can be expressed as
w(ξ, t) = −

ξ2
u
b2 (ξ1 , H, t) e2 .
H + η(ξ1 , t)

The fluid equations then become:


∂b
u
bu + u
bu = ∇
b ·σ
b · ∇b
b,
̺f
+ w · ∇b
∂t

b ·u
b = 0,
∇

b × (0, T ),
in Ω

(15)

(16)

b read as
while the kinematic and dynamic lateral boundary conditions on Γ
follows:
∂η
(ξ1 , t) = u
b2 |Γb on (0, L) × (0, T ),
(17)
∂t
∂2η
∂η
∂2η
∂3η
̺s hs 2 +C0 η−C1 2 +D0 −D1
= fb2 |Γb on (0, L)×(0, T ), (18)
∂t
∂x1
∂t
∂t∂x21
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p
c Γb e2 . To write the
where u
b2 |Γb = u
b2 (ξ1 , H, t) and fb2 = − 1 + (∂ξ1 η)2 σn|
problem as a first-order system we use (17) in (18) to obtain the dynamic
lateral boundary condition of the form:
̺s hs

∂ 2 (b
u2|Γb )
∂(b
u2 |Γb )
∂2η
b2 |Γb −D1
= fb2 |Γb
+C0 η−C1 2 + D0 u
∂t
∂x1
∂x21

on (0, L)×(0, T ).

(19)
Now that the problem is in a first-order form and it is defined on a fixed
reference domain we can use it as a starting point for the time-discretization
via operator splitting. Before we present the details of the time-discretization,
b in first-order
we summarize the entire problem on the reference domain Ω
form.
Summary of the problem in the fixed reference domain in first-order form:


∂b
u
bu + u
bu = ∇
b ·σ
b ·u
b × (0, T ). (20)
b · ∇b
b, ∇
b = 0 in Ω
̺f
+ w · ∇b
∂t

Lateral boundary conditions:

̺s hs

∂η
(ξ1 , t) = u
b2 |Γb
∂t

on (0, L) × (0, T ) ,

∂ 2 (b
u2 |Γb )
∂(b
u2 |Γb )
∂2η
b2 |Γb −D1
= fb2 |Γb
+C0 η−C1 2 +D0 u
∂t
∂x1
∂x21

(21)
on (0, L)×(0, T ) ,

p
c Γb e2 .
where u
b2 |Γb = u
b2 (ξ1 , H, t) and fb2 = − 1 + (∂ξ1 η)2 σn|
Symmetry boundary condition:
∂b
u1
∂ξ2

ξ2 =0

=

u
b2 |ξ2 =0 = 0 on (0, L) × (0, T ).

(22)

(23)

Inlet/outlet boundary conditions:
u
b2 (0, H, t) = u
b2 (L, H, t) = 0,
c ξ1 =0 = −p̄(t)b
σn|
n,

Initial conditions:

b |t=0 = 0,
u

η(0, t) = η(L, t) = 0

c ξ1 =L = 0
σn|

η|t=0 = 0,
11

∂η
∂t

on

t=0

on (0, T ),

(0, H) × (0, T ).

=0

b
on Ω.

(24)
(25)

(26)

3.2. Operator-splitting scheme
We approximate problem (20)-(26) in time by using the Lie’s scheme
[27, 28]. The Lie’s scheme can be summarized as follows. Consider the
following initial-value problem
∂φ
+ A(φ) = 0 in (0, T ),
∂t
φ(0) = φ0 ,

(27)

where A is a (nonlinear) operator from a Hilbert space into itself. Suppose
that operator A has a non-trivial decomposition
A=

I
X

Ai .

(28)

i=1

Then, the solution of the initial value problem (27) can be approximated via
the following scheme:
Let ∆t > 0 be a time-discretization step. Denote tn = n∆t and let φn be
an approximation of φ(tn ). Set φ0 = φ0 . Then, for n ≥ 0 compute φn+1 by
solving
∂φi
+ Ai (φi ) = 0 in (tn , tn+1 ),
(29)
∂t
φi (tn ) = φn+(i−1)/I ,
and then set φn+i/I = φi (tn+1 ), for i = 1, ..., I.
This method is first-order accurate. More precisely, if (27) is defined on
a finite-dimensional space and if the operators Ai are smooth enough, then
kφ(tn ) − φn k = O(∆t).
We split problem (20)-(26) using the Lie’s scheme in order to deal with
the following problems separately:
1. Time-dependent Stokes problem with a suitable boundary condition
involving the viscoelasticity of the structure, i.e., the terms involving
∂(b
u2 | Γ
b)
and u
b2 |Γb , and the fluid stress at the boundary, i.e., the term fb2 |Γb ;
∂t
2. Fluid advection;
3. ALE-advection;
4. Elastodynamics of the structure (ignoring the viscoelastic terms and
fluid stress in the structure equation (22)).
12

Notice that the dynamics of the struture is split into its viscoelastic part
and the purely elastic part. The viscoelastic part and the fluid stress to the
structure are taken into account in the first step together with the Stokes
problem for the fluid flow. This is in contrast with the classical partitioned
schemes that split the underlying multi-physics problem based on the different physical models thereby completely separating the fluid dynamics from
the structure dynamics, see e.g. [11]. In our method, the fluid and the
structure are coupled at all times through the kinematic lateral boundary
condition, while the problem is split into its dissipative part, presented in
Step 1, and the remaining non-dissipative part, described in Steps 2-4.
Details of the splitting are presented next.
Step 1. The Stokes problem with the viscoelasticity of the structure and
the fluid stress exerted on the structure:
Find {b
u, pb, η} such that
̺f

∂b
u
b ·σ
b,
=∇
∂t

b ·u
b × (tn , tn+1 )
b = 0 in Ω
∇

b
with the following boundary conditions on Γ:

∂η
(ξ1 , t) = 0 on (0, L) × (tn , tn+1 ) ,
∂t

̺s hs

∂ 2 (b
u2 |Γb )
∂(b
u2 |Γb )
= fb2 |Γb
+ D0 u
b2 |Γb − D1
∂t
∂x21

on

(30)

(31)

(0, L) × (tn , tn+1 ), (32)

with the symmetry conditions at ξ2 = 0:
∂b
u1
∂ξ2

ξ2 =0

= 0,

u
b2|ξ2 =0 = 0

on (0, L) × (tn , tn+1 ),

(33)

subject to the inlet/outlet boundary data:
u
b2 (0, H, t) = u
b2 (L, H, t) = 0,

c ξ1 =0 = −p̄(t)b
σn|
n,

c ξ1 =L = 0 ,
σn|

b(tn ) = u
b n , ub2 |Γb (tn ) = ub2 n |Γb , η(tn ) = η n .
and the initial conditions u
n+1/4

bn+1/4 = u
b(tn+1 ), ub2 |Γb
Then set u
pbn+1 = pb(tn+1 ).
Step 2. The fluid advection.
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(34)

= ub2 |Γb (tn+1 ), η n+1/4 = η(tn+1 ) and

b and η such that
Find u

∂b
u
b n+1/4 · ∇b
+u
u = 0,
∂t

b × (tn , tn+1 )
in Ω

(35)

∂η
(ξ1 , t) = 0 on (0, L) × (tn , tn+1 ) ,
∂t
∂(b
u2 |Γb )
= 0 on (0, L) × (tn , tn+1 ) ,
̺s hs
∂t
subject to the boundary condition:
(
n+1/4
b−
b=u
b n+1/4 on Γ
u
× (tn , tn+1 ), where
n+1/4
b−
b u
b n+1/4 · n
b < 0},
Γ
= {x ∈ R2 | x ∈ ∂ Ω,
n+1/4

b(tn ) = u
b n+1/4 , ub2|Γb (tn ) = ub2|Γb
and the initial conditions u
n+2/4

bn+2/4 = u
b (tn+1 ), ub2 |Γb
Then set u

(36)
(37)

(38)

, η(tn ) = η n+1/4 .

= ub2 |Γb (tn+1 ), and η n+2/4 = η(tn+1 ).

Step 3. The ALE-advection.
ξ2
n+2/4
b and η such that
u
b2
|Γb e2 , then find u
Set wn+2/4 = −
n
H +η
∂b
u
+ wn+2/4 · ∇b
u=0
∂t

b × (tn , tn+1 )
in Ω

∂η
(ξ1 , t) = 0 on (0, L) × (tn , tn+1 ) ,
∂t
∂(b
u2 |Γb )
̺s hs
= 0 on (0, L) × (tn , tn+1 ) ,
∂t
subject to the boundary condition:
(
n+2/4
b−
b=u
b n+2/4 on Γ
u
× (tn , tn+1 ) where
n+2/4
b−
b wn+2/4 · n
b < 0},
Γ
= {x ∈ R2 | x ∈ ∂ Ω,

n+2/4

b (tn ) = u
bn+2/4 , ub2 |Γb (tn ) = ub2 |Γb
and the initial conditions u
η n+2/4 .
n+3/4

bn+3/4 = u
b (tn+1 ), ub2 |Γb
Then set u
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(39)
(40)
(41)

(42)
, and η(tn ) =

= ub2 |Γb (tn+1 ), and η n+3/4 = η(tn+1 ).

Step 4. Elasto-dynamics of the deformable boundary.
b and η such that
Find u
∂b
u
= 0 in
∂t

b × (tn , tn+1 ),
Ω

∂η
(ξ1 , t) = u
b2 |Γb in (0, L) × (tn , tn+1 ),
∂t
∂b
u2 |Γb
∂2η
+ C0 η − C1 2 = 0 in (0, L) × (tn , tn+1 ),
̺s hs
∂t
∂x1

(43)
(44)
(45)

with the boundary conditions
η|ξ1 =0 = 0 ,

η|ξ1 =L = 0 ,

(46)
n+3/4

and the initial conditions η(tn ) = η n+3/4 , u
b2 |Γb (tn ) = u
b2

b (tn ) = u
b n+3/4 .
|Γb , u
b n+1 = u
b (tn+1 ).
Then set η(tn+1 ) = η n+1 , u
b2 |Γb (tn+1 ) = u
bn+1
|Γb , and u
2

Do tn = tn+1 and return to Step 1.

Remark 1. Notice that the first three steps update only the fluid velocity,
keeping the location of the boundary fixed, while the last step, Step 4, only
updates the position of the boundary and its velocity.
Remark 2. Even though the explicit evolution of the structure, calculated in Step 4, includes only the elastic part of the structure dynamics, the
structure “feels” the fluid stress and the viscoelasticity through the initial
condition for the velocity, namely u
b2 |Γb (tn ). This is because u2 |Γb (tn ) follows
from the Stokes problem in Step 1 which embodies the fluid load to the
structure as well as the structure viscoelasticity (see equation (32)).
Remark 3. Our numerical experiments indicate that this method is
stable even when the viscoelastic terms in the structure equation are equal
to zero, i.e., D0 = D1 = 0. Thus, although the structure viscoelasticity
contributes to the smoothness of the solution to the problem in Step 1, it
is not crucial in obtaining the stability of the entire scheme. Stability and
convergence of this scheme will be discussed in Section 5.
Remark 4. The most novel feature of the scheme is the way how the
splitting is performed. Classical partitioned schemes separate fluid and structure in the following way. In Step 1 the location of the structure and its
velocity are assumed to be known and are used as Dirichlet data for the fluid
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solver. The solution of the fluid sub-problem provides the new fluid velocity
and pressure from which the fluid stress on the structure is calculated. In
Step 2 the fluid stress is used as a load for the structure dynamics (elastic
and/or viscoelastic). The structure solver provides the new position of the
boundary and its velocity, and this is used as data for Step 1 again.
In the splitting approach presented in this article, the structure is first
split into its hydrodynamic part (structure load), the viscoelastic part, and
the elastic part. The hydrodynamic part, consisting of the fluid stress on
the boundary, and the viscoelastic part are treated together with the fluid
equations (Step 1), while the purely elastic part is treated separately (Step 4).
Throughout the entire scheme, fluid and structure are coupled through the
kinematic lateral boundary condition. The fluid feels the presence of the
structure through the initial and boundary conditions, while the structure
feels the presence of the fluid through the initial condition for the velocity.
Remark 5. Crucial for the resolution of the added mass effect problem
are the following two features of this scheme:
(1) the novel splitting of the structure equation, and
(2) the treatment of the fluid load on the structure (with viscoelasticity) as
a boundary condition for the Stokes problem in Step 1.
Remark 6. Since the calculation of the fluid velocity is separated from
the calculation of the structure dynamics, we can use the already existing
fluid and/or elastic solvers if we choose to do so. This modular nature of the
scheme is one of its appealing features.
Remark 7. Another appealing feature of the scheme is that it is not
necessary to calculate the fluid stress explicitly. As we shall see in Section 4.1
the coupling between the fluid stress and the structure dynamics in Step 1
is performed implicitly through the weak formulation thereby avoiding the
calculation of the fluid stress all together.
Remark 8. The elastic part of the structure equation is essentially
hyperbolic and therefore non-dissipative. Since it is treated in a separate
step, a non-dissipative solver can be used. A similar argument holds for the
treatment of fluid advection and the ALE-advection. The dissipative part of
the entire problem (fluid viscosity, structure viscoelasticity) is treated in one
step (Step 1), contributing to the overall stability of the scheme.
Remark 9. In [2, 44] a class of schemes was introduced to deal with the
added mass effect by solving the fluid flow problem (and possibly the structure problem) using a Robin-type “transmission” condition. These transmission conditions are designed in an ad hoc manner by forming a linear
16

combination of the two lateral boundary conditions (the dynamic and kinematic conditions) and the fluid stress on the structure needs to be calculated
explicitly (the “Robin-Neumann” algorithm [2]). This is not the case with the
kinematically-coupled scheme presented in this paper. The transmission conditions follow naturally from the time-discretization of the full problem and
the fluid stress on the structure is taken into account implicitly in Step 1.
It needs to be mentioned, however, that the “Robin-Neumann” algorithm
presented in [2] can be applied to both thick and thin structures, while the
scheme introduced in the present article applies only to thin structures. Research leading to its generalization to the thick structure is under way.
We conclude this section by summarizing the most apealing features of
this scheme:
1. Elegant (natural) treatment of the added-mass effect avoiding the iteractions between the fluid and the structure. See Remarks 5 and 9.
2. Modularity. See Remark 6.
3. Proper treatment of non-dissipative sub-steps. See Remark 8.
4. Fluid stress on the structure is taken into account implicitly thereby
avoiding the need for an explicit calculation of the fluid stress at the
boundary. See Remarks 7 and 9.
4. Treatment of the sub-problems
Due to the fact that the splitting is performed at the differential level,
the scheme presented in the previous section is independent of the particular
strategy that is chosen to solve each sub-problem. In particular, different time
sub-steps and different space discretizations can be used for the different subproblems. Moreover, the communication between the sub-problems is limited
to the initial and boundary conditions which makes it easy to incorporate
the already written pieces of code as modules to solve each sub-problem.
Below, we describe the particular strategies that we advocate to solve
each sub-problem. We took advantage of the modularity of the scheme by
incorporating modules that we already developed for the solution of the incompressible Navier-Stokes equations defined on a fixed domain [31] and for
free surface flows [28, 30].
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4.1. Step 1: The time-dependent Stokes sub-problem.
In this sub-problem, the time-derivative of η over the interval (tn , tn+1 )
is zero and therefore η(t) = η(tn ), ∀t ∈ (tn , tn+1 ). This is the reason why we
can safely map problem (30)-(34) back into the physical domain Ω(tn ). This
leads to the following time-dependent Stokes problem:
̺f

∂u
= ∇ · σ,
∂t

∇ · u = 0 in Ω(tn ) × (tn , tn+1 ),

(47)

with the boundary condition on Γ(tn ):
2

∂(u2 |Γ(tn ) )
∂ (u2 |Γ(tn ) )
̺s hs
=−
+D0 u2 |Γ(tn ) −D1
∂t
∂x21

s

1+



∂η n
∂x1

2

σn|Γ(tn ) ·e2 ,
(48)

with the symmetry boundary conditions at x2 = 0:
∂u1
∂x2

x2 =0

= 0,

u2 |x2 =0 = 0 ,

(49)

the inlet and outlet boundary conditions:
u2 (0, H, t) = u2 (L, H, t) = 0,

σn|x1 =0 = −p̄(t)n,

σn|x1 =L = 0 , (50)

and with the initial conditions
u(tn ) = un

in Ω(tn ),

u2 (tn ) = un2

on Γ(tn ).

(51)

For the time discretization of problem (47)-(51) we use a simple one step
backward Euler scheme, while for the space discretization we use an isoparametric version of the Bercovier-Pironneau finite elements spaces. This finite
element approximation, introduced in [6] and further discussed in [27, 28, 30],
is also known as P 1 − iso − P 2 and P 1 approximation. Its main advantage
is the increased accuracy in the treatment of the non-polygonal portions of
the boundary. A careful treatment of the boundary is very important for the
problem at hand, since the coupling between the fluid flow and the structure
dynamics takes place on a portion of the domain boundary.
To enforce the incompressibility of the velocity field and to obtain the
related pressure we use a preconditioned conjugate gradient method (see e.g.
[27]). We emphasize that several preconditioners have been developed for the
classical case of Dirichlet and/or stress related boundary conditions, but no
18

preconditioner was available for the particular boundary condition given in
(48). This is why Glowinski and Guidoboni developed a new preconditioner
for this problem, presented and justified in [29]. The new preconditioner
operates in the pressure space and it reduces substantially the number of
iterations when compared to a conjugate gradient algorithm equipped with
the canonical scalar product of L2 . For the sake of completeness, we describe
this new preconditioned conjugate gradient algorithm below.
We begin by writing the variational formulation of the time-discretized
problem. Let V (t) denote the following function space

V (t) = v ∈ (H 1 (Ω(t)))2 : v2 |x2 =0 = 0, v1 |Γ(t) = 0, v2 |Γ(t) ∈ H01 (Γ(t)) .
As in Step 1, let us denote by un and pn the solution at t = tn . Then
the variational formulation of the time-discretized problem (47)-(51) can be
written as follows:
Find un+1/4 ∈ V (tn ) and pn+1/4 ∈ L2 (Ω(tn )) such that

Z
̺s hs L n+1/4
u
· v dx +
u
|Γ(tn ) v2 |Γ(tn ) dx1
∆t 0 2
Ω(tn )
Z
Z L
n+1/4
∂(u2
|Γ(tn ) ) ∂(v2 |Γ(tn ) )
n+1/4
+2µ
D(u
) : D(v) dx + D1
dx1
∂x1
∂x1
Ω(tn )
0
Z L
Z
n+1/4
+D0
u2
|Γ(tn ) v2 |Γ(tn ) dx1 −
pn+1/4 ∇ · v dx = L(v) , ∀v ∈ V (tn ),
̺f
∆t

Z

n+1/4

Ω(tn )

0

and

Z

q∇ · un+1/4 dx = 0,

∀q ∈ L2 (Ω(tn )),

Ω(tn )

where
̺f
L(v) =
∆t

Z

̺s hs
u ·v dx+
∆t
Ω(tn )
n

Z

0

L

un2 |Γ(tn )

v2 |

Γ(tn )

dx1 +

Z

0

H

p̄(tn+1 ) v1 |x1 =0 dx2 .

Let α = ̺f /∆t and β = ̺s hs /∆t + D0 (for the details about the choice of
these parameters see [29]). Our preconditioned conjugate gradient algorithm
for the solution of the above generalized Stokes problem reads as follows:
Take an initial guess p0 ∈ L2 (Ω(tn )) and find u0 ∈ V (tn ) such that ∀v ∈
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V (tn ) it holds
α

Z

0

u · v dx + β
Ω(tn )

+D1

Z

L

Z

L

u02 |Γ(tn )

0
0
∂(u2 |Γ(tn ) )

∂(v2 |Γ(tn ) )
dx1 =
∂x1

∂x1

0

v2 |Γ(tn ) dx1 + 2µ

Z

Ω(tn )

Z

p0 ∇ · v dx + L(v),

(53)

β ∂ϕ0
ϕ0 |Γ(tn ) +
α ∂n

= 0,

x2 =0

(52)

Ω(tn )

and set r 0 = ∇ · u0 .
Solve now

−∆ϕ0 = r 0 in Ω(tn )



 ϕ0 |x1 =0 = 0, ϕ0 |x1 =L = 0,

∂ϕ0



∂n

D(u0 ) : D(v) dx

Γ(tn )

=0.

Then set g 0 = µr 0 + αϕ0 , w 0 = g 0 .
For k ≥ 0, assuming that pk , r k , g k , w k are known, compute pk+1 , r k+1 ,
g k+1, w k+1 as follows:
First find ūk ∈ V (tn ) such that ∀v ∈ V (tn ) it holds
α

Z

k

ū · v dx + β

Ω(tn )

+D1

Z

L

Z

L

ūk2 |Γ(tn )

0
k
∂(ū2 |Γ(tn ) )

∂x1

0

and set r̄ k = ∇ · ūk .
Compute
̺k =

Z

v2 |Γ(tn ) dx1 + 2µ

∂(v2 |Γ(tn ) )
dx1 =
∂x1

.Z
r g dx
k k

Ω(tn )

Z

Z

D(ūk ) : D(v) dx

Ω(tn )

w k ∇ · v dx,

r̄ k w k dx,

x2 =0

= 0,

(55)

Ω(tn )

and update pk and r k via pk+1 = pk − ̺k w k , r k+1 = r k − ̺k r̄ k .
Next find ϕ̄k such that

−∆ϕ̄k = r̄ k in Ω(tn )



 ϕ̄k |x1 =0 = 0, ϕ̄kx =L = 0,
1


∂ ϕ̄k


∂n

(54)

Ω(tn )

β ∂ ϕ̄k
ϕ̄kΓ(tn ) +
α ∂n
20

Γ(tn )

=0.

(56)

Then update g k via g k+1 = g k − ̺k (µr̄ k + αϕ̄k ) .
If
Z
.Z
k+1 k+1
r g
dx
r 0 g 0 dx ≤ ǫ,
Ω(tn )

(57)

Ω(tn )

take p = pk+1; else, compute
Z
.Z
k+1 k+1
γk =
r g
dx
Ω(tn )

r k g k dx ,

(58)

Ω(tn )

and update w k via w k+1 = g k+1 + γk w k .
Do k = k + 1 and return to (54).
The main novelty of scheme (52)-(58) lies in the design of new boundary
conditions for the auxiliary function ϕ, satisfied on the deformable portion
of the boundary. From the classical theory for pre-conditioned conjugate
gradient methods for incompressible viscous fluids, see [27] and the references therein, Dirichlet boundary conditions for the normal component of
the velocity imply ∂ϕ/∂n = 0 for the auxilliary function. On the other hand,
the portion of the boundary where a condition on the fluid stress is imposed invokes ϕ = 0 for the auxilliary function. For the boundary conditions
of the problem at hand, it was shown in [29] that a Robin-type boundary
condition in problems (53) and (56) is the condition to be imposed on the
auxilliary function ϕ at the deformable portion of the boundary. Moreover,
it was shown that the optimal constant in the Robin condition for the auxiliary function ϕ is β/α, which equals the ratio ̺s hs /̺f when the viscoelastic
constant D0 is zero.
Remark 10. It is interesting to notice that the same ratio ̺s hs /̺f
appears as the critical parameter value in the stability analysis related to the
added mass effect observed in the explicit schemes, as reported in [11].
Remark 11. The use of a preconditioner in the pressure space requires
the solution of the elliptic problem (56) at each iteration of the conjugate
gradient calculation. Moreover, this elliptic problem is defined on the domain
Ω(tn ) which changes at each time step and therefore the stiffness matrix of
the elliptic problem should be recalculated at each time step. In order to
avoid this, we solve (56) on the fixed rectangular domain (0, L) × (0, H) in
the Cartesian coordinates (x1 , x2 ), and therefore we need to assemble the
stiffness matrix only once. This still gives excellent numerical results.
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4.2. The non-dissipative steps: fluid advection, ALE-advection and elasticity
Steps 2, 3, and 4 where we solve for the fluid advection (35)-(38), the
advection due to the ALE-description of the domain deformation (39)-(42),
and the purely elastic structure problem (43)-(46), respectively, are all nondissipative transport problems. In an attempt to preserve this feature of the
problem, it is natural to use solvers with low numerical dissipation. Notice
that thanks to the operator splitting approach, the time steps used in Steps 2,
3, and 4, can be much smaller than that used in Step 1. More details are
presented next.
Step 2: In order to solve the advection step (35)-(38), we use a wavelike equation method [27, 31, 45]. This approach preserves the hyperbolic
nature of advection, it introduces low numerical dissipation and it is easily implemented. In particular, we use here a second order accurate time
discretization scheme which is discussed, e.g., in [27] Chapter 6, and in [45].
Step 3: In order to solve the transport problem (39)-(42) we again use the
wave-like equation approach. Due to the fact that in our problem w1 = 0,
equation (39) does not contain x1 differentiation of û and therefore the problem reduces to the solution of a family (infinite for the continuous problem,
finite for the discrete ones) of transport problems in one space dimension
along the vertical direction. Then for ξ1 ∈ (0, L), each component of û is a
solution of a transport problem of the following form:

∂ϕ
∂ϕ

n n+1


 ∂t − aξ2 ∂ξ2 = 0 on (0, H) × (t , t ),
(59)
ϕ(tn ) = ϕ0 ,




ϕ(H, t) = b in (tn , tn+1 ) : if a > 0,
where a and b are constant with respect to ξ2 and t. The solution of this
problem is discussed in [28, 30].
Step 4: Problem (43)-(46) captures the contribution from the purely elastic part of the structure equation, without any load. System (44)-(45) can
be rewritten as the following wave equation:
̺s hs

∂2η
∂2η
= 0 on (0, L) × (tn , tn+1 )
+
C
η
−
C
0
1
∂t2
∂x21

(60)

which we solve using a second-order finite difference scheme such as the one
described in [27] Section 31.5.4.3.
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5. Numerical results
We present here some numerical results with the goal of testing the performance of the kinematically coupled scheme proposed in this article.
We begin by considering the test case proposed by Formaggia et al. in
[25], which has now become a standard in testing fluid-structure interaction
techniques for blood flow applications, see, e.g., [2, 3, 32, 44]. This benchmark problem corresponds to the problem presented in Section 2 with the
viscoelastic coefficient D0 = 0. The flow is driven by the time-dependent
pressure data




2πt
 pmax
1 − cos
if t ≤ tmax
p̄(0, x2 , t) =
(61)
2
tmax

0
if t > tmax
p̄(L, x2 , t) = 0 on (0, H) × (0, T )

(62)

where pmax = 2 · 104 [dynes/cm2 ] and tmax = 0.005 [s]. The elastic constants
in (6) are given by C0 = Ehs /H 2 (1 − ν 2 ) and C1 = Ehs /2(1 + ν), where E
is the Young’s modulus and ν is the Poisson’s ratio. The geometrical and
physical parameters of the problem are specified in Table 1.
Geometry
Length
L
6
cm
Height
H
0.5
cm
Fluid Parameters
Viscosity µ 0.035 poise
Density
ρf
1
g/cm3

Structure Parameters
Young’s modulus E
0.75 · 106 dynes/cm2
Poisson’s ratio
ν
0.5
[1]
Density
ρs
1.1
g/cm3
Thickness
hs
0.1
cm
Viscoelasticity
D1
0.01
poise · cm

Table 1: Geometry, fluid and structure parameters.
The numerical solution of this benchmark problem obtained with the kinematically coupled scheme is shown in Figure 3. We show the solution at six
different snap-shots. Each snapshot contains information about the pressure
(colormap), velocity (streamlines) and structure displacement (solid contour
of the fluid domain). The results show a forward moving pressure wave, with
positive flow rate, which reaches the end of the domain and gets reflected.
The reflected wave is characterized by negative values of the pressure and
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positive flow rates [12, 25]. The results obtained with the kinematically coupled scheme are in excellent agreement with those obtained in [25] using an
implicit scheme.

Figure 3: Snapshots of the numerical solution of (30)-(46) containing information on pressure (colormap), velocity (streamlines) and structure displacement (solid contour of the flow region).

Results in Figure 3 have been obtained with ∆t = 5 · 10−5. A smaller
time step of ∆t/5 has been used in the non-dissipative sub-problems, namely
for the fluid advection (35)-(38), the ALE-advection (39)-(42) and the elastodynamics sub-problem (43)-(46). The domain was discretized using uniform
triangular structured meshes for pressure and velocity defined on the rect24
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Figure 4: Visualization of the flow region at time t = 12[ms] (top) and a
magnified view of velocity mesh in the most deformed area (bottom).

b with the mesh sizes hp = H/8 and hv = hp /2,
angular reference domain Ω,
respectively. The pressure mesh and the velocity mesh are then deformed
according to the ALE-mapping defined in (11). Figure 4 (top) shows the velocity mesh for the physical flow region at time t = 12[ms], with a magnified
view of the most deformed area shown at the bottom of the same figure.
Figures 5, 6 and 7 show a comparison between the numerical solutions
to problem (3)-(10) obtained with our kinematically coupled scheme (30)(46) (solid line) and with the implicit scheme used by Nobile in [43] (dashed
line). The results show an excellent agreement between the computed average
pressure, shown in Figure 5, the flow rate, shown in Figure 6, and the vessel
diameter, shown in Figure 7, at six different times. It is interesting to notice
that the time steps used for the kinematically coupled scheme and for the
implicit scheme are of the same order of magnitude. More precisely, a time
step of ∆t = 1 · 10−4 was used for the implicit scheme, while a time step of
∆t = 5 · 10−5 was used for the kinematically coupled scheme. We remark
again that no iterations between fluid and structure are necessary for the
calculation of the solution using the kinematically coupled scheme. This
is in contrast with implicit schemes that are much more computationally
expensive since they require solving a sequence of nonlinear, strongly coupled
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Figure 5: Average pressure profiles computed with the kinematically coupled
scheme with ∆t = 5 · 10−5 (solid line) and with the implicit algorithm used
by Nobile in [43] with ∆t = 10−4 (dashed line).
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scheme with ∆t = 5 · 10−5 (solid line) and with the implicit algorithm used
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problems using, e.g., fixed point and Newton’s methods, or Steklov-Poincaré
based domain decomposition methods.
The kinematically coupled scheme presented in this article has been obtained using a Lie’s time-splitting scheme, which is known to be first-order
accurate in time. This is confirmed by the results shown in Figure 8. Here we
used a domain triangulation of size hp = H/8 for the pressure and hv = hp /2
for the velocity, and we ran the simulations using ∆t = 1 · 10−4 , 5 · 10−5 , 1 ·
10−5 , 5 · 10−6 , and 1 · 10−6. Results obtained with the different time steps
are then compared with a reference solution, which was taken to be the one
obtained with ∆t = 10−6 . Numerical values for the L2 −errors are reported
in Table 2.
In Figure 9, we show the rate of convergence of the kinematically coupled
scheme as we vary the mesh size. Here we consider ∆t = 5 · 10−6 and we
run simulations using hp = H/6, H/8, H/9, H/10, H/12 and H/16 as mesh
sizes for the pressure mesh. The reference solution was taken to be the one
obtained with hp = H/16. Results in Figure 9 suggest a spatial rate of
convergence of the order of 2. Numerical values for L2 −errors are reported
in Table 3.
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(a) Relative error for fluid velocity at t = 12 [ms].
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(b) Relative error for pressure at t = 12 [ms].
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(c) Relative error for structure displacement at t = 12 [ms].
Figure 8: The figures show first-order accuracy in time for the kinematically
coupled scheme.
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0.1579

|| u − uref||L2/||uref||L2
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0.0793
0.0699

velocity error
best fitting slope =2.1659

0.0327
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(a) Velocity: spatial convergence.

|| p − pref||L2/||pref||L2
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0.0831
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pressure error
best fitting slope =2.1229

0.0374
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H/20

H/18
H/16
mesh size [cm]

H/12

(b) Pressure: spatial convergence.
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η error
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(c) Structure displacement: spatial convergence.
Figure 9: The figures show second order accuracy in space of the kinematically coupled scheme (mesh size hp = H/8).
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∆t [s]
1 · 10−4
5 · 10−5
1 · 10−5
5 · 10−6

||p−pref ||L2
||pref ||L2
−2

1.310 · 10
7.818 · 10−3
1.700 · 10−3
7.724 · 10−4

L2 order
−
0.7443
0.9482
1.1376

||u−uref ||L2
||uref ||L2
−2

1.088 · 10
5.967 · 10−3
1.327 · 10−3
6.166 · 10−4

L2 order
−
0.8664
0.9339
1.1063

||η−ηref ||L2
||ηref ||L2
−2

5.918 · 10
3.513 · 10−2
7.589 · 10−3
3.446 · 10−3

L2 order
−
0.7526
0.9521
1.1390

Table 2: Convergence in time of the kinematically coupled scheme (mesh size
hp = H/8).
mesh size
H/12
H/16
H/18
H/20
H/24

||p−pref ||L2
||pref ||L2
−1

1.678 · 10
1.074 · 10−1
0.831 · 10−1
0.663 · 10−1
0.374 · 10−1

L2 order
−
1.5500
2.1794
2.1494
3.1395

||u−uref ||L2
||uref ||L2
−1

1.579 · 10
1.055 · 10−1
0.793 · 10−1
0.699 · 10−1
0.327 · 10−1

L2 order
−
1.4024
2.4180
1.1933
4.1757

||η−ηref ||L2
||ηref ||L2
−1

1.969 · 10
1.261 · 10−1
0.992 · 10−1
0.822 · 10−1
0.436 · 10−1

Table 3: Convergence in space for the kinematically coupled scheme (time
step ∆t = 5 · 10−6 ).
6. Conclusions
In this work we presented a novel time-splitting scheme for numerical simulation of fluid-structure interaction between blood flow and vascular tissue.
This problem is characterized by stability issues for explicit schemes due to
the added mass effect, which is of concern, more generally, in fluid-structure
interaction problems whenever the fluid and the structure have comparable
mass. The proposed scheme features stability properties of implicit schemes
at the computational costs of the explicit ones. The main novelty lies in a
“clever” use of the kinematic boundary condition and the Lie’s time-splitting
scheme that enabled a novel splitting of the structure equation into its elastodynamics part and the fluid load part (with viscoelasticity). The fluid load
part (with viscoelasticity) is then used as a boundary condition in the fluid
flow problem, while the elastodynamics part is solved separately, using an
energy-preserving scheme. This is in contrast with the classical partitioned
schemes that simply split the fluid equations from the structure equations.
Our scheme gets around the difficulties associated with the added mass effect in an elegant and efficient way, and it remains modular since fluid solvers
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L2 order
−
1.5475
2.0372
1.7838
3.4751

and structure solvers (for elastodynamics) can be employed to solve the corresponding sub-problems. Potential drawbacks include first-order accuracy in
time, which can be improved by introducing a symmetrized scheme [27], and
the fact that the generalization to thick structures is not straight-forward,
although research in this direction is under way.
Overall, for problems in blood flow where approximation of the arterial
walls using elastic/viscoelastic membrane or shell models is appropriate, the
kinematically coupled time-splitting scheme provides an efficient and simple
way for the numerical simulation of the underlying fluid-structure interaction
problem.
Future research includes comparison in performance with the already existing schemes [3, 44], extension to 3D flows, and a treatment of thick structures.
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