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WhAM! Workshop

Trachette Jackson and Ami Radunskaya

1 Aim and Scope

The aim of this volume is to showcase original research conducted by newly formed
collaborative teams during the IMA’s Women in Applied Mathematics (WhAM!)
Research Collaboration Conference on Dynamical Systems with Applications to
Biology and Medicine. The overarching goal of the workshop was to help build a
strong network of women working on dynamical systems in biology by facilitating
the formation of new and lasting research groups. This volume is the first fruit of
those research efforts. This volume highlights problems from a range of biological
and medical applications that can be interpreted as questions about system behavior
or control. Topics include drug resistance in cancer and malaria, biological fluid
dynamics, auto-regulation in the kidney, anti-coagulation therapy, evolutionary
diversification, and photo-transduction. Mathematical techniques used to describe
and investigate these biological and medical problems include ordinary, partial and
stochastic differentiation equations, hybrid discrete-continuous approaches, as well
as 2D and 3D numerical simulation.
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2 Introduction

According to the 2013 survey from the American Mathematical Society, women
make up approximately 30% of the recent U.S. PhDs in the mathematical sciences
[1]. However, the visibility of women as research mathematicians is still dim,
as evidenced by the percentages of women who are invited to speak at national
conferences, the number of women who win prizes and the number of women
who are editors of professional journals [2]. Kristin Lauter, a number theorist with
Microsoft Research, decided to promote a community of women researchers in
mathematics. In 2008 she organized the first Women in Number Theory (WIN)
conference, with the help of co-organizers Rachel Pries (Colorado State University)
and Renate Scheidler (University of Calgary). To date, there have been three WIN
conferences, as well as Women in Shapes (WiSH), a workshop held at IPAM in
July 2013 devoted to problems in shape modeling. Noting the success of these
pioneering conferences, we wanted to bring together women working in applied
mathematics in order to work on problems of mutual interest. We organized
the IMA’s first special workshop targeting women as participants. We called it:
Women in Applied Mathematics (WhAM!): A Research Collaboration Conference
on Dynamical Systems with Applications to Biology and Medicine.

Many questions about biological processes can be phrased in terms of dynamical
systems. The evolution of these processes and the stability of their long-term
behavior can be studied in terms of dynamical systems theory. Since the goal
of the five-day workshop was to foster the building of long-term collaborative
relationships, this workshop had a special format designed to maximize opportu-
nities for collaboration. Nine senior women researchers working in mathematical
biology were invited to present a problem and lead a research group. Each senior
leader then chose a more junior co-leader with whom they did not have a long-
standing collaboration, but who had enough experience to take on a leadership role.
Other team members were chosen from applicants and invitees. Each group worked
together during the five-day conference and all nine groups continued their project
through the ensuing months. The results are being published in this volume. The
benefit of such a structured program with leaders, projects, and working groups
planned in advance is that senior women were able to meet, mentor, and collaborate
with some of the brightest young women in their field. Junior faculty, post-docs,
and graduate students developed their network of colleagues and were introduced
to important new research areas, thereby improving their chances for successful
research careers. The scientific atmosphere at WhAM! was truly exciting. The
WhAM! format together with the IMA’s staff infrastructure created an intellectual
environment difficult or impossible to foster in traditional academic, conference,
and workshop settings; one that will allow for substantial opportunities to create
new bio-mathematical knowledge in areas of national interest.
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3 The Research

WhAM! projects addressed challenges that cut across multiple levels of organization
in biology. A variety of mathematical tools came into play, including differential
equations, stochastic models, and discrete networks. Processes that evolve on
large time scales were studied, as well as those that are described by fast, local
interactions. Some projects were computationally intensive, while others focused
on analytical and qualitative results. Common to all of the projects was a desire to
solve problems relevant to the medical community using sophisticated mathematical
tools.

The Cancer group focused on anti-cancer drug resistance, which is a criti-
cal challenge that the clinical cancer research community is facing. Almost all
chemotherapeutic agents and many targeted therapies that are used currently used
in the clinical treatment of cancer lead to drug resistance, and this WhAM!
team derived a hybrid mathematical model to investigate whether drug resistance
is a pre-existing or emerging phenomenon. The Malaria group also focused on
drug resistance, which is becoming a major cause of the rapid spread of malaria
with intermittent preventive treatment (IPT). The Malaria team developed an
age-structured model to determine the critical level of IPT treatment that would
minimize the spread of drug resistance and reduce disease prevalence and burden.

Biological fluid dynamics was also a focus for some WhAM! teams. The Bacteria
group studied the flow induced by the collective flagellar motion of bacterial carpets.
In particular, they modeled a doubly periodic array of rotating helical stuck to
a surface immersed in a viscous, incompressible fluid. They used the model to
examine the transport of fluid particles above the carpet as a function of flagellar
distribution and geometries. The Kidney team focused on modeling auto-regulation
of renal blood flow. A complex interaction of chemical signals allows the healthy
kidney to maintain a nearly constant rate of blood flow even in the presence of
fluctuations in blood pressure or blood composition. These processes are implicated
in diseases such as diabetes and hypertension, so it is important to understand the
mechanisms behind them. The mathematical model developed by the Kidney team
can further our understanding of these mechanisms and can suggest strategies to
prevent their malfunction. The Clot busters studied another type of flow irregularity:
the formation of blood clots. Using a reduced compartment model of blood flow, the
team built a model using approximately 100 differential equations that describes the
dynamics of clot formation and treatment by anti-coagulants. The focus of the study
was to compare the results of currently used in vitro measurements of clot formation
times to what might actually be happening in vivo. The team’s conclusions have
implications for scheduling of anti-coagulant treatments.

Two teams used stochastic models to explore the dynamics of physiological
processes. The Evolution team studied the emergence of new species. This question
is important when considering the danger of anti-biotic resistant “super bacteria,"
for example. The team explored models of the asexual evolution of E. coli and
showed that, even in the presence of environmental randomness, it is common to
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see the co-existence of two distinct species. Stochasticity also appeared in the work
of the Melanopsin team. In this study, the team developed a mathematical model
of the non-image forming response to light that is the result of the cascade of
events triggered by melanopsin. These responses are critical in governing the sleep–
wake cycle and other circadian rhythms, so they are of great interest to the medical
community. The model developed by the Melanopsin team is calibrated to data, and
a sensitivity analysis is used to identify model parameters that are important to study
in the future.

Two WhAM! teams studied problems related to the neural circuitry of the brain.
The Sleep team developed a mathematical model of the sleep–wake cycle that
takes into account temperature. Humans can regulate their body temperatures, but
these regulatory mechanisms are minimized or absent during certain phases of the
sleep-cycle. In particular, the ambient temperature can play a critical role during
NREM or REM sleep. The mathematical model developed by the Sleep team is
calibrated to data and is then used to draw conclusions between observed sleep–
wake cycles, ambient temperature, and thermo-regulation. The Cluster team studied
a collection of neurons as a network of coupled oscillators. They were interested
in understanding the mathematical mechanisms behind the formation of clusters in
these networks, particularly when all of the oscillators described inhibitory inter-
neurons. Through analysis and numerical simulations, they were able to derive
conclusions about the stability of the clusters as a function of the connecting weights
between nodes in the inhibitory neural network.

The papers in this volume describe the first results of these nine teams of research
mathematicians. After the initial five-day workshop, each team continued to work
with regular teleconferences and one three-day reunion facilitated by the IMA. Most
of the teams continue to work together: some have produced more results, some have
written grant proposals, and some have arranged to meet again to advance to the
next stage of their research. Results from the workshop have also been presented
at international conferences hosted by organizations such as BEER (Biology and
Ecology in Education and Research), SMB (Society for Mathematical Biology),
and SIAM (Society for Industrial and Applied Mathematics).

In closing, WhAM! brought teams of women applied mathematicians, at all
career levels and from all over the country, together with the common goal of
advancing the understanding of a variety of biological medical problems using
integrative, quantitative strategies. These were dynamic teams, with varying exper-
tise, that were able to work synergistically during the workshop and to continue
their collaboration beyond the actual meeting. The IMA provided an environment
for creative and purposeful interactions among researchers so that the teams could
make substantial progress on challenging problems in biology using sophisticated
mathematical, statistical, and computational modeling strategies. A symptom of the
success of this first WhAM! workshop is its replication elsewhere. WhAM!2 was
held at the IMA in August, 2014, and focused on problems in Numerical Partial
Differential Equations and Scientific Computing. Another outgrowth of WhAM! is
the Research Collaboration Workshop for Women in Mathematical Biology that
will be held from June 22 to 25, 2015, at NiMBIOS, University of Tenessee,
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Knoxville. We are grateful to the IMA, to its Director, Fadil Santosa, and to the
University of Minnesota for making WhAM! possible, and for continuing to support
mathematicians of all sorts.
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Emergence of Anti-Cancer Drug Resistance:
Exploring the Importance of the
Microenvironmental Niche via a Spatial Model

Jana L. Gevertz, Zahra Aminzare, Kerri-Ann Norton,
Judith Pérez-Velázquez, Alexandria Volkening, and Katarzyna A. Rejniak

Abstract Practically, all chemotherapeutic agents lead to drug resistance.
Clinically, it is a challenge to determine whether resistance arises prior to, or
as a result of, cancer therapy. Further, a number of different intracellular and
microenvironmental factors have been correlated with the emergence of drug
resistance. With the goal of better understanding drug resistance and its connection
with the tumor microenvironment, we have developed a hybrid discrete-continuous
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mathematical model. In this model, cancer cells described through a particle-
spring approach respond to dynamically changing oxygen and DNA damaging
drug concentrations described through partial differential equations. We thoroughly
explored the behavior of our self-calibrated model under the following common
conditions: a fixed layout of the vasculature, an identical initial configuration of
cancer cells, the same mechanism of drug action, and one mechanism of cellular
response to the drug. We considered one set of simulations in which drug resistance
existed prior to the start of treatment, and another set in which drug resistance is
acquired in response to treatment. This allows us to compare how both kinds of
resistance influence the spatial and temporal dynamics of the developing tumor, and
its clonal diversity. We show that both pre-existing and acquired resistance can give
rise to three biologically distinct parameter regimes: successful tumor eradication,
reduced effectiveness of drug during the course of treatment (resistance), and
complete treatment failure. When a drug resistant tumor population forms from
cells that acquire resistance, we find that the spatial component of our model (the
microenvironment) has a significant impact on the transient and long-term tumor
behavior. On the other hand, when a resistant tumor population forms from pre-
existing resistant cells, the microenvironment only has a minimal transient impact
on treatment response. Finally, we present evidence that the microenvironmental
niches of low drug/sufficient oxygen and low drug/low oxygen play an important
role in tumor cell survival and tumor expansion. This may play role in designing
new therapeutic agents or new drug combination schedules.

Keywords Tumor therapy • Tumor environment • Hybrid model • Individual
cell-based model

1 Introduction

The effectiveness of practically all chemotherapeutic compounds that are used in
the clinical treatment of solid tumors reduces during the course of therapy [1–4].
This phenomenon, termed drug resistance, can arise due to a number of different
intracellular and microenvironmental causes. Drug resistance is not cancer-specific;
it is a common cause of treatment failure in HIV infection [5], and of antibiotic
failure in bacterial communities [6]. It is often impossible to determine whether
the drug resistant cells existed prior to the start of treatment, or if they arose
as a result of anti-cancer therapy. Pre-existing (primary) drug resistance occurs
when the tumor contains a subpopulation of drug resistant cells at the initiation
of treatment, and these cells become selected for during the course of therapy.
Acquired resistance involves the adaptation of a tumor cell subpopulation so that
the cells gradually develop drug resistance due to drug exposure and other factors,
such as microenvironmental or metabolic conditions [7, 8].

Mechanisms of drug resistance are being studied in cell culture [9, 10]. Drug
resistant cell lines are produced by incubating cells with a particular drug, collecting
the surviving cell subpopulation, and repeating this process through several passages
until the remaining subpopulation of cells no longer responds to the treatment.
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While this is an effective way to generate a resistant cell population, this in vitro
process does not reveal whether the surviving cells become less responsive to
chemotherapeutic treatment with each cell passage (acquired drug resistance), or
if a small population of resistant cells was present from the beginning and simply
overgrew the other cells during the course of the experiment (pre-existing drug
resistance).

Many different mechanisms can be adopted by cancer cells to resist treatment
[2–4, 11–13]. These can broadly be divided into intrinsic (intracellular) causes
and extrinsic (microenvironmental) causes. As an example of intrinsic resistance,
a cancer cell arrested in a quiescent state will not respond to the killing effects
of an anti-mitotic drug. Other intrinsic causes of drug resistance include enhanced
DNA repair mechanisms, increased tolerance to DNA damage, high levels of
drug transporters that eliminate drug from the cell, over-expression of drug target
receptor, or accumulation of cancer stem cells. Among the extrinsic causes of drug
resistance are factors that synergistically limit cancer cell exposure to drug. These
include irregular tumor vasculature that causes chaotic drug delivery and interstitial
fluid pressure that hinders drug transport. Metabolic gradients inside tissue, such as
regions of hypoxia or acidity, can also influence cell sensitivity to a drug [7, 10, 14–
16]. While these factors could be pre-existing, exposure to drug has also been found
to affect these different factors [1, 7, 17].

To narrow down the focus of this paper, we only consider a chemotherapeutic
agent that chemically reacts with and damages cell DNA. Among these are
drugs routinely used in the clinic, including alkylating agents (cisplatin, mepha-
lan), antimetabolites (5-fluorouracil, gemcitabine), anthracyclines (doxorubicin), or
topoisomerase poisons (etoposide). DNA integrity is essential for a cell to properly
function, and when increased levels of DNA damage are detected at cell-cycle
checkpoints, the cell can be arrested in its cell-cycle to give time for DNA repair.
However, in cancer cells the mechanisms of DNA damage sensing can be loosened,
and some cells are capable of ignoring cell-cycle checkpoints. We consider cancer
cells with one or more of these features to be resistant to DNA damaging drugs.
These resistant cells can result in the increased proliferation and replication of
the damaged DNA. Cancer cells can also develop resistance through increased
DNA repair capabilities and increased DNA damage tolerance [12, 13, 18, 19].
Clinically, it is generally not possible to determine which of these mechanisms result
in resistance to DNA damaging drugs, though all of these mechanisms have been
observed experimentally.

Our goal is to simulate how resistance to DNA damaging drugs (administered
continuously by intravenous injection) can emerge in individual cells and in a grow-
ing population of tumor cells. We were interested in comparing tumor dynamics in
two cases: when a small subpopulation of tumor cells is already resistant to the drug
(pre-existing resistance) and when the cells can become resistant upon exposure to
the drug (acquired resistance). Theoretical analyses of the temporal components
of the model, along with numerical simulations of the full spatial model have
been performed. These analyses revealed multiple biologically distinct parameter
regimes for both pre-existing and acquired resistance. In either case, we found a
parameter regime for which the effectiveness of drug is reduced during the course
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of treatment (drug resistance). Focusing on the case of pre-existing resistant cells,
we quantified how their location in tissue space influences therapeutic response.
When drug resistance emerges in response to treatment, we explored which clonal
populations survived treatment and how this depended on their location in tissue
space. Moreover, we present evidence that two different microenvironmental niches,
low drug/low oxygen and low drug/sufficient oxygen, have different transient and
long-term impacts on cancer cell survival.

2 Mathematical Model

We have developed a hybrid discrete-continuous model of a two-dimensional tissue
slice in which a tumor grows, interacts with the microenvironment and is treated
with a DNA damaging drug. The pivotal role of the microenvironment in drug
efficacy and resistance is strongly suggested through the observation that drugs
with potent in vitro activity are often significantly less effective in the clinic. We
incorporate the microenvironment by considering a small patch of tissue with
imposed positions of non-evolving blood vessels that serve as a source of both
nutrients and drug. We track the features and behaviors of individual cells; this
includes their clonal evolution and their interactions with other cells and the sur-
rounding microenvironment. For simplicity, we do not include any stromal cells or
other extracellular components. The hybrid discrete-continuous model, described in
more detail below, combines an agent-based technique (a particle-spring model) to
represent the individual tumor cells and continuous partial differential equations to
describe the kinetics of both oxygen and drug. The cellular and microenvironmental
components of our model are shown graphically in FIG. 1a. A comparison of
our model with other hybrid models of tumor resistance to drugs is given in the
Discussion in Section 4. In all equations below we will use the following notation:
x = (x,y) will define locations of continuous variables, such as drug and oxygen
concentrations, while (X,Y) will denote locations of discrete objects, that is cells
and vessels.

2.1 Reaction-Diffusion Equation for Oxygen Kinetics

The change in oxygen concentration ξ at location x = (x,y) in the tumor tissue
depends on oxygen supply from the vasculature Vj at a constant rate Sξ , its diffusion
with diffusion coefficient Dξ , and cellular uptake by the nearby tumor cells Ck at
rate ρξ . It is governed by the following equation:

∂ξ (x, t)
∂ t

=Dξ Δξ (x, t)
︸ ︷︷ ︸

diffusion

−min

(

ξ (x, t),ρξ ∑
k

χCk(x, t)

)

︸ ︷︷ ︸

uptake by the cells

+Sξ ∑
j

χVj(x, t)

︸ ︷︷ ︸

supply

, (1)
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Fig. 1 Computational model assumptions and selected simulation results. (a) Visualization of
model components at the initial stage (left), and during simulation (right): the gradient of
drug (greyscale in background) is regulated by influx from the vasculature (red circles) and by
cellular uptake; the clonal origin of each individual cell is indicated by a different symbol/color
combination; hypoxic cells are surrounded by white circles. (b) Final (after 25,000 iterations)
configuration of tumor and its clonal heterogeneity in a case of no treatment. (c-d) Evolution of
a tumor under treatment, but with no resistance for two distinct initial configurations of 65 cells
(Section 3.1). Both tumors will be eradicated by treatment (not shown). (e) Evolution of a tumor
when pre-existing resistant cells give rise to a resistant tumor (reduced effectiveness of drug during
the course of treatment; see Section 3.3). (f) Evolution of a tumor when cells that acquire resistance
result in the formation of a resistant tumor (Section 3.4). (g) Evolution of tumor clones influenced
by the microenvironmental niche in the case of acquired resistance (Section 3.5).
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where k indexes over the number of cancer cells with positions C(X,Y)
k , and j indexes

over the number of vessels with positions V(X,Y)
j . χ is the characteristic function

defining the cell and vessel neighborhood, whose definition depends on a fixed cell
radius RC and a fixed vessel radius RV :

χCk(x, t) =

{

1 if
∣

∣

∣

∣

∣

∣x−C(X,Y)
k (t)

∣

∣

∣

∣

∣

∣< RC

0 otherwise,
χVj(x, t) =

{

1 if
∣

∣

∣

∣

∣

∣x−V(X,Y)
j

∣

∣

∣

∣

∣

∣< RV

0 otherwise.

Sink-like boundary conditions (∂ξ (x, t)/∂n =−ϖξ (x, t)) are imposed along all
domain boundaries x ∈ ∂Ω , where n is the inward pointing normal. The initial
oxygen concentration ξ (x, t0) in the whole domain Ω is shown in the Appendix
in FIG. 9a. The method for determining the initial oxygen distribution, oxygen
boundary conditions, and oxygen uptake rates are also described in the Appendix.

2.2 Reaction-Diffusion Equation for Drug Kinetics

The change in drug concentration γ in the tumor tissue depends on its supply from
the vasculature Vj, its diffusion with diffusion coefficient Dγ , decay with decay
rate dγ , and cellular uptake by the tumor cells Ck at rate ργ . It is governed by the
following equation:

∂γ(x, t)
∂ t

=Dγ Δγ(x, t)
︸ ︷︷ ︸

diffusion

−dγγ(x, t)
︸ ︷︷ ︸

decay

−min

(

γ(x, t),ργ ∑
k

χCk(x, t)

)

︸ ︷︷ ︸

uptake by the cells

+ Sγ(t)∑
j

χVj(x, t)

︸ ︷︷ ︸

supply

, (2)

where Sγ(t) is a time-dependent supply function from each vessel. In this paper
we assume that the drug supply is continuous, thus we use a constant Sγ . In
principle, however, this approach allows us to model different time dependent drug
administration schedules. The neighborhood function χ is defined above, and the
drug boundary conditions are defined in the same way as for oxygen. The initial
conditions are defined as follows: γ(x, t0) = 0 for x ∈ Ω \⋃Vk, and γ(x, t0) = Sγ at

all V(X,Y)
k . Together, these equations state that t0 represents the start of treatment

at which time drug is only found at the sites of blood vessels. The method for
determining drug boundary conditions and drug uptake rates are described in the
Appendix.
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2.3 Agent-Based Model for Tumor Cell Dynamics

Each cell in our model is treated as a separate entity characterized by several
individually regulated properties that define cell position C(X,Y), current cell age
Cage, cell maturation age Cmat, the level of sensed oxygen Cξ , the level of
accumulated drug Cγ , the time of cell exposure to high drug concentration Cexp, the
level of accumulated DNA damage Cdam, the level of damage that the individual cell
can withstand, but upon crossing it, the cell will die (a “death threshold”) Cdeath, and
two variables used to identify cell heritage–the unique index of the host cell (IDc),
and the unique index of its mother cell (IDm), that we denote by C(IDc,IDm). The state
of the k-th cell at time t, Ck(t), will be denoted as follows:

Ck(t) =
{

C(X,Y)
k (t),Cage

k (t),Cmat
k ,Cξ

k (t),C
γ
k(t),C

exp
k (t),Cdam

k (t),Cdeath
k (t),C(IDc,IDm)

k

}

.

The rules for updating each cell property are described below and summarized in a
flowchart of cell response to microenvironmental conditions shown in FIG. 2. Note
that cells are updated in a random order at each iteration to avoid any configurational
biases.

Each cell can inspect its local neighborhood and sense extracellular concentra-
tions of both oxygen ξ and drug γ . The quantity of oxygen taken up and used by the

k-th cell (Cξ
k ), and the amount of drug taken up by the cell (Cγ

k ) are determined as
follows:

Cξ
k (t+Δ t) = ∑

x
ξ (x, t)

︸ ︷︷ ︸

sensed & used

and

Cγ
k (t+Δ t) = Cγ

k (t)+

⎡

⎢

⎣max

⎛

⎜

⎝0,∑
x

min
(

γ(x, t),ργ
)

︸ ︷︷ ︸

uptake

−dγCγ
k (t)

︸ ︷︷ ︸

decay

⎞

⎟

⎠

⎤

⎥

⎦Δ t,

where
{

x :
∣

∣

∣

∣

∣

∣x−C(X,Y)
k

∣

∣

∣

∣

∣

∣ < RC

}

is a local cell neighborhood. The level of sensed

oxygen will regulate cell proliferative capabilities, and cells will become quiescent
in a hypoxic environment (the level of sensed oxygen falls below a predefined
threshold Thrhypo).

The duration of cell exposure to the drug and its concentration will determine cell
DNA damage. In the case of acquired resistance, the duration of drug exposure also
determines the cell death threshold. While these mechanisms are assumed here, their
effects are consistent with experimentally hypothesized mechanisms of resistance,
including the accumulation of mutations of drug targets or inactivation of the drug
[2]. The drug-induced DNA damage is assumed to depend on the current increase
in drug consumed by the cell (drug uptake minus drug decay) and on DNA repair
(proportional to the current damage with the rate p):
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Fig. 2 Flowchart of cell behavior in response to microenvironmental factors. Based on signals
sensed from the microenvironment (first column) each cell can respond to oxygen levels (second
column) by potentially proliferating or becoming hypoxic, and to drug levels (third column) by
either surviving, adapting, or dying. Upon cell division (rightmost column), some cell properties
are inherited, while others are sampled from the environment.

Cdam
k (t+Δ t)=Cdam

k (t)+

[

max

(

0,∑
x

min(γ(x, t),ργ )−dγCγ
k (t)

)]

Δ t − p Cdam
k (t).

(3)

If this accumulated damage exceeds the tolerated damage level (the death threshold
Cdeath

k , determined by self-calibration in the Appendix), this cell dies.
The damage level tolerated by the cells is defined differently depending on

whether we deal with pre-existing or acquired cell resistance. In the case of pre-
existing drug resistance, Cdeath

k is fixed for all cellular clones, however, it is set up
to be relatively higher for the resistant clones. For simplicity, we assume that it is
a multiplier of the value for sensitive clones. Thus Cdeath

k = Thrdeath for sensitive
cells and Cdeath

k = Thrmulti ×Thrdeath for resistant cells. In the case of acquired cell
resistance, the Cdeath

k may increase in each cell independently (with the increase step
Δdeath) if the prolonged drug exposure criterion is met:

Cdeath
k (t+Δ t) =

{

Cdeath
k (t)+Δdeath if Cexp

k (t)> texp

Cdeath
k (t) otherwise

where texp is the prolonged drug exposure threshold that determines whether a
cell’s death threshold increases. Note that Cexp

k is defined by introducing cell
short-term memory to count how long the cell has been exposed to a high drug
concentration γexp:
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Cexp
k (t+Δ t) =

{

Cexp
k (t)+Δ t if Cγ

k(t) > γexp

0 otherwise.

Cell current age is updated as follows: Cage
k (t+Δ t) = Cage

k (t)+Δ t. We assume
that when the cell reaches its maturation age, Cmat

k , it is ready to divide unless
it is surrounded by other cells (the overcrowding condition), in which case cell
proliferation is suppressed until space becomes available. Upon division of the k-th
cell, Ck(t), two daughter cells are created instantaneously (Ck1(t) and Ck2(t)). One
daughter cell takes the coordinates of the mother cell, whereas the second daughter
cell is placed randomly near the mother cell; that is:

C(X,Y)
k1 (t) = C(X,Y)

k (t) and C(X,Y)
k2 (t) = C(X,Y)

k (t)+RC (cos(θ ),sin(θ )) ,

where θ is a random angle. The current age of each daughter cell is initialized to
zero, Cage

k1 (t) = Cage
k2 (t) = 0, however the cell maturation age is inherited from its

mother cell with a small noise term: Cmat
k1 ,Cmat

k2 =Cmat
k ±ω , with ω ∈ [0,Cmat

k /20].
Moreover, both daughter cells inherit from their mother the level of DNA damage
Cdam

k1 (t)=Cdam
k2 (t)=Cdam

k (t), the death threshold Cdeath
k1 (t)=Cdeath

k2 (t)=Cdeath
k (t), and

the drug exposure time Cexp
k1 (t)=Cexp

k2 (t)=Cexp
k (t). However, the level of accumulated

drug is divided equally between the two daughter cells Cγ
k1(t)=Cγ

k2(t) = 0.5×Cγ
k(t),

and the levels of sensed oxygen Cξ
k1(t) and Cξ

k2(t) are determined independently
for each cell based on oxygen contents in the cell vicinity. Furthermore, the
unique index of each daughter cell consists of the newly assigned index and the

inherited mother index, i.e., C(IDc,IDm)
k1 =(k1,C

IDc
k ) and C(IDc,IDm)

k2 =(k2,C
IDc
k ). This

is summarized in the “cell inheritance” column of FIG. 2. Initial properties of the
k-th tumor cells are: Ck(t0) = {(Xk,Yk),0,Mk,∑x ξ (x, t0),0,0,0,Tk,(k,0)}, where
Mk is drawn from a uniform distribution [0.5×A ge,1.5×A ge], and A ge is the
average maturation age. Tk=Thrdeath for all cells in the acquired resistance case,
and for all sensitive cells in the pre-existing resistance case. Tk=Thrmulti ×Thrdeath

for all resistance cells in the pre-existing resistance case. This means that all cells
start at their pre-defined position (Xk,Yk), at age zero with whatever amount of
oxygen they sense from the local microenvironment. There is no drug in any of
the cells initially, and cells have been exposed to the drug for no time. Further, cells
have not accumulated any damage and all cells have a pre-defined death threshold.
Each initial cell has an unknown mother, thus its unique index is (k,0), and the first
component is passed along to its daughters as a mother cell index.

2.4 Equations of Cell Mechanics

The equations of cell mechanics are based on the previously published model by
Meineke et al. [20], in which cells are represented by the coordinates of its nucleus
C(X,Y)(t) and a fixed cell radius RC. Thus, each cell is assumed to have a default
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volume that is maintained during its lifetime, and the neighboring cells push each
other away by exerting repulsive forces if they come into contact (i.e., if the distance
between the cells is less than the cell diameter 2RC). Therefore, the change in cell
position depends on interactions with other cells in the neighborhood. Two repulsive

(linear, Hookean) forces fi,j and −fi,j will be applied to cells C(X,Y)
i (t) and C(X,Y)

j (t),
respectively, to move these two cells apart and preserve cell volume exclusivity. To

simplify notation in the equations below, we let Xi=C(X,Y)
i (t). Then,

fi,j =

{

F (2RC −‖Xi−Xj‖)
Xi−Xj

‖Xi−Xj‖ if ‖Xi −Xj‖< 2RC

0 otherwise,

where F is the constant spring stiffness, and the spring resting length is equal to cell
diameter. If the cell Xi is in a neighborhood of more than one cell (say, Xj1 , . . . ,XjM ),
the total force Fi acting on Xi is the sum of all repulsive forces fi,j1 , . . . , fi,jM coming
from the springs between all neighboring cells connected to Xi:

Fi = F (2RC −‖Xi −Xj1‖)
Xi −Xj1

‖Xi −Xj1‖
︸ ︷︷ ︸

fi,j1

+ . . .+F (2RC −‖Xi −XjM‖)
Xi −XjM

‖Xi −XjM‖
︸ ︷︷ ︸

fi,jM

.

Cell dynamics are governed by the Newtonian equations of motion where the
connecting springs are overdamped (system returns to equilibrium without oscilla-
tions). Damping force is related linearly to velocity with a damping coefficient ν ,
and thus the force and cell relocation equations are given by:

Fi =−ν
dXi

dt
and Xi(t+Δ t) = Xi(t)−

1
ν

Δ tFi.

When a dividing cell gives rise to two daughter cells, the repulsive forces between
daughter cells are activated since they are placed at the distance smaller than
cell diameter. Further, this may also result in daughter cell placement near other
tumor cells. Therefore multiple repulsive forces will be applied until the cells are
pushed away and the whole tumor cluster reaches an equilibrium configuration. The
introduction of repulsive cell-cell interactions also allows for monitoring the number
of neighboring cells, which determines whether the cells are overcrowded. This, in
turn, influences subsequent tumor growth. It is of note that some cells get pushed
out of the domain after the cluster reaches an equilibrium configuration. Only cells
that remain inside the domain are considered in our analysis. All model parameters
that define cell mechanics are summarized in Table 1.
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Table 1 Physical and computational parameters of cell mechanics.

cellular parameters: numerical parameters:

Cell radius RC = 5 μm Domain size [−75,75]× [−75,75] μm

Spring stiffness F = 1 mg/s2 Mesh width hb = 2μm

Mass viscosity ν = 15 mg/s Time step Δ t =0.5min

Overcrowding Neighbors = 14 cells

Maturation age A ge =360min ±
noise∈[0,A ge/20]

Table 2 Non-dimensionalized parameters of oxygen and drug kinetics based on calibration
presented in Appendix.

metabolite kinetics (normalized values): drug resistance (normalized values):
oxygen: drug: pre-existing: acquired:

Supply rate Sξ = 1 Sγ = 1 Death thresh.
incr.

Δdeath = 0 Δdeath varies

Diffusion
coeff.

Dξ = 0.5 Dγ = 0.5 Death thresh.
mult.

Thrmulti = 5 Thrmulti = 1

Decay rate none dγ = 1×10−4 Drug exp.
level

N/A γexp = 0.01

Bndry outflux
rate

ϖ = 0.45 ϖ = 0.45 Drug exp.
time

N/A texp = 5Δ t

Cellular
uptake

ρξ = 5Sξ ×10−5 ργ=Sγ ×10−4 DNA repair p varies p = 1.5×10−4

Threshold
value

Thrhypo = 0.05 Thrdeath = 0.5

2.5 Numerical Implementation of Model Equations

A finite difference scheme is used to approximate the solution of the partial
differential equations for oxygen and drug. Space is discretized into a square
grid, with spacing between grid points of hb. Time is also discretized with a
time step Δ t. The numerical values of these parameters are given in Table 1. The
solution to the partial differential equation is then approximated using a forward-
difference approximation (in time) on a square grid (centered in space), using
sink-like boundary conditions as detailed in Section 2.1. At each time step, the
initial conditions for approximating γ(x, t +Δ t) and ξ (x, t+Δ t) are the values of
γ(x, t) and ξ (x, t), respectively. We prescribed the initial values, γ(x, t0) and ξ (x, t0),
as detailed above and in Table 2, whereas the values of γ and ξ at all t > 0 are
determined by finite difference approximation.

Cell–drug and cell–oxygen interactions are also modeled at the same discretized
time points for which we numerically approximate the solution to the partial
differential equation. In particular, at each discrete time point, any discrete grid
point within a fixed distance RC from the center of a cancer cell can uptake drug
for that cancer cell at a uptake rate ργ , provided this amount of drug is available.
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If there is not enough drug at the site to take up ργ units, all the drug available at the
site is taken up by the grid point for the associated cell. Finally, we also assume that
drug found inside the cell decays at the same rate as it does in the environment. In
a similar way oxygen is taken from the environment at the rate ρξ and immediately
used by the cells. All non-dimensionalized parameter values used in our model are
summarized in Table 2 (see Appendix for parameter self-calibration).

3 Results

An analysis of our calibrated model is undertaken here. To facilitate comparisons
between simulations so that only the impact of resistance type (none, pre-existing,
acquired) is assessed, all simulations (with one noted exception) use the same initial
condition for the configuration of 65 tumor cells (each individually represented
by a unique shape/color combination) and blood vessels, shown in FIG. 1a, left.
Further, all simulations are run using a fixed seed for the random number generator.
We first explain tumor dynamics upon treatment with a continuously administered
DNA damaging drug when neither mode of resistance is incorporated. Following
this, we make some analytical predictions on tumor behavior, under the simplifying
assumption that long-term behavior is not influenced by the spatial features of the
model. In the case of pre-existing resistance, the theoretical analysis is supported
by numerical simulations. In the case of acquired resistance, numerical simulations
are also conducted, although the connection to the theoretical analysis is less
straightforward. We conclude by studying the impact that spatial location and
microenvironmental niche have on tumor response to treatment.

3.1 Analysis of Treatment Outcome with No Tumor Resistance

Here, we consider the case when no form of anti-cancer drug resistance can develop.
This means that all cells initially have the same tolerance to drug damage (parameter
Thrmulti is set to 1), and this tolerance will not increase during the course of treatment
(parameter Δdeath set to 0). The model has been calibrated (see Appendix) so that in
this case the drug is successful and all tumor cells will be eliminated in a relatively
short time (after several cell cycles). Moreover, the drug should eradicate the tumor
regardless of initial cell configuration. Thus here we discuss two cases that differ
only by the initial locations of tumor cells. The first case, shown in FIG. 1c(i), is
comprised of a dispersed cluster of cells initially located at varying distances from
the vasculature. The second case is shown in FIG. 1d(i) and contains cells located
within the low drug niche (see Section 3.5), relatively far from all vessels. All
other model parameters are identical in both cases, including the death threshold
(Thrdeath = 0.5) and DNA repair rate (p = 1.5×10−4), as listed in Table 2.



Emergence of Anti-Cancer Drug Resistance 13

600

500

400

300

200

100

0
0 2000

Number of iterations Number of iterations

Le
ve

l o
f d

am
ag

e

N
um

be
r 

of
 c

el
ls

600

500

400

300

200

100

0

N
um

be
r 

of
 c

el
ls

i

ii

iv iv

iii iii

ii

i

4000 6000 0
0

0.6

0.5

damage

Thrdeath

damage

Thrdeath

0.4

0.3

0.2

0.1

Le
ve

l o
f d

am
ag

e

0

0.6

0.5

0.4

0.3

0.2

0.1

2000 4000 6000

Number of iterations
0 2000 4000 6000 8000

Number of iterations
0 2000 4000 6000 8000

a b c d

Fig. 3 No-resistance case. Comparison of cell evolution curves (a,c) and cell damage curves (b,d)
for two distinct initial conditions shown in FIG. 1c(i) and FIG. 1d(i). The numbers in (a) and (c)
correspond to color panels in FIG. 1c and FIG. 1d, respectively. The curves in (b) and (d) show an
average damage level of all cells with the standard deviation represented by vertical lines, and an
average death threshold of all cancer cells, which here is constant.

In both cases the qualitative behavior of the whole cell population is similar, as
can be seen by comparing cell evolution curves in FIG. 3a and FIG. 3c. Initially, the
cells do not encounter enough drug to die off, thus allowing them to increase the
cell population by 4-5 fold (FIG. 3a(ii) and FIG. 3c(ii)) and overtake a large portion
of the domain. The corresponding cell configurations are shown in FIG. 1c(ii) and
FIG. 1d(ii), respectively. During this time the majority of cells steadily accumulate
DNA damage (FIG. 3b,d) and subsequently die when the damage level exceeds
the death threshold (FIG. 3a(iii) and FIG. 3c(iii)). The exception to this is a small
cell cluster located in the low drug niche (FIG. 1c(iii) and FIG. 1d(iii)). These
small subpopulations are able to briefly recover and temporarily increase tumor
size (FIG. 3a(iv), FIG. 1c(iv) and FIG. 3c(iv), FIG. 1d(iv)), although both tumors
eventually die out. Tumor eradication in both cases took place within several cell
cycles, although the tumor initiated within the low drug niche survived slightly
longer than the dispersed configuration: 9 cell cycles versus 11 cell cycles, with
an average cell cycle counting 720 iterations.

The main difference between these two cases is in the number of persistent
clones (one in FIG. 1c(iv) and several in FIG. 1d(iv)), which suggests that certain
cell clones may be selected by microenvironmental conditions and thus survive
longer. This may have implications for the development of tumor resistance since
subpopulations that confer a certain advantage within the tissue may give rise to
distinct resistance capabilities or indeed to a resistant phenotype.

3.2 Theoretical Analysis of the Parameter Space
with Resistance

In this section, we theoretically analyze the damage incurred in cancer cells during
treatment. We are interested in predicting the parameter regimes for which the
damage accumulated by cancer cells Cdam exceeds their death threshold Cdeath, as
this is the situation that results in cancer cell death.
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To facilitate our analysis, we first assume that each cell incurs the same amount
of DNA damage. In other words, at any fixed time t, all cells will have the same
level of DNA damage. In the equations below, we let x(t) = Cdam

k (t) be the notation
used to represent this spatially constant damage level. Further, let η(t)> 0 represent
the new amount of damage incurred in each cell at time t, and define 0 ≤ p ≤ 1 to
be the constant fraction of DNA damage repaired. Therefore, for any small h, and
any t > 0 we have:

x(t) = x(t− h)+
∫ t

t−h
η(s) ds−

∫ t

t−h
px(s) ds.

Using the Fundamental Theorem of Calculus in the limit as h → 0, this statement
reduces to

ẋ = η(t)− px(t). (4)

Assuming no damage at t=0, i.e., x(0)=0, the following describes the explicit
solution of Equation (4)

x(t) =

(
∫ t

0
η(s)epsds

)

e−pt. (5)

In what follows, we further assume that η(t) = η is constant, so that the
amount of new damage induced by the drug in each cell is constant. This is not
necessarily the case in our spatial model, since the damage incurred by a cancer cell
depends on the amount of drug that reaches the cancer cell, and that depends on the
location of the cell in tissue space, and potentially on how long the drug has been
administered. However, since the drug influx from the vessels is also constant, the
amount of damage in each time point is bounded from above. We call this value η ,
and we use this upper bound in our approximation of η(t).

For p �= 0, Equation (5) becomes:

x(t) =
η
p

(

1− e−pt) . (6)

For p = 0, meaning there is no DNA damage repair, Equation (5) becomes:

x(t) = η t. (7)

3.2.1 Pre-existing Case

In the pre-existing case, we start with two clones with a death threshold that is larger
than the rest of the cells. We call this threshold β1=Thrmulti ×Thrdeath. Since these
clones can tolerate more DNA damage than the others, they are called resistant.
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The rest of the clones are called sensitive and their death threshold is β2=Thrdeath.
Moreover, Δdeath = 0 since no drug resistance can be acquired during the course
of treatment. Therefore, Cdeath(t) = β1 for resistant clones, and Cdeath(t) = β2

for sensitive clones, with β2 < β1. In the following proposition we provide
conditions for cancer cell eradication (x(t) > Cdeath(t)) and for cancer cell survival
(x(t)< Cdeath(t)).

Proposition 1. 1. For 0≤ p<
η
β1

, both resistant and sensitive clones die, i.e., there

exists T > 0 such that for any t > T, x(t) > β1 > β2.

2. For
η
β1

< p <
η
β2

, resistant clones survive but sensitive clones die, i.e., there

exists T > 0 such that x(t)> β2 for any t > T but x(t) < β1 for any t.

3. For p >
η
β2

, all clones survive, i.e., x(t) < β2 < β1 for any t.

Proof. For i = 1,2, let Fi(t) := x(t)−βi. We consider the following two cases:

• p = 0. In this case, using Equation (7), x(t) = η t. Hence, when t > β1
η , η t =

x(t) > β1 > β2.
• p > 0. In this case, using Equation (6),

Fi(t) =
η
p
− η

p
e−pt −βi.

Note that F(0) = −β < 0 and F′(t) = ηe−pt > 0. Therefore, if

lim
t→∞

Fi(t) =
η
p
− βi > 0, it follows by Intermediate Value Theorem that Fi

has a unique positive root T and, furthermore, Fi(t)> 0 for t > T. If, on the other

hand, lim
t→∞

Fi(t) =
η
p
−βi < 0, then Fi(t)< 0 for all t ≥ 0.

1. For p <
η
β1

<
η
β2

, we have:

lim
t→∞

Fi(t) =
η
p
−βi > 0, for i = 1,2.

Therefore, there exists T > 0 such that x(t)> β1 > β2 for all t > T.

2. For
η
β1

< p <
η
β2

, we have:

lim
t→∞

F2(t) =
η
p
−β2 > 0, lim

t→∞
F1(t) =

η
p
−β1 < 0.

Therefore, there exists T > 0 such that for t > T, x(t) > β2, but for all t ≥ 0,
x(t) < β1.
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3. For p >
η
β2

, we have:

lim
t→∞

Fi(t) =
η
p
−βi < 0, for i = 1,2.

Therefore, x(t)< β2 < β1, for all t ≥ 0. 	


When 0 ≤ p ≤ η
β , our analysis predicts tumor eradication by a continuously

administered DNA damaging drug. Simulations of our model for the calibrated
parameter values reveal that η ≤ηmax = 3×10−4. Since we have assumed a constant
value of η for all cells for all time, we will use η = 3× 10−4 to make numerical
predictions from our theoretical results. Further, we have fixed β1 = 2.5 which
means that part 1 of Proposition 1 predicts that if p < 1.2× 10−4, complete tumor
eradication is expected as long as treatment is given for a sufficiently long time.

When η
β1

< p < η
β2

, which numerically corresponds to DNA damage repair in the

range (1.2×10−4,6×10−4), part 2 of Proposition 1 predicts that all sensitive clones
should be eradicated, although resistant clones should persist. Finally, when p> 6×
10−4, all clones are predicted to survive the treatment protocol. In Section 3.3, we
will demonstrate that these theoretical predictions are consistent with our numerical
simulations of the full spatial model, when considering the long-term dynamics. The
theoretical analysis does not reveal information about the transient dynamics of the
model.

3.2.2 Acquired Case

We also performed a theoretical analysis of the damage level and death threshold in
the case of acquired resistance. Just as with the pre-existing analysis, we assumed
that all cancer cells incur constant levels of damage for all time points during
treatment (η = 3× 10−4). However, damage incurred by a cell actually depends
on the amount of drug the cell receives, and this depends on the location of the
cell in tissue space. While this neglect of the spatial component gave informative
predictions in the case of pre-existing resistance, the predictions end up being
less informative in the case of acquired resistance. For this reason, the theoretical
analysis of acquired resistance will be presented in Section 3.5.2, where we discuss
the importance of spatial location and microenvironmental niche on tumor survival.

3.3 Simulations in the Case of Pre-existing Resistance

In the case of pre-existing resistance, a subpopulation of tumor cells that are
resistant to the DNA damaging drug are present at the initiation of treatment. As
detailed in Section 3.2, pre-existing resistance is simulated through the Thrmulti

parameter. While sensitive clones have a death threshold Thrdeath =0.5, the threshold
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of resistant cells is increased by a multiple of Thrmulti > 1. We randomly choose
two cells (approximately 3% of the initial tumor population) to have pre-existing
resistance. Since the location and proximity of a resistant cell to a blood vessel
could have a major impact on whether the cell will live or die, here we only
consider the two resistant cells to be at an intermediate distance from the vessels. In
Section 3.5.1, we will explore the impact of the location of the resistant cells.

In the pre-existing resistance simulations, we vary p, the constant fraction of
DNA damage repaired. Although Thrmulti is the more obvious pre-existing resistance
parameter, it is the relationship between p and Thrmulti that determines tumor
response to the DNA damaging drug. The time scales in the model are easier to
control (and this facilitates comparison between different cases) when we fix Thrmulti

and allow p to vary. For all pre-existing analysis and simulations, we fix Thrmulti = 5.

3.3.1 Successful Treatment

Consistent with our theoretical analysis, continuous administration of a DNA
damaging drug results in eventual tumor eradication when 0 ≤ p ≤1.2×10−4. The
case of p =0 is shown in FIG. 4a,d. Within this parameter regime, tumor behavior is
qualitatively similar to the case of no drug resistance (FIG. 3a,b). Both simulations
exhibit a transient period for which cancer cells accumulate, but do not yet respond
to, the drug. During this time period, a clonally heterogeneous tumor begins to grow
in tissue space while, simultaneously, the average cellular DNA damage level is
increasing. Since the average death threshold in the cancer cell population is low
(the majority of cells starts with a small death threshold), the sensitive cells start
dying and the tumor population shrinks in size (FIG. 4a,d). This leads to selection
of the resistant cancer cells, as demonstrated by the rapid increase in the average
death threshold in FIG. 4d. This tumor, eventually composed entirely of resistant
cells (saturation in the average death threshold), undergoes a significant period of
regrowth before the entire population experiences a rapid increase in DNA damage
levels and is eradicated by the drug. Therefore the model reveals that a DNA
damaging drug can eliminate a tumor with a subpopulation of resistant cells that
existed prior to the onset of treatment.

3.3.2 Emergence of a Drug Resistant Tumor

Our theoretical analysis predicts that when 1.2× 10−4 < p < 6× 10−4, resistant
cells will survive treatment while sensitive cells will be eradicated. The dynamics
of this process, however, can only be revealed through numerical simulations. We
find that in this parameter regime, the effectiveness of the DNA damaging drug is
reduced during the course of treatment (FIG. 4b where p = 1.5×10−4). This is what
we consider to be a drug resistant tumor, and what is often observed clinically when
treating patients with a chemotherapeutic agent.
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Fig. 4 Pre-existing resistance case. A comparison of tumor evolution curves (a-c) and tumor
damage curves (d-f) in three distinct cases: tumor eradication when p = 0 (a,d), tumor resistance
when p = 1.5×10−4 (b,e), and treatment failure when p = 10−2 (c,f). The curves in (d-f) show an
average damage level and an average death threshold (a tolerable damage) level of all cells with
the standard deviation represented by vertical lines.

In this parameter regime, the early tumor dynamics are comparable to the
successful treatment case: after an initial period of time during which cancer cells
build up drug levels, there is a transient period of tumor shrinkage (FIG. 4b).
FIG. 1e(ii) reveals that only three clones are selected for during this period of time:
the two resistant clones (red and blue), and the one sensitive clone located in a low-
drug niche (yellow). These surviving clones begin to repopulate tissue space. Unlike
in the successful treatment case, the drug cannot eliminate the resistant cells, though
it can eliminate the sensitive cell in the low drug niche. This is seen in FIG. 4e where
the average death threshold of the surviving cells has stabilized at a value of 2.5,
whereas the average damage level is actually decreasing from a maximum value of
approximately 1.25. Therefore the damage levels cannot surpass the death threshold
of the cells, and at the end of the simulation period, we are left with a resistant tumor
composed entirely of resistant cells.

3.3.3 Complete Treatment Failure

Consistent with theoretical predictions, when p > 6 × 10−4, all clones survive
treatment with a DNA damaging drug. Simulations further reveal that the tumor
grows monotonically in this parameter regime, meaning the drug fails to exhibit any
anti-tumor activity (FIG. 4c where p = 10−2). Treatment failure occurs because the
level of DNA damage repair is so large it prevents the damage level of each cancer
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cell, whether resistant or sensitive, from exceeding its death threshold (FIG. 4f).
In this parameter regime, a clonally diverse tumor overtakes space, comparable to
what is observed when the tumor grows with no treatment (FIG. 1b).

3.4 Computational Analysis of the Parameter Space
in the Case of Acquired Resistance

In the case of acquired resistance, a subpopulation of tumor cells evolve a resistant
phenotype due to selective pressures imposed by the drug, microenvironment, or
other factors. In other words, no drug resistant cells are found in the tumor when
treatment is initiated.

As detailed in Section 2, acquired resistance is simulated in an individual cell in
response to prolonged drug exposure. If a cell meets the prolonged drug-exposure
criterion, then its death threshold Cdeath

k gets incremented by Δdeath. A cell whose
death threshold gets increased in this way can tolerate greater levels of DNA
damage, as cell death is triggered when the damage level of a cell Cdam

k exceeds
its death threshold.

We computationally analyzed the model fixing all parameters as detailed in
Table 2. This includes fixing the DNA repair constant (the parameter varied in the
pre-existing resistance case) to p = 1.5× 10−4. This p was chosen because it gave
rise to a drug resistant tumor in the case of pre-existing resistance. In order to isolate
the impact of acquired drug resistance, the only parameter that was varied here is
Δdeath. Computational analysis of the model reveals four distinct parameter regimes,
depending on the value of Δdeath: 1) successful treatment; 2) almost successful
treatment; 3) eventual emergence of a resistant tumor; 4) complete treatment failure.

3.4.1 Successful Treatment

As in the case of pre-existing resistance, there is a parameter regime for which
treatment is successful in spite of any resistance acquired to the DNA dam-
aging drug. Simulations reveal that the tumor eradication parameter regime is:
0 ≤ Δdeath < 3 × 10−5. The case of Δdeath = 10−5 is illustrated in FIG. 5a,e.
Within this parameter regime, the tumor is not monotonically decreasing in size,
as observed in the no resistance case and in the successful treatment of a tumor
with pre-existing resistant cells case (FIG. 3a). There is a transient period of time
(approximately five cell cycles in length) during which the cancer cells accumulate
drug but do not respond to the drug.

Once drug levels have caused enough DNA damage, a transient period of tumor
shrinkage occurs. The cancer cells that are eliminated during this period are the ones
with adequate access to the drug. This period of tumor shrinkage is always followed
by a period of regrowth, during which cells in the low-drug microenvironmental
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Fig. 5 Acquired resistance case. A comparison of tumor evolution curves (a-d) and tumor damage
curves (e-h) in four cases: tumor eradication when Δdeath=10−5 (a,e), almost successful treatment
when Δdeath=3.5×10−5 (b,f), tumor resistance when Δdeath=5.9×10−5 (c,g), and treatment failure
when Δdeath=10−4 (d,h). The curves in (e-h) show an average damage level and an average death
threshold (a tolerable damage) with the standard deviation represented by vertical lines.

niche temporarily repopulate tissue space. However, this period of drug-induced
resistance is transient, and the tumor is eventually eradicated by the drug.

Therefore, the model reveals that a cancer can be successfully eliminated by
a DNA damaging drug that induces resistance after prolonged exposure. In other
words, just because the cells have the ability to acquire resistance to the drug, this
does not mean a drug resistant tumor will develop.

3.4.2 Almost Successful Treatment

Simulations also revealed a parameter regime that was not found in the pre-
existing resistance case. When Δdeath satisfies 3× 10−5 ≤ Δdeath < 4× 10−5, the
drug shrinks the tumor to a very small number of cancer cells (FIG. 5b where
Δdeath = 3.5× 10−5). The reason the tumor is not fully eradicated by treatment is
because the surviving cells are all stuck in hypoxic microenvironmental niches (not
shown). Evidence that the few cancer cells found in the hypoxic niche will survive
treatment is seen in FIG. 5f. The average death threshold of the surviving cells is
increasing (cells are continuing to acquire resistance) while the average damage
level is decreasing (cells are repairing more damage than they are accumulating).

Other than the persistence of a small number of hypoxic cancer cells, the
dynamics observed in this parameter regime are qualitatively the same as the
successful treatment parameter regime. Further, since the vasculature is not evolving
in our model and since the cells are not actively motile, there is no mechanism for
the surviving hypoxic cells to re-enter the cell cycle and trigger tumor expansion.
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Therefore, this is another parameter regime for which cells have the ability to
acquire resistance to a DNA damaging drug, but a drug resistant tumor does not
develop.

3.4.3 Emergence of a Drug Resistant Tumor

Computational analysis revealed that for 4× 10−5 ≤ Δdeath < 7× 10−5, the effec-
tiveness of the DNA damaging drug is reduced over time. Just as in the pre-existing
case, this is what we consider a drug resistant tumor.

The precise trajectory of the tumor, and its clonal composition, depends sen-
sitively on the selected value of Δdeath within this parameter range. For instance,
when Δdeath = 4.5×10−5, there are two transient periods of tumor shrinkage before
a clonally homogeneous tumor overtakes tissue space (FIG. 1g). The one surviving
tumor clone is initially located in low-drug niche in tissue space, and eventually
emerges from these lower-drug regions to overtake space. This will be discussed
further in Section 3.5.2.

On the other hand, when Δdeath = 5.9× 10−5, there is only one transient period
of tumor shrinkage (FIG. 5c) preceding the formation of a drug resistant tumor. The
spatial dynamics and clonal history of the tumor are interesting to track in this case.
The growth curve in FIG. 5c shows a local maximum around 4000 iterations. At
this point a clonally heterogeneous tumor has practically overtaken tissue space
(FIG. 1f(i)). However, FIG. 5g shows that around this local maximum, the average
damage level of the cancer cells catches up to the average death threshold, and this
leads to a period of time during which the drug effectively reduces the tumor size.
At the local minimum, some clonal diversity has been lost. Most cells are found in
either hypoxic or low-drug niches, although there are some cells found in normoxic
zones where drug is readily accessible (FIG. 1f(ii)).

After the tumor escapes its local minimum, the average death level of the
surviving cancer cells diverges from the average damage level, and a more clonally
heterogeneous tumor overtakes tissue space (FIG. 1f(iii)). It is interesting to compare
this to the case of pre-existing resistance. The number of clones that survive in pre-
existing drug resistant tumors is precisely the number of resistant clones present
in the tumor before any treatment. In the acquired case, the number of clones
in the resistant tumor sensitively depends on the value of Δdeath within the drug
resistant parameter range. We observed that when Δdeath = 4.5× 10−5 only one
clone survives, which is less clonally diverse than our pre-existing resistance case.
Δdeath = 5.9×10−5 corresponds to nine different clones surviving treatment, which
is more clonally diverse than the pre-existing case (FIG. 1e(iii)).

3.4.4 Complete Treatment Failure

Computational analysis reveals that when Δdeath ≥ 7× 10−5, the DNA damaging
drug fails to cause any reduction in the number of cancer cells. Treatment failure
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occurs because the drug induces resistance in the cancer cells quicker than it
damages the DNA. In this parameter regime, a clonally diverse tumor overtakes
tissue space, and the tumor never shrinks in response to treatment (FIG. 5d,h where
Δdeath = 10−4). The clonal composition of the tumor after 25,000 iterations of
growth is comparable to the composition of a tumor grown with no treatment
(FIG. 1b).

3.5 Impact of Spatial Location and Microenvironmental
Niches on Tumor Survival

Microenvironmental conditions such as the position of vasculature can influence
tumor growth and heterogeneity. Cells require oxygen to survive and replicate, but
proximity to blood vessels also means higher exposure to drug. Regions of the tissue
landscape where blood vessels are far enough away to minimize drug exposure
while still close enough to maintain adequate oxygen levels will facilitate tumor
growth. This can already be seen in the non-resistant tumor cases (Section 3.1).
While both discussed tumors died out, it took longer to eradicate the tumor initiated
near the microenvironmental niche of low drug concentration. Moreover, this niche
also gave rise to a subpopulation of cells able to recover from drug insult, although
only temporarily.

Our tissue landscape contains a cluster of three blood vessels and an additional
solitary blood vessel near the boundary of the tissue space (FIG. 6a). This leads
to a low-drug/normoxic niche near the center of the tissue sample, and a low-
drug/hypoxic region at much of the boundary of the region.

Fig. 6 Evolution of acquired resistance as an effect of microenvironmental niches of low drug and
hypoxia. (a) Tissue landscape with two microenvironmental niches: a low-drug/hypoxic (H & low
D) and low-drug/normoxic (low D). The greyscale contours indicate drug distribution. The black
circles indicate four vessels. (b) A cell population evolution curve with numbers corresponding to
color panels in FIG. 1g. (c) An average damage level and an average death threshold of all cells
with the standard deviation represented by vertical lines.
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3.5.1 Pre-existing Resistance: Impact of Cell Location

As discussed in Section 3.3, the initial condition for our pre-existing resistance
simulations was a large population of sensitive cells with a subpopulation of two
resistant cells (approximately 3% of the population). To study how the microenvi-
ronment influences the survival and heterogeneity of tumors under this condition,
we varied which two cells were chosen to be resistant. In particular, we tested three
different configurations: 1) resistant cells chosen to be the two cells closest to blood
vessels; 2) resistant cells chosen at an intermediate distance from the blood vessels;
and 3) resistant cells chosen to be the two cells furthest from the vessels.

Consistent with our theoretical analysis of pre-existing resistance in Section 3.2,
we found that long-term tumor behavior was controlled by the relationship between
the value of p (the fraction of damage repaired) and the pre-exiting resistance
parameter Thrmulti. It was only minimally influenced in the short term by the
positioning of the two resistant cells in space. Our simulations showed that the
same three parameter regimes discussed in Section 3.3 led to tumor eradication,
a transient period of tumor shrinkage followed by treatment failure, and monotonic
tumor growth respectively, regardless of the proximity of the two resistant cells to
the vasculature (FIG. 7).

We conclude that in the case of pre-existing resistance, just the presence of
the resistant cells combined with the DNA repair parameter value drives the
overall tumor dynamics. The position of resistant cells, on the other hand, only
serves to adjust the time scale of tumor growth or death. This suggests that pre-
existing resistance is a stronger promoter of tumor growth than is a preferential
microenvironment.

3.5.2 Acquired Resistance: Impact of Microenvironmental Niche

To illustrate the important role of the spatial component of the model in the case
of acquired resistance, we first turn to a theoretical analysis that neglects the spatial
component. Consider α = Δdeath �= 0, which corresponds to cells having a death
threshold of approximately Cdeath(t) = αt+β , where β = Thrdeath = 0.5 is fixed.
As in Section 3.2, let η > 0 represent the new amount of damage incurred in each
cell at time t (assumed to be constant), and let p be the constant fraction of damage
repaired. In the following proposition we provide a condition that guarantees that if
we ignore the spatial component of the model, the cancer should be eradicated by
treatment (that is, x(t) = Cdam

k (t)> Cdeath(t)).

Proposition 2. If α < η and 0 < p <
η
β

, then there exists α∗ < α , T1(α∗) and

T2(α∗) such that for all T1(α∗)< t < T2(α∗), x(t) > αt+β . (All cells die.)

Proof. Let F(t) := x(t)−αt−β . Using Equation (6),

F(t) =
η
p
−β −αt− η

p
e−pt.
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Fig. 7 Evolution of tumor size for different choices of resistant cell location and values of DNA
damage repair p. For each plot shown, the x-axis is the number of iterations (in units of 103) and
the y-axis is the number of cells.

Note that F(0) =−β < 0 and F′(t) = ηe−pt −α . Since α < η ,

F′(t) =

⎧

⎨

⎩

≥ 0 t ≤ t∗

0 t = t∗

≤ 0 t ≥ t∗

where t∗ = −1
p

ln
α
η
. Therefore, the graph of F is one of the three graphs shown in

Fig. 8, depending on the size of α . Note that if for some α < η , F(t∗)> 0, then there
exists an interval (T1,T2), such that for t ∈ (T1,T2), F(t) > 0, i.e., x(t) > αt + β .
Therefore, we will look for those α’s, α < η , such that F(t∗)> 0.

Let F(t∗) = G(α) =:
η
p
−β − α

p

(

1− ln
α
η

)

. Observe that:

• lim
α→0+

G(α) =
η
p
−β =

{

> 0 p < η/β
< 0 p > η/β

.

• lim
α→η−

G(α) =−β < 0.

• on (0,η), G′(α) =
1
p

ln
α
η

< 0.
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Fig. 8 All possible graphs for function F, depending on the value of α .

Therefore, if p <
η
β

, by Intermediate Value Theorem, there exists 0 < α∗ < η such

that G(α∗) = 0, and G(α) > 0 for α < α∗, and G(α) < 0 for α > α∗. Hence, if

p <
η
β

, and α < α∗, then F(t∗)> 0, and there exist T1, T2, depending on α∗, such

that for T1 < t < T2, F(t) = x(t)−αt−β > 0. 	


Proposition 2 says that if p< η
0.5 < 6×10−4 and if α < η < 3×10−4 (both upper

bounds fixed using parameters in our model), all cancer cells should be eradicated
by the DNA damaging drug. In our numerical simulations, we consider p = 1.5×
10−4, so p satisfies this constraint. Further, the maximum value of α we consider is
10−4, which also satisfies the constraint imposed by this proposition. Therefore the
proposition implies that for all the simulations presented in Section 3.4, treatment
should successfully eradicate all tumor cells. Yet, this is only consistent with two of
the four numerical simulations presented. The other two cases correspond to a drug
resistant tumor and complete treatment failure.

This discrepancy can be explained by the one assumption made during the
theoretical analysis: we assumed that all cancer cells incur constant levels of damage
at each time point during treatment (η). However, the damage incurred by a cell is
actually a function of both space and time. So, if we consider the statement from the
proposition that p < η/0.5 guarantees tumor eradication, and if we insert the fact
that we use p = 1.5× 10−4 in our simulations, this implies that η > 7.5× 10−5 is
needed to guarantee the tumor eradication.

However, cells located at sufficient distances from the vasculature accumulate
less drug than cells closer to the vasculature, and therefore incur less damage. For
these cells, the condition η > 7.5× 10−5 is not necessarily met, as η will be small
when drug levels are low. This phenomenon can result in the theoretical prediction
(which ignores the spatial component) failing to match up with the numerical
simulations (which include the spatial component). Thus, space is clearly playing a
very important role in treatment response when resistance to a DNA damaging drug
is acquired during the course of treatment.

To further understand the importance of the microenvironmental niche in the
case of acquired resistance, we tracked the clonal evolution of the tumor. We
found that the microenvironmental niche plays a bigger role in determining the
growth and heterogeneity of the tumor when Δdeath is not high. When Δdeath is
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sufficiently small, the microenvironmental niche influences which cells survive the
longest, though all cells will eventually die. Cells originally located near the low-
drug/normoxic niche initially accumulate damage at a much slower rate than their
neighbors while still increasing their death threshold. The rest of the less favorably
placed population die out first as damage exceeds the death threshold, but the benefit
of the low-drug/normoxic niche enables the few remaining cells to survive longer
and even experience a second short period of growth before damage overwhelms
them (Section 3.4.1).

For mid-range values of Δdeath, we observed the case of almost successful treat-
ment discussed in Section 3.4.2. This behavior is driven by the microenvironmental
niche. Cells initially placed near the low-drug/normoxic niche are selected for, and
the increase in Δdeath lends them the time needed to reproduce enough to move
the tumor mass toward the hypoxic region. The result is a colony of a few surviving
hypoxic cells descended from the parent cells initially placed in the low drug niches.

When Δdeath is at a higher value, the microenvironmental niche also determines
which cells survive. In this case, however, the surviving cells actually result in
treatment failure. The tumor that eventually takes over tissue space lacks clonal
diversity. The selective powers of the microenvironmental niche are highlighted in
FIG. 1g. The first period of selection occurs after a clonally heterogeneous tumor
starts to overtake tissue space. Essentially all cells, with the exception of those
in low-drug niches, accumulate high enough damage levels to be killed by the
drug (FIG. 1g(iii)). The tumor temporarily repopulates some of space from these
low-drug regions, but again experiences a period of die-off when cells enter higher-
drug regions. The cells that survive this selection process are mostly found in a
low-drug/hypoxic niche, and it is these cells that eventually result in a clonally
homogeneous tumor repopulating tissue space (FIG. 1g(v,vi)).

For large values of Δdeath, however, the role of the microenvironmental niche is
reduced. The cancer cells develop resistance to the drug very quickly for sufficiently
large Δdeath. As few clones die out, this results in a monotonically growing tumor
(FIG. 5d) composed of clones from all over the tissue landscape, similar to what is
observed in the case of no treatment (FIG. 1b).

In conclusion, the microenvironmental niche plays different roles for different
values of Δdeath, the rate at which cells build up tolerance to the DNA damaging
drug. When it is small, the microenvironment selects which cells will survive
the longest before ultimately dying. As Δdeath increases to mid-range values,
cells located near the low-drug/normoxic niche are able to develop resistance and
propagate, eventually leading to the formation of a resistant tumor. For large values
of Δdeath, location becomes less important and cell survival is guaranteed by the
increase of the death threshold alone.
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4 Discussion

In this paper we addressed the emergence of a resistant tumor when a DNA
damaging drug is continuously administered by an intravenous injection. We have
developed a spatial agent-based model that can examine tumor response to the
drug in a heterogeneous microenvironment. This environment is comprised of non-
uniformly spaced vasculature that results in an irregular gradient of oxygen and
drug. We specifically focused on the difference between pre-existing and acquired
drug resistance. By using identical initial microenvironmental conditions we were
able to compare the dynamics and clonal evolution of the developing tumor in
these two cases. We have also conducted a theoretical analysis of the temporal
components of the model for both types of resistance.

The model produced several interesting results. In both cases considered, the
pre-existing or acquired drug resistance is initiated independently in individual cells
(cellular level). However, during the course of treatment three types of population
behaviors (tissue level) are observed: 1) tumor eradication; 2) emergence of a drug
resistant tumor; and 3) a non-responsive tumor. In order to observe these three
parameter regimes in the case of pre-existing resistance, DNA damage repair must
be included in the model (p > 0). Varying the pre-existing resistance parameter
(Thrmulti) without including DNA damage repair can only give rise to the case of
tumor eradication (Proposition 1.1). On the other hand, in the case of acquired
resistance all three parameter regimes are achievable without the inclusion of DNA
damage repair. Final tumor behavior in this case depends on the speed with which
the cells build tolerance to DNA damage (Δdeath).

In particular, in the cases with pre-existing resistance, both the theoretical
analysis and the agent-based simulations produced the same conclusions: a) with
a low DNA damage repair term, both the resistant and sensitive clones died; b) with
a medium DNA damage repair term, resistant clones survived but sensitive clones
died; and c) for high levels of the DNA damage repair term, all clones survived
regardless of their phenotype. The reason for this correlation between computational
simulations and theoretical analysis is that in the pre-existing resistance case, the
spatial component has no significant effect on the long-term outcome. Similarly, in
the acquired resistance case: a) with a slow increase in the cell death threshold, all of
the cells eventually died out; b) with an intermediate increase in the death threshold,
some of the clones die but the tumor eventually develops resistance to the drug;
and c) with a high increase in the cell death threshold, all clones are able to survive
resulting in treatment failure.

In the cases where a drug resistant tumor forms (FIG. 1g,h), some common
spatial dynamics are observed. The cells located near vasculature are first affected
by the drug and often die. The least affected are the cells that occupy low
drug/normoxia niches, and these cells are often able to repopulate the tumor. Final
clonal configurations can vary from mono-clonal (acquired case) to bi-clonal (pre-
existing case), to multi-clonal (acquired case). However, in the case of acquired
resistance, we have also observed a case when only a small number of cells
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remained quiescent in the hypoxic areas for a prolonged time. These cells have
not accumulated enough damage to die, and since they are located in the area of
both low drug and oxygen, they have time for DNA repair. Thus, the existence of
microenvironmental niches of either low drug or low oxygen concentrations are the
driving forces in both transient and long-term tumor cell survival. Further, in the
case of acquired resistance, the spatial location of certain clones makes them more
fit than the other cells and allows them to overtake the available space. In conclusion,
when the cell has a pre-existing resistance the genetic fitness advantage seems to be
more important than any spatial fitness advantage, whereas the spatial position of
tumor clones plays a more important role when drug resistance is acquired.

When studying the case of acquired resistance we assumed that all cells react
to drug exposure in the same way and are thus all equally capable of acquiring
resistance. This choice allowed us to focus on how microenvironmental differences
select which cells acquire resistance, but our model could also be extended to take
into account intrinsic cellular differences. In particular, it is possible that acquired
drug resistance occurs when only a single cell, rather than the whole population,
possesses the ability to acquire resistance. Investigating the interaction of cellular
and microenvironmental differences is an interesting problem, especially because
our simulations show that varying how strongly cells respond to drug exposure
(Δdeath) can lead to clonally heterogeneous or homogenous tumors. Since we
framed acquired resistance broadly as a reaction of cells to increased and prolonged
exposure to drug, it is possible to use this general framework to account for a variety
of the mechanisms of acquired resistance. For example, resistance may be due to
increased drug efflux pumps or a simple lack of any drug dosage effect. Both of
these mechanisms could be studied with our model by changing how we think about
the damage level and death threshold. The damage level is related to how much drug
the cell has encountered, and the death threshold at its most general level describes
how the cell reacts to damage. Thus, it is possible that the cell reacts to damage less
(and hence has a higher death threshold) because of enhanced drug efflux pumps or
a less effective drug.

Our model can also be extended to address other important aspects of tumor
resistance. In this paper, we limited our investigation to a continuously administered
drug. In the future we will investigate different drug scheduling schemes including
typical clinical protocols, as well as metronomic and adaptive schedules. Beyond
the drug schedule, we can expand the model from considering DNA damaging
drugs to considering other drugs with different killing mechanisms, including
anti-mitotic drugs or drugs activated in specific microenvironmental conditions
(low oxygen or high acidosis). This allows us to further extend our model to
study drug combinations. This is especially important, because in clinical practice,
when the tumor cells become resistant to a given drug, the treatment is often
changed to another therapeutic agent. However, it has been observed that resistance
to one drug is accompanied by resistance to other drugs whose structures and
mechanisms of action may be completely different (multiple drug resistance). Thus,
this poses interesting questions for future research. If the hypothesis of a pre-existing
population of resistant cells is true, what mechanisms enable those cells to resist the
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drug action of the often multiple chemotherapeutic treatments that may be given
to a patient sequentially or in parallel? If the hypothesis of gradual emergence of
drug resistance is true, what factors contribute to the development of acquired drug
resistance? The mathematical framework developed here has the potential to address
multiple aspects of drug resistance in solid tumors and test methods for increasing
efficacy of drug combinations.

Our model belongs to a category of spatial hybrid discrete-continuous models
of anti-cancer drug resistance. While mathematical modeling of tumor growth and
therapy (mathematical oncology) dates back now over half a century [21], the
modeling of anti-cancer drug resistance has gained its momentum in the last couple
of years [22–25]. However, most of the mathematical models to date addressed the
problem of drug resistance on a level of the whole cell population using a variety of
mathematical approaches: stochastic models [26], evolutionary dynamics [27–30],
game theory [31], Lamarckian induction [32], compartmental pharmacokinetic
models [33], or continuous PDE models [34, 35]. Very few models of drug resistance
have, like ours, considered the significant role of spatial tumor structure and/or
interactions between cells and their microenvironment. Silva and Gatenby used
an agent-based model of cells equipped with internal metabolic machinery to
investigate cell-cell and cell-microenvironment interactions during chemotherapy,
and strategies to prolong survival in the case of pre-existing resistance [36]. This
work showed that administration of the chemotherapy with the goal of stabilization
of tumor size instead of eradication would yield better results than use of maximum
tolerated doses, thus preventing or at least delaying tumor relapse. The authors
demonstrated that fast growing sensitive cells can serve as a shield keeping the
resistant cells trapped inside the tumor. Lorz et al used a continuous model of
anti-cancer therapy resistance under the assumption that resistance is induced by
adaptation to drug environmental pressures [37]. This has been modeled using
a concept of the expression level of a resistance gene influencing tumor cells
birth/death rates, effects of chemotherapies and mutations. The same group has
also considered how the spatial structure plays a role in resistance development
under combined therapy protocols. By including spatial structure into the model, the
authors were able to suggest that adaptation to local conditions (microenvironment)
is directly linked to resistance development [38]. Lavi et al used another continuous
model of multi-drug resistance with a variable cell resistance level that takes the
form of a structure population model. This allowed the authors to explore how cells
evolve (and may be selected for) under stress imposed by cytotoxic drugs [39]. The
same group has also investigated how trait selection may give rise to different types
of resistance and what implications this may have for tumor heterogeneity (at the
level of mutations) [40]. A recent work of Powathil et al, that uses the Cellular
Potts framework has been employed to investigate how the cell-cycle dynamics
and oxygen concentration changes influence the development of resistance [41].
The authors suggested that cell-cycle-mediated drug resistance emerges because the
chemotherapeutic treatment gives rise to a dominant, slow-cycling subpopulation of
tumor cells, causing the drug failing to target all cancer cells.
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Our model differs significantly from the models discussed above. We not only
consider and compare two types of resistance, but also identify two microenvi-
ronmental niches that have an impact on emergence of resistant cells. While other
hybrid models use similar approach to model tumor cell interactions with oxygen
and drugs, they treat tumor microenvironment as a homogeneous medium [36]. In
contrast, our model incorporates a more realistic configuration of tumor vasculature
that produces gradients of metabolites that are of irregular shapes and can change
dynamically in time. Thus we can directly observe the emergence of microenviron-
mental niches (FIG. 1g(iii),(iv)) that protect cells from killing by drugs, and enable
some of them to develop resistance. We also investigated the interplay between
tumor clonal development within the spatially and temporally variable distributions
of both drug and oxygen, that has not been addressed by any of the previous
hybrid models of drug resistance. The presented model is quite general and the
self-calibration methods have been used for it parameterization (see the Appendix).

Our model reproduces a broad range of tumor behaviors observed in clinical
practice. However, our chosen parameters have not been tuned to represent a
particular drug and a particular tumor type. Therefore the model constitutes a
good starting point for more precise calibration to both tumor morphology and
drug pharmacokinetic properties. In particular, in the future we plan to use more
realistic tumor tissue morphologies based on patients’ histology samples. This will
include both more realistic vasculature that may vary between tumors of different
origins, various stromal components such as stromal cells (fibroblasts or adipocytes)
and immune cells (macrophages, T cells, lymphocytes), extracellular matrix fibril
structure, and various distributions of metabolites (oxygen, glucose, acids, MMPs).
In particular, the role of the tumor microenvironment in the development of drug
resistance is becoming a key consideration in the development of novel chemother-
apeutic agents. The interactions between tumor cells and their surrounding physical
environment can influence cell signaling, survival, proliferative capacities, and cell
sensitivity to drugs. Thus extracellular factors including tumor hypoxia and acidity,
as well as tumor cell density and the extracellular matrix composition that limit
drug penetration, should be investigated in a quantitative way via combination of
laboratory experimentation and mathematical modeling.

Supporting Material

Supporting material contains five simulation movies (MovieFig1c.mov,
MovieFig1d.mov, MovieFig1e.mov, MovieFig1f.mov, and MovieFig1g.mov) that
correspond to snapshots presented in Figs. 1c-g.
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Appendix

Before testing various mechanisms of tumor resistance, our model has been
calibrated to 1) achieve a stable gradient of oxygen when no cancer cells are present,
as would be the case in healthy tissue; 2) generate a tumor cluster that completely
fills the available space when no drug is applied as would take place in non-treated
tumors; this will result in another stable gradient of oxygen with hypoxic areas
located far from the vasculature; and 3) completely eliminate the tumor during the
treatment when the cells do not acquire resistance. These three self-calibration steps
are discussed in this section.

First, the influence of oxygen and drug are normalized so that Sξ = Sγ = 1.
Then we determine the oxygen diffusion coefficient Dξ and oxygen boundary
conditions that lead to a (numerically) stable gradient of oxygen when no cancer
cells are present; that is with no cellular uptake. Several boundary conditions were
considered, however, the best results in terms of irregular gradient stabilization
and the extent of hypoxic areas were achieved for the sink-like conditions with
ϖ =0.45 (see Section 2.1). The resulting stable oxygen gradient is shown in Fig. 9a
and the relative 2-norm error between two oxygen concentrations generated in two
consecutive time steps is shown in Fig. 9c. The obtained oxygen gradient served as
an initial condition for the reaction-diffusion equation for oxygen.

Fig. 9 Oxygen distribution and its stabilization error curves. (a,b) Numerically stable gradients of
oxygen in a domain with no cancer cells (a), and in a domain where non-treated cancer cells uptake
oxygen (b). The greyscale contours indicate oxygen distribution levels. (c,d) Relative 2-norm error
of oxygen changes ‖η(x, t+Δ t)−η(x, t)‖2 calculated for 25000 iterations showing its numerical
stability for cases (a) and (b), respectively.
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Next, a tumor cell oxygen uptake rate pξ and a hypoxia threshold Thrhypo were
selected to allow for tumor growth with a small subpopulation of hypoxic cells, and
for generation of a (numerically) stable gradient of oxygen when the tumor reaches
its stable configuration. This population of tumor cells, including the hypoxic cell
fraction and tumor clonal composition, serves as a control case (with no treatment)
shown in Fig. 1b. For the stable tumor population the (numerically) stable oxygen
gradient is shown in Fig. 9b, and the relative 2-norm error of the oxygen changes
over 25,000 iterations is shown in Fig. 9d.

Finally, the drug diffusion coefficientDγ , drug uptake rate pγ , and death threshold
Thrdeath were determined so that the cluster of tumor cells with no resistance is
eradicated. This ensures that for the chosen drug parameters, the drug is effective
when there are no resistant tumor cells. This case is discussed in Section 3.1. All
parameters determined by the procedure described here are listed in Table 2.
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Flow Induced by Bacterial Carpets
and Transport of Microscale Loads

Amy L. Buchmann, Lisa J. Fauci, Karin Leiderman, Eva M. Strawbridge,
and Longhua Zhao

Abstract In this paper we utilize the method of regularized Stokeslets to explore
flow fields induced by ‘carpets’ of rotating flagella. We model each flagellum as a
rigid, rotating helix attached to a wall, and study flows around both a single helix and
a small patch of multiple helices. To test our numerical method and gain intuition
about flows induced by a single rotating helix, we first perform a numerical time-
reversibility experiment. Next, we investigate the hypothesis put forth in (Darnton
et al., Biophys J 86, 1863–1870, 2004) that a small number of rotating flagella
could produce “whirlpools” and “rivers” a small distance above them. Using our
model system, we are able to produce “whirlpools” and “rivers” when the helices
are rotating out of phase. Finally, to better understand the transport of microscale
loads by flagellated microorganisms, we model a fully coupled helix-vesicle system
by placing a finite-sized vesicle held together by elastic springs in fluid near one or
two rotating helices. We compare the trajectories of the vesicle and a tracer particle
initially placed at the centroid of vesicle and find that the two trajectories can diverge
significantly within a short amount of time. Interestingly, the divergent behavior is
extremely sensitive to the initial position within the fluid.
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1 Introduction

Recent developments in microfluidic devices have enabled controlled studies and
manipulation of fluid flows with length scales at the micron level [12]. Fabricated
helical micromachines that are driven by magnetic actuation can move colloidal
microparticles [14]. Nature’s own micromachines, flagellated microorganisms, can
also be used to transport loads in microfluidic devices [15]. At this length scale
where inertia is negligible, viscous forces are very important and processes such
as diffusion and surface tension dominate. In many microfluidic experiments that
measure chemical and biological processes, mixing of the fluid within the chamber
is desirable. A novel approach to microfluidic mixing and transport introduced by
N. Darnton et al [6] is the use of flagellated bacteria as fluidic actuators. In this
approach, bacteria are made to adhere to a substrate (see Figure 1). The adherent
bacteria on this “bacterial carpet” freely rotate their flagella, which move the fluid
near them and act as microscopic propellers, with no need for an external power
source. Furthermore, they can live on small amounts of simple nutrients and can
maintain mobility for several hours without food [9]. Methods for visualizing
neighboring bacteria in a bacterial carpet have also shed light upon the distribution
and orientation of individual flagella [8].

In order to control fluid transport by rotating helices, both natural and fabricated,
an understanding of the fluid flow generated by an array of rotating helices is
essential. Moreover, the addition of a microscale load such as a colloidal particle
of non-negligible volume changes the flow dynamics, and its transport is governed
by the coupled helix-vesicle system. In this paper, we present a mathematical model
and numerical method that solves the full Stokes equations of zero Reynolds number
flow with an array of helices emanating from a planar wall in 3D. The orientation of
the axes of the helices, their geometries, their rotational frequencies, and their phase
differences can be specified independently. In addition, we include the transport of
a deformable, finite-sized vesicle whose rigidity may be controlled by the choice of
an elastic parameter.

2 Methodology

In this study, we explore the fluid flow induced by a helical flagellum attached to a
planar wall and rotating in a very viscous fluid. We utilize the method of regularized
Stokeslets and the image system previously derived to account for the presence of a
plane wall [1, 4, 5]. We also introduce a finite-sized spherical vesicle, held together
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Fig. 1 Left: phase-contrast image of a bacterial carpet from [6]. The panels show (A) bacteria
lying flat on the surface, (B) attached end-on, and swimming bacteria with flagella (C) unbundled
and (D) bundled. Right: vector plot of velocities of the fluid just above an active carpet of bacteria
where “rivers” and “whirlpools” are observed. The regions marked with ‘a’ indicate qualitatively
observed whirlpools while the solid line labeled ‘b’ shows what [6] called rivers. The dotted line
shows a typical path of a tracer bead. Both figures are reprinted from [6] with permission. The
complete parameters for the figure are given in that original report.

by elastic springs, into the flow field to better understand the ability of flagellated
bacteria to transport microscale loads. Below we briefly discuss the equations of
motion in this viscous regime, the method of regularized Stokeslets and its image
system, and the geometry of the helical flagellum. In later sections, we will describe
the solution process for treating the motion of the finite-sized vesicle in the fluid.

2.1 Stokeslets

At zero Reynolds number, the motion of an incompressible viscous fluid due to a
point force at x0 is governed by the singularly forced Stokes equations

−∇p+ μΔu = −gδ (x̂), (2.1)

∇ ·u = 0, (2.2)

where p is fluid pressure, u is fluid velocity, μ is fluid viscosity, g is an arbitrary
constant external force acting on the fluid, δ is the Dirac delta function, and
x̂ = x− x0. One can think of x as a point of observation and x0 as the location of
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a point force where the distance between them is defined by r = ‖x− x0‖. In three
spatial dimensions, the free space Stokeslet, or fundamental solution, is

S(x̂) = 8π(−ΔI+∇∇)B(r) =
I
r
+

x̂x̂
r3 , (2.3)

where B(r) =− r
8π is the fundamental solution to the biharmonic equation Δ2B(r) =

ΔG(r) = δ , and G(r) is the fundamental solution to Laplace’s equation. The solution
to Equations (2.1) and (2.2) is then given by

u(x) =
1

8πμ
S(x̂)g.

The Stokeslet describes the velocity field induced by a point force anywhere
except at its own location. From Equation (2.3) one can see the singular behavior
that emerges as an observation point approaches a point force. When a collection
of point forces are concentrated along smooth surfaces, the velocity in terms of
the Stokeslet is integrable, but if concentrated along curves in three dimensions
(e.g., a slender, elastic structure such as flagella), the velocity expression is singular.
The method of regularized Stokeslets, based on a smoothing of the forces, was
introduced to deal with these singularities [4, 5].

The central idea behind the method of regularized Stokeslets is to replace the
singular force in Equation (2.1) with a smooth, concentrated force so that the
velocity is defined everywhere, including the location of the force. This is achieved
by using a radially symmetric, smooth blob function, φε , that satisfies the property
∫ ∞

0 r2φε(r)dr = 1/4π . In Figure 2 we show a plot of a typical blob function,

φε(r) =
15ε4

8π(r2 + ε2)7/2
, (2.4)

for three values of the blob parameter, ε . This parameter controls the effective radius
of the region where the force is concentrated.
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Fig. 2 Plot of the blob in (2.4) with ε=0.04 (solid line), ε=0.05 (dashed line - value used in
simulations), and ε=0.06 (dash-dot line).
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The new equations using the blob function in place of the delta function,

−∇p+ μ∇2u = −gφε(x̂), (2.5)

∇ ·u = 0, (2.6)

can be solved exactly. For a given blob function, the corresponding biharmonic
function, Bε(r), is defined by Δ2Bε(r) = φε(r). The smoothed force gives rise to
a regularized Stokeslet and the solution to equations (2.5) and (2.6) becomes

u(x) =
1

8π
Sε (x̂)g, (2.7)

= [(−ΔI+∇∇)Bε(r)]g,

= [H1(r)I+H2(r)x̂x̂]g,

where H1(r) and H2(r) are defined as

H1(r) =−B′
ε(r)
r

−B′′
ε (r), H2(r) =

rB′′
ε (r)−B′

ε(r)
r3 . (2.8)

When a collection of regularized point forces are acting on the fluid, the velocity
at any point in the fluid may be represented as a summation of these contributions.
For example, given N regularized point forces, fi where i = 1 . . .N located at the
points xi, the resulting velocity at any point y is

u(y) =
1

8π

N

∑
i=1

Sε (y− xi)fi. (2.9)

Note that if one is interested in computing the velocity at M points in the fluid yk

where k = 1 . . .M, then equation (2.10) can be used to write the velocity at each
point

u(yk) =
1

8π

N

∑
i=1

Sε (yk − xi)fi, (2.10)

which can then be written as a matrix equation

U = AF, (2.11)

where, in three dimensions, U and F are vectors of length 3M × 1 and 3N × 1,
respectively, and A is a 3M× 3N matrix with entries that depend on the regularized
Stokeslet. If, instead, the velocity u at the locations of the regularized point forces
xi is known and one is interested in the forces fi that yield those velocities, one
can write

u(xi) =
1

8π

N

∑
j=1

Sε(xi − xj)fj (2.12)

as a matrix equation
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U = BF, (2.13)

where, in three dimensions, U and F are both vectors of length 3N × 1 and B is a
square matrix of size 3N ×3N with entries that depend on the regularized Stokeslet
and the locations of the points xi.

2.2 Image System for a Stokeslet

The method of images is a common method used to enforce boundary conditions
when solving linear PDEs in bounded or semi-infinite domains. Superposition of
the free-space fundamental solution is used to obtain the fundamental solution in
the bounded domain by adding an image source mirrored across the boundary. The
image system for the singular Stokeslet near a plane wall was obtained in [2]. The
solution procedure was based on Fourier transforms and the result was interpreted as
a sum of singularity solutions (Stokeslet, Stokeslet doublet and Stokeslet potential
dipole) evaluated at the image point. In this study, we use the image system
for a regularized Stokeslet, previously derived in [1]. The regularized Stokeslet
image system is the combination of the regularized Stokeslet, regularized Stokeslet
doublet, regularized Stokeslet potential dipole, and, different from the singular
image system, also includes the regularized Rotlet. The singularity solutions are
evaluated at the image point across the wall to enforce the no-slip boundary
condition on the wall.

In this study, we use the blobs and regularized singularity solutions in the forms
found in [1].

2.3 Helical Flagellum

We model helical flagella in both upright positions and tilted positions as shown in
Fig. 3. The centerline of an idealized helical flagellum is defined by

xc = α tanh(100s)cos

(

2πs
λ

)

, (2.14)

yc = α tanh(100s)sin

(

2πs
λ

)

, (2.15)

zc = s, (2.16)
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Fig. 3 Sketch of two helix positions. The specified helix parameters are height L, radius α and
ratio L/λ where the pitch number, λ , is defined by a pitch angle β where tanβ = 2πα

λ . When the
helix is tilted, its position is prescribed with the elevation angle φ and azimuthal angle θ . When
φ = 0, the helix is set upright. In both situations, the helix is self-rotating around its axis.

where 0 ≤ s ≤ L, L is the height of the helix, α is the distance from the centerline
of the helix to its axis of rotation, and λ is the helical pitch. The pitch angle, β , is
related to the helical pitch by

tanβ =
2π
λ

α. (2.17)

Using a standard rotation matrix, the position of the centerline of an upright helix
rotating with angular velocity (0,0,ω), is therefore

⎡

⎣

x(t)
y(t)
z(t)

⎤

⎦=

⎡

⎣

cos(ω t) −sin(ω t) 0
sin(ω t) cos(ω t) 0

0 0 1

⎤

⎦

⎡

⎣

xc

yc

zc

⎤

⎦ . (2.18)

The position of the centerline of a tilted helix is defined by an elevation angle, φ , an
azimuthal angle, θ , and their corresponding rotation matrices

⎡

⎣

x(t)
y(t)
z(t)

⎤

⎦=

⎡

⎣

cos θ −sin θ 0
sin θ cos θ 0

0 0 1

⎤

⎦

⎡

⎣

cos φ 0 sin φ
0 1 0

−sin φ 0 cos φ

⎤

⎦

⎡

⎣

cos(ω t) −sin(ω t) 0
sin(ω t) cos(ω t) 0

0 0 1

⎤

⎦

⎡

⎣

xc

yc

zc

⎤

⎦ .

(2.19)
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Each model helix is set to have height 10μm, radius 0.25μm, cross-sectional
radius 0.01μm, and pitch 2.5μm, and is discretized into 120 points. These parame-
ters were chosen to match the dimensions of the bacterial flagella of the experiments
done in [6]. We choose the blob parameter, ε=0.05μm, which acts as the effective
cross-sectional radius of the flagellum; this is slightly larger than the real cross-
sectional radius of the bacterial flagellum [6]. With this blob parameter, we
discretize each helix into 120 points. It has been shown that when using the method
of regularized Stokeslets, a good choice for the discretization is one where the
spacing between points is on the order of the size of the blob parameter [3, 5, 10].
The plot of the blob function with our chosen parameter is shown in Figure 2.

2.4 Nondimensionalization

We define the nondimensional variables of equations (2.5) and (2.6) as:

u∗ =
u
U , x∗ =

x
L , p∗ =

p
P , g∗ =

gL3

F , t∗ =
t
T ,

where U ,L,P ,F ,T are the characteristic velocity, length scale, pressure, force and
time scale, respectively. We choose U=10 μm/s, L=10 μm, T =1 second,P=μ U/L,
and F=μ UL, where μ=1×10−3kg m−1s−1 is the dynamic viscosity of water. Using
these nondimensional variables, equations (2.5) and (2.6) simplify to:

−∇p∗+∇2u∗ = −g∗φε (x̂), (2.20)

∇ ·u∗ = 0, (2.21)

and these are the equations that we actually solve in the numerical experiments that
follow.

2.5 Coupled Helix-Vesicle System

In our numerical experiments, we will model one or more rotating helices attached
to a wall, propelling a Stokesian fluid. In some simulations, these helices will also
be interacting with a finite-sized spherical vesicle. In this section we describe the
equations and methodology to model the coupled system.

The surface of the spherical vesicle is discretized into N points using Spherical
Centroidal Voronoi Tessellation (SCVT) and the package STRIPACK [7, 11].
The SCVT algorithm positions a specified number of points on a unit sphere so
that the points are approximately equally spaced and the Delaunay triangulation of
these same points on the unit sphere is obtained using STRIPACK. The arc length
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of each of the Nh helices is discretized into M equally spaced points, where Nh = 1
or 2, is the number of helices. The addition of a vesicle and helices in a Stokes flow
result in new, governing equations for fluid motion:

−∇p+ μ∇2u+
N

∑
i=1

fiφδ +
M·Nh

∑
j=1

gjφδ = 0, (2.22)

∇ ·u = 0. (2.23)

Here, f and g are the forces on the fluid from the vesicle and helices, respectively,
both scaled by the same characteristic force, F . To calculate the velocity u at any
point in the domain, one must first know the forces f and g. The forces concentrated
at the discretized points on the vesicle are due to elastic springs that hold it in its
spherical shape. These elastic forces are computed using specified spring constants
and resting lengths between points. In contrast, the forces along the length of a helix
are unknown. However, the rotational velocities along each helix are specified. To
find these forces, we exploit linearity of the equations, and split the velocity and the
pressure at any spatial location as u = u1 +u2 and p = p1 + p2 such that

−∇p1 + μ∇2u1 +
N

∑
i=1

fiφδ = 0, (2.24)

∇ ·u1 = 0,

and

−∇p2 + μ∇2u2 +
M·Nh

∑
j=1

gjφδ = 0. (2.25)

∇ ·u2 = 0.

As described in the text around equation (2.11), the forces and velocities can be
related via the matrix equations U1 = A1F and U2 = A2G. If we consider this
relationship at k discrete locations in space, then A1 is a matrix of size 3k × 3N
and U1 and F are vectors of size 3k × 1 and 3N × 1, respectively. The vector U1

consists of the k, sequentially stacked, velocities, u1, and F consists of the N,
sequentially stacked, point forces located on the vesicle, fi, that are induced on the
fluid. Similarly, U2 is a vector of the velocities, u2, and G is a vector of the forces
located on the helices, g, that are induced on the fluid. The entries of the matrices A1

and A2 are computed using the regularized Stokeslet [4, 5], the fundamental solution
to (2.24) and (2.25). For clarity, we note again that one can represent the velocity at
any location with u = u1 + u2. As another example, the velocity at points located
on the vesicle, call them uv, can be split into uv = u1 +u2. With this, the velocities
u1 would represent the velocity at points on the vesicle induced by the forces on the
vesicle and the velocities u2 would represent the velocity at points on the vesicle
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induced by the forces on the helices. Essentially, every velocity can be decomposed
into pieces that are separately affected by the vesicle and the helices.

The algorithm proceeds as follows:

1. Calculate the forces on the vesicle F = (f1, . . . , fN) using Equation (2.26)
with a fixed spring constant, k, and fixed rest lengths �sj since the spherical
elastic vesicle is held together by N points connected by Hookean springs.
The rest lengths of the springs, �sij for point Xi connected to all other points
Xj, j = 1, . . . ,N, are set to be the initial distances between points in a spherical
configuration. For example, given a Hookean spring between two points located
at X and Y with rest length �s, the general form for the force at either end of the
Hookean spring is:

fspring =± k

(

||X−Y||
�s

− 1

)

X−Y
||X−Y|| . (2.26)

The total force fi at point Xi on the vesicle is the sum of all of the spring forces
resulting from all springs connected to the point Xi.

2. Use the forces F calculated in Step 1 and U1 = A1F to compute U1, the velocity
at points located on the helices due to the vesicle.

3. Use U1 calculated in Step 2 and then compute U2 = Uh −U1. Use U2 = A2G to
solve for G, the forces at points located on the helices.

4. Use U = A1F+A2G, with F and G calculated in steps 1-3, at points located on
the vesicle to update the location of the points on the vesicle using

dXi

dt
= U(Xi, t).

5. Use U = A1F+A2G to find the velocity at any other desired spatial location (for
instance to update positions of Lagrangian fluid particles or to assemble velocity
fields).

We note that in the cases where we are interested in the flows created by
helices with no immersed vesicle, the forces F above are identically zero, as are
the velocities induced by the vesicle on the helices U1.

3 Numerical Experiments

In this section, we present three numerical experiments to explore flows generated
by rotating helices attached to a wall. First, we illustrate the reversibility of Stokes
flow using our numerical method and model helix setup. Next we show that
multiple helices with varying tilt and phase, but not without, produce “rivers”
and “whirlpools” in regions of the velocity fields as seen in experiments [6], see
Figure 1. Finally, we investigate the motion of a finite-sized vesicle induced by
rotating helices.
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3.1 Reversibility of Stokes Flow

Because the Stokes equations we model do not depend on time, except through a
time-dependent force or boundary condition, their solutions represent a sequence
of steady states and can be found without knowing solutions at any other time.
For velocity, u, and pressure, p that solve the Stokes equations with zero forcing,
i.e., Equations (2.1) and (2.2) with g = 0, it is clear that −u,−p solve the same
homogeneous equations which means that a reversed flow is a possible physical
solution. It follows that if u,p solve equations (2.1) and (2.2) with nonzero force, g,
then −u,−p solve the equations forced with −g.

G.I. Taylor conducted a famous experiment that elegantly displayed time-
reversibility of the Stokes equations [13]. In that experiment, a drop of dye was
injected in a viscous fluid between two cylinders. The interior cylinder was turned
multiple times until the drop of dye vanished to the naked eye. Then the interior
cylinder was turned the opposite direction, thus imposing force in the opposite
direction, and after the same number of turns, but not necessarily at the same speed,
the drop of dye reappeared in the exact position from which it started. To check
our numerical method and to gain intuition about flows induced by a single rotating
helix attached to a wall, we now present a numerical time-reversibility experiment.

In our experiment, a collection of 400 tracer particles (passive particles that
move with the local velocity but do not affect it) in a spherical configuration is
placed adjacent to a single rotating helix anchored to a wall. The tracer particles are
initialized on the surface sphere with center at (0,0,5) μm and radius 0.5 μm. We
place the base of the helix at (1,0,0.0505), rotate it ten times clockwise (Figure 4
a-c) and then rotate it ten times in the counter clockwise direction (Figure 4 d-f).
Indeed, we see that the tracer particles spread out and then go back to the original
position, with negligible numerical error. Figure 4g shows the top view of the tracer
particles after the first 10 rotations. To see the flow fields that are generated by a
rotating helix, we plot the three-dimensional velocity vectors on the plane y=0 in
Figure 4h, and on the plane z=5 in Figure 4i.

3.2 Rivers and Whirlpools

Darnton et al. [6] adhered flagellated bacteria, that freely rotate their flagella, to
a substrate. The rotating flagella move the fluid around the bacteria and act as
microscopic propellers. In that study, 1 μm beads were tracked in the flow just
above the bacteria. Velocity fields were calculated from video that tracked the beads’
motion. In certain regions of the observed velocity fields, flow seemed to behave
like “rivers” and “whirlpools,” see Figure 1. The whirlpools were regions where the
flow looked circular and the rivers transported beads in an almost straight line. The
rivers seemed to be constructed from suitably spaced nearby whirlpools rotating in
opposite directions. The authors suggested that a whirlpool could be created by a
small number of coordinated flagella aligned predominantly normal to the surface
to which they are attached.
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Velocity field through y = 0 plane. Velocity field through z = 5 plane.
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Fig. 4 Reversibility (a–g): snapshots of tracer particles initialized on a spherical surface adjacent
to a rotating helix. T = 0,5, · · · ,20 represents the number of times the helix has been rotated in
time. At T = 10, the direction of rotation is reversed. Velocity fields through the y=0 (h) and z=5
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We investigate this hypothesis and simulate flows induced by multiple rotating
helices attached to a wall. In addition, we set tilt angle and rotation phase as
parameters. We place 16 equally-spaced, identical helices attached to a wall and
compute the flows from three distinct rotating helix configurations: i) all helices
upright and rotating with the same phase, ii) all helices upright and rotating with
phases randomly chosen from a uniform distribution on [0,2π), and iii) each helix
is prescribed a small randomly chosen tilt angle by selecting the elevation angle, φ ,
and an azimuthal angle, θ , from a uniform distribution of [0,π/36] and a randomly
chosen phase selected from uniform distribution on [0,2π). In all cases, the helices
rotate in a clockwise direction, and the bases of adjacent helices are spaced 1.5 μm
apart.

Figure 5 illustrates configuration i, ii, iii in the top, middle, and bottom row of
the figure, respectively. We also present a side view of the helices (left column), top
view of the helices (middle column) and the resulting velocity field in the plane that
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Fig. 5 Side view (left column) and top view (center column) of helices and the resulting velocity
fields on the horizontal plane intersecting the top of the highest helix (right column). Each row
shows a different configuration where the tilt and phase of the helices were varied. Top row:
upright helices with same phases. Middle row: upright helices rotating with randomly chosen
phases. Bottom row: randomly tilted helices with randomly chosen phases. Thick dashed lines
are chosen trajectories in the flow that show river and whirlpool behavior. Numbers on the axes are
distance in μm.
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intersects the top of the helices (right column). In the top view, the line that follows
the radius of each helix represents the bottom portion of the helix that attaches to
the wall and also aids in identification of the rotation phase.

The upright helices that rotate with the same phase (configuration i, top row
of Figure 5) generated flows with fairly uniform structure and no river/whirlpool
behavior was observed. The flow behavior is dramatically altered when the rotation
phases of each helix is specified at random (configuration ii, middle row of
Figure 5). Rivers and whirlpools are induced in this case and we highlight a few
trajectories with red dotted lines to clearly identify the structure in the flow. Similar
flows were also obtained when both the tilt angle and rotation phases were specified
at random (configuration iii, bottom row of Figure 5). Our results suggest that small
numbers of flagella can indeed produce whirlpools as long as they are out of phase.

3.3 Transport of a Finite-Sized Vesicle

Darnton et al. [6] compute velocity fields by tracking the motion of tracer beads with
approximate radii of 1 μm. Other flagellated microorganisms have been shown to
transport loads approximately 1-6 μm in diameter in microfluidic devices [15]. To
better understand the transport of microscale loads, we model a fully coupled helix-
vesicle system within a viscous fluid. With this model, we are able to compare the
transport of an elastic, finite-sized vesicle (with volume) to the transport of passive
tracer particles through flows induced by rotating flagella attached to a wall.

3.3.1 A Vesicle and a Single Rotating Helix

We model a vesicle together with a single rotating helix, attached to a wall, in a
viscous fluid. The radius of the spherical vesicle is set to 0.05 μm and its surface is
discretized into 400 points. To hold the spherical shape, the points are held together
by elastic springs as described in (2.26) with nondimensional spring constant
k = 0.01. For this study, the helix is placed in an upright position with base located
at (1,0,0) μm, and then it is rotated clockwise with angular velocity (0,0,2π) and
frequency 1 Hz for 100 rotations. The vesicle is initially placed adjacent to the helix
so that its center is located at (0,0,5) μm.

To gain some intuition, we begin by presenting results for a spherical cloud of
passive tracer particles in the presence of the rotating helix, as in our reversibility
experiment previously described. For direct comparison, the tracer particles are
initialized at the same location where the points on the vesicle are initialized.
Figure 6 shows snapshots of this situation. Figures 6a–6d show the top views at
times T that correspond to 0, 40, 60, and 100 full rotations of the helix. Figures 6e–6j
show the side views at times T that correspond to 0, 20, 40, 60, 80, and 100 full
rotations of the helix. One can clearly see that the tracer particles have spread out
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Fig. 6 Snapshots of tracer particles driven by a single rotating helix attached to a wall. T is the
time that corresponds to number of helix rotations.

Fig. 7 The motion of a vesicle induced by a single rotating helix attached to a wall. T is the time
that corresponds to number of helix rotations and the nondimensional spring constant in (2.26) is
set to k = 0.01.

a significant amount by being wrapped around the helix while also being pushed
upward.

In Figure 7 we present snapshots of the vesicle together with a single rotating
helix attached to a wall. Figures 7a–7d show the top views at times T that correspond
to 0, 40, 60, and 100 full rotations of the helix. Figures 7e–7j show the side views
at times T that correspond to 0, 20, 40, 60, 80, and 100 full rotations of the helix.
Similar to the tracer particles, the vesicle rotates around the helix as it is pushed
upward. But how different are the trajectories of a tracer particle and a vesicle with
non-zero volume? Can one model vesicle transport by simply tracking a passive
tracer particle? To answer this question, we compare the trajectory of the centroid of
a vesicle with non-zero volume and, in another simulation, the trajectory of a single
passive tracer that is initially placed at same spatial position as was the centroid of
the vesicle.
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Fig. 8 Single helix: comparison of the x−,y−, and z−components of the trajectories of the tracer
particle and the centroid of the vesicle. The nondimensional spring constant, k, for the vesicle is
set to 0.01. T is the time that corresponds to number of helix rotations.

In Figure 8, we compare the trajectory of the centroid of the vesicle to the
trajectory of a tracer particle initially placed at the centroid of the vesicle. The
left plot compares the x− and y−coordinates of the trajectories while the right
plot compares the z−component of the trajectories. For the first 30 rotations
there is almost no difference in any of the trajectories, but after 30 rotations the
x−component of the trajectories begin to diverge. We show here that the vesicle
is being pushed outward in the x−direction, further away from the helix than
the tracer particle. To further explore this phenomena, we increased the spring
constant in the Hookean springs placed between points on the surface of the vesicle.
This effectively makes it harder to deform the vesicle from its spherical shape. In
Figure 9, we compare the trajectories of the center of vesicles with nondimensional
spring constants k = 0.01 and k = 1 to the tracer particle. The left plot compares
the x− and y−coordinates of the trajectories while the right plot compares the
z−component of the trajectories. Due to the higher spring constant the timestep was
decreased to maintain stability in the explicit numerical integration. We compare
the trajectories for the first 10 rotations of the helix. Even in this short time, one can
see that as the spring constant increases, the discrepancy in the x−component of the
trajectories also increases.

3.3.2 A Vesicle and Two Rotating Helices

We have shown that the spring constant used to model the vesicle plays a role in the
coupled helix-vesicle system. As the spring constant was increased, a discrepancy
in vesicle trajectories was captured after just a small number of helix rotations. But
in each of those cases, the trajectories were similar in that they were moving in the
same direction. In this section, we explore the effect of competing flows, that is, how
does a vesicle or particle trajectory change in the presence of two rotating helices?
Are there regions of the flow field between the helices where the vesicle or particle
is being ‘pulled’ in opposite directions? If so, how different are the trajectories of a
vesicle and a tracer?
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Fig. 9 Single helix: comparison of the x−,y−, and z−components of the trajectories of the center
of mass of the cloud of tracer particles and the center of vesicles with nondimensional spring
constants k = 0.01 and k = 1. T is the time that corresponds to number of helix rotations.

In this simulation, we place a vesicle, modeled as in the previous section, between
two rotating helices attached to a wall. The helix parameters are the same as in
the case with a single helix but now we include two helices and the location of
their bases are set to (1,0,0) and (0,1,0). To avoid intersection of the vesicle
and the helices, the spherical vesicle radius is set to 0.375μm. The number of
points distributed on the sphere is 225. The center of the vesicle is initialized at
(0.514,0.475,5)μm and this places it almost exactly between the two helical axes.
Both helices are rotated in the clockwise direction with the same rotation phase, and
with angular velocity (0,0,2π) and frequency 1 Hz.

The top row of Figure 10 shows placement of the helices and trajectories of both
the tracer particle and the vesicle. The bottom row shows the comparison of the
x−,y−, and z−components of these trajectories. We can see from the plots in the
bottom row that the trajectories begin to significantly diverge after about 6 rotations.
In fact, we see that the vesicle is pushed in one direction while the tracer particle
is pushed in an almost opposite direction. This behavior is very different than what
was observed in the single helix case. We have found that there are interesting flow
structures around multiple helices that act as separatrices between nearby tracer
particles whose paths will eventually diverge. We plan to further investigate the rich
dynamics of these flow fields in more detail in a future study.

4 Summary

In this paper we have utilized the method of regularized Stokeslets to explore
flow fields induced by rotating flagella attached to a wall. First, we tested and
calibrated our method by performing a reversibility test. In that test, we rotated a
helix ten times forward and ten times backward to find that a cloud of tracer particles
displaced from their starting positions as the helix rotated in one direction returned
to their starting positions as the helix rotated back in the opposite direction. Next,
we found that we could produce “whirlpools” and “rivers” around a small patch of
sixteen helices when they were rotating out of phase. In the last section, we modeled
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Fig. 10 Top row: snapshots of the top and side view of a vesicle interacting with two rotating
helices attached to a wall. Top left is initial configuration and top right is the end configuration.
Trajectories of the tracer particle and the centroid of the vesicle are tracked in space. Bottom row:
comparison of the x−,y−, and z−components of the trajectories of the tracer particle and the
vesicle centroid. The nondimensional spring constant, k, is set to 1. T is the time that corresponds
to number of helix rotations.

a coupled helix-vesicle system in which a vesicle held together by elastic springs
was placed in the flow along with one or two rotating helices. With this model, we
compared the transport of the vesicle to the transport of a passive tracer particle
through flows induced by one and two rotating helices. We found that, using the
same initial positions, the trajectories of the vesicle could diverge significantly from
the trajectory of the tracer particle and that this divergent behavior was extremely
sensitive to the initial starting positions. In this example, the deviation in the paths
is more pronounced initially in the x component, rather than the y component of the
position, due to the initial placement of the vesicles/tracer particles between the two
helices and the placement of the helices. We note that the largest difference does
occur in the components perpendicular to the helical axis, rather than parallel to this
axis. We have also observed that these discrepancies are more strongly observed
when the tracer or vesicle is placed at a height (z-value) between the floor and the
top of the helix, which is where the perpendicular forcing due to the spinning helix
is strongest.
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We also investigated trajectories of multiple tracer particles with similar initial
positions and found that their trajectories could also diverge significantly without
the presence of a vesicle (data not shown). This implies that there are interesting
dynamics within the flows induced by multiple rotating helices, even without the
coupling of the vesicle with non-zero volume. However, further investigation of the
effect of a vesicle on the flow dynamics is needed. In the near future, we plan to do
a more detailed study of the flow dynamics for cases in which we vary the number
of helices, their rotation phases, and the elastic stiffness of the vesicle.
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Modeling Blood Flow Control in the Kidney

Julia Arciero, Laura Ellwein, Ashlee N. Ford Versypt, Elizabeth Makrides,
and Anita T. Layton

Abstract A mathematical model of renal hemodynamics is developed in this
study to investigate autoregulation in the rat kidney under physiological and
pathophysiological conditions. The model simulates the blood supply to a nephron
via the afferent arteriole, the filtration of blood through the glomerulus, and the
transport of water and ions in the thick ascending limb of the short loop of Henle.
The afferent arteriole exhibits the myogenic response, which induces changes in
vascular smooth muscle tone in response to hydrostatic pressure variations. Chloride
transport is simulated along the thick ascending limb, and the concentration of
chloride at the macula densa provides the signal for the constriction or dilation of
the afferent arteriole via tubuloglomerular feedback (TGF). With this configuration,
the model predicts a stable glomerular filtration rate within a physiological range of
perfusion pressure (60–180 mmHg). The contribution of TGF to overall blood flow
autoregulation in the kidney is significant only within a narrow band of perfusion
pressure values. Simulations of renal autoregulation under conditions of diabetes
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mellitus yield a >60% increase in glomerular filtration rate, due in large part to
the impairment of the voltage-gated Ca2+ channels of the afferent arteriole smooth
muscle cells.

Keywords Renal hemodynamics • Myogenic response • Tubuloglomerular
feedback • Mathematical model

AMS(MOS) subject classifications. Primary 92C30

1 Introduction

The kidneys perform multiple essential regulatory roles, including filtering
metabolic wastes and toxins from the body; maintaining the balance of water,
electrolytes, and pH; and regulating blood pressure and blood flow. Since the
kidneys play a crucial role in filtration and reabsorption, they receive a large fraction
(∼20%) of the cardiac output [31], even though they make up only 0.5% of the total
body weight. Autoregulation of blood flow to the kidneys is critical so that flow is
maintained at a nearly constant level despite fluctuations in blood pressure or filtrate
composition. Impaired renal autoregulation is both a symptom of and a contributing
factor to the progression of diseases such as hypertension and diabetes, which have
become increasingly prevalent in recent decades. Attaining a better understanding
of renal autoregulation under both physiological and pathophysiological conditions
will lead to improved methods for controlling the progression of kidney-related
diseases. Mathematical modeling based on experimental observations has become
an important tool for investigating and understanding mechanisms of autoregulation
and feedback in the kidney [4, 11, 13, 21, 40, 41] and will be used here to describe
blood flow control in the kidney under healthy and diabetic conditions.

To understand the basis for the mathematical model presented in this study, a
short overview of kidney blood flow and physiology is provided. For additional
details on kidney physiology, see [48]. Briefly, blood is delivered to the kidney by
the renal arteries, which undergo successive branching and give rise to the afferent
arterioles that supply the beginning of the tubular system of the nephrons, which are
the functional units of the kidney. As depicted in Figure 1a, a nephron is composed
of a filtering component called the renal corpuscle and a reabsorption and secretion
component called the renal tubule. The renal corpuscle is the site of formation of
glomerular filtrate and is composed of a glomerulus (clusters of capillaries that act
as filters) and the Bowman’s capsule. The glomerulus does not allow most large
constituents of blood such as blood cells to enter the tubular fluid. The filtrate exiting
the glomerulus enters the adjacent renal tubule, which includes the proximal and
distal tubules connected by the loop of Henle. The proximal tubule is primarily
responsible for reabsorbing salts, glucose, and proteins. The outer-stripe segment of
the descending limb of the loop of Henle is highly permeable to water but not salts.
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Fig. 1 (a) Anatomy of the renal artery and nephron, reproduced from Sunshineconnelly at
en.wikibooks, by Ruth Lawson Otago Polytechnic. (b) Schematic of single kidney nephron. Blood
supply enters via the afferent arteriole, is filtered in the glomerulus, and exits via the efferent
arteriole. The filtrate enters the proximal tubule and loop of Henle. Water from the filtrate diffuses
out of the proximal tubule and initial segment of the descending limb (which is water permeable),
and sodium ion is actively pumped out of the thick ascending limb (which is water impermeable).
The concentration of chloride at the macula densa is sensed by the afferent arteriole (black dashed
arrow) and affects the diameter of the afferent arteriole. The diameter of the afferent arteriole is
also affected by the incoming blood pressure.

In contrast, the thick ascending limb (TAL) of the loop of Henle is essentially
impermeable to water but is a site of active transport of sodium, potassium, and
chloride ions. The region of epithelial cells at the end of the TAL, called the macula
densa (MD), lies in close proximity to the afferent arteriole; these MD epithelial
cells are able to detect the salt composition of the tubular fluid and communicate
this information to the afferent arteriole.

To maintain normal kidney function, the fluid flow through each nephron must be
maintained within a narrow range. Otherwise, the ability of the nephron to balance
salt and water may be compromised. Tubular flow depends largely on the glomerular
filtration rate (GFR), which is locally regulated by several mechanisms independent
of the central nervous system. The two most important of these mechanisms
are the pressure-induced myogenic response and chloride concentration-driven
tubuloglomerular feedback (TGF), which combine to achieve renal autoregulation
as arterial pressures are varied over a physiological range (∼ 60–180 mmHg).
In the myogenic response, an increase in blood pressure induces an increase in
afferent arteriolar muscle tone (i.e., a vasoconstriction) to maintain a constant level
of GFR. In TGF, an increase in the concentration of chloride ions [Cl−] resulting
from increased tubular flow is detected by the MD, initiating feedback signals
that also trigger afferent arteriole vasoconstriction and the lowering of GFR. If
kidney function is impaired, such as in the case of diabetic nephropathy, these
mechanisms and their impact on nephron fluid flow may be altered significantly
due to several different factors including an alteration in glomerular filtration [3],
an impairment of the voltage-gated calcium channels [6], or an increase in proximal
tubule reabsorption [46].
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A number of mathematical models have been developed previously to investigate
the mechanisms that control renal blood flow. Some models have focused on the
myogenic response [8, 23, 39, 49], whereas many others have focused on TGF [4, 10,
20–22, 36]. A few studies have investigated the combined effects of both myogenic
and TGF mechanisms. For example, Moore and Casellas [28] used a compartment-
based integrative model to examine the hypothesis that synergistic interactions
might occur between TGF and myogenic autoregulatory mechanisms. However,
their model is only applicable to the steady state and cannot predict transient
responses. Their simulations predict strong ascending myogenic responses, in which
TGF-mediated, locally induced vasoconstriction increases upstream intravascular
pressure and, as a result, triggers a myogenic response in the proximal arteriolar
segments. A modeling study by Feldberg and Holstein-Rathlou [11] found contra-
dictory results suggesting that the ascending impact of the myogenic response is
negligible.

Marsh et al. [24–26] presented a detailed and comprehensive model of renal
autoregulation that represents the dynamical interactions of TGF and myogenic
mechanisms. The model includes a detailed representation of the afferent arteriolar
smooth muscle intracellular dynamics and glomerular filtration, but the myogenic
response is activated only by time-varying perturbations in arterial pressure [24, 25].
The resulting model is more complex than would easily allow for analytic studies
of the underlying dynamics.

The model developed in this study builds upon previously published models for
TGF [21] and blood flow autoregulation [1, 5] by coupling a mechanistic model
of chloride ion transport in the loop of Henle to a vessel wall mechanics model
describing the nonlinear effects of the myogenic and TGF responses on vascular
smooth muscle tone in the afferent arteriole. The model improves upon existing
models that considered one or both of the feedback mechanisms [2, 21, 44] by
coupling these mechanisms to the transport of chloride ions and including the
lag time dynamics associated with communicating the measured concentration
at the MD to the smooth muscle cells of the afferent arteriole. The model is
used to track changes in afferent arteriolar diameter and smooth muscle tone in
time. The model also simulates the change in chloride ion concentration as a
function of time and position along the thick ascending limb, including terms
for tubular axial solute advection, active transport, and trans-epithelial diffusion.
The dynamics in the afferent arteriole and thick ascending limb are coupled to
investigate physiological changes in feedback in a single nephron that result from
changes in arterial pressure under healthy and diabetic conditions. The present
model also allows for bifurcation analysis (see Ref. [12]) to investigate how changes
in key model parameters affect autoregulatory dynamics. This ability to predict
transient responses is important since TGF-mediated, sustained oscillations have
been reported in numerous experimental studies of rat kidney blood flow and should
be captured by the model.
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2 Model Formulation

In this study, the afferent arteriole is represented as a single resistor coupled to
an axial representation of the thick ascending limb of a short loop nephron. Other
components of the nephron, such as the glomerulus, the proximal tubule, the loop of
Henle, and the descending limb, are represented phenomenologically. A schematic
diagram of the model components is given in Fig. 1b. Only a fraction of the afferent
arteriole fluid flow, QA, passes through the glomerulus. The flow that passes through
the glomerulus and enters the loop of Henle is commonly referred to as the single
nephron glomerular filtration rate (SNGFR) and is denoted here by Q= β QA, where
β is the product of the fraction of blood that is comprised of plasma and the fraction
of plasma that is filtered by the glomerulus. Here, this glomerular ultrafiltration
coefficient, β , is set equal to 0.084 in order to yield an SNGFR of 30 nL/min
under control (baseline) conditions [21, 38]. A significant amount of the SNGFR
is reabsorbed along the proximal tubule and descending limb of the loop of Henle.
Thus, at the end of the descending limb, the fraction of SNGFR that flows into the
ascending limb of the loop of Henle is given by F = αQ, with α = 0.2 [27]. The
model equations that describe flow through the afferent arteriole and thick ascending
limb are given in detail below.

2.1 Vessel Wall Mechanics Model for the Afferent Arteriole

The description of blood flow through the afferent arteriole is analogous to the
Ohm’s Law description of current flowing through a resistor. Thus, blood flow in
the afferent arteriole, QA, and the drop in intraluminal pressure along the vessel,
ΔP, are related by

QA =
ΔP
R

, (2.1)

where R represents the resistance to blood flow. R is calculated according to
Poiseuille’s Law,

R =
128μ l
πD4 , (2.2)

where μ is blood viscosity, D is vessel diameter, and l is vessel length.
A previously developed wall mechanics model [1, 5] is adapted to describe

changes in the diameter and smooth muscle tone of the afferent arteriole in response
to changes in pressure (myogenic response) and chloride ion concentration (TGF
response). At steady state, the Law of Laplace states that the circumferential
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tension (T) generated within the vessel wall must counter the pressure difference
across the vessel wall (P−Pexternal) in order to maintain the structure of the vessel:

T =
(P−Pexternal)D

2
, (2.3)

where P denotes the intraluminal pressure and Pexternal denotes the pressure outside
of the blood vessel.

In the model, the total tension generated in the wall is defined as the combination
of passive wall tension (Tpass), which results from the structural components of the
vessel wall, and active wall tension, which results from vascular smooth muscle
(VSM) contraction. Active wall tension is defined as the product of the maximal
active tension that can be generated at a given vessel diameter (Tmax

act ) and the degree
of VSM tone, or activation (A), which is assumed to vary between 0 and 1. Thus, as
in [1, 5], total wall tension is given by

Ttotal = Tpass +ATmax
act , (2.4)

where passive tension is defined by an exponential function of diameter,

Tpass = cpass exp(cpass,1(D/D0 − 1)), (2.5)

and maximally active tension is given by a Gaussian function of diameter,

Tmax
act = cact exp

[

−
(

D/D0 − cact,1

cact,2

)2
]

. (2.6)

In these equations, D is the afferent arteriolar diameter, and D0 is the passive
arteriolar diameter at an intraluminal pressure of 100 mmHg. The parameter
values for cpass, cpass,1, cact, cact,1, and cact,2 were taken from a previous modeling
study [5]. Vascular smooth muscle activation, Atotal, is assumed to have a sigmoidal
dependence on a stimulus, Stone, that depends on multiple factors that contribute to
VSM contraction:

Atotal =
1

1+ exp(−Stone)
. (2.7)

In particular, the primary response mechanisms that affect the vascular tone of the
afferent arteriole are the myogenic response and TGF, and thus Stone is assumed
to be a function of wall tension (and therefore pressure, which is taken to be the
midpoint pressure in the vessel, Pavg) and chloride ion concentration, C(x,t), at the
end of the TAL:

Stone = cmyo
PavgD

2
+

c2

1+ exp(−cTGF(C(L, t− τ)−CMD))
− ctone. (2.8)
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Fig. 2 Afferent arteriolar blood flow vs. chloride concentration at the macula densa. Model
predicted values are shown by a solid curve. Solid dots represent values obtained from an empirical
feedback relation in [21].

Since the chloride concentration sensed at the MD generates the main signal
for TGF, the term for TGF in the model depends on the chloride concentration
C(L, t− τ) at the position x = L (where L is the length of the ascending loop of
Henle) with a time delay τ that takes into account the transmission of the signal
from the MD to the afferent arteriole. Parameters cmyo, c2, and cTGF are optimized in
a least squares sense to arteriolar flow values obtained from an empirical feedback
relation [21] between SNGFR and [Cl−] scaled by 1/β , as depicted in Figure 2.
Although the model fit is not as close for higher concentrations of chloride ions as it
is for lower concentrations of chloride ions, it was most important for the model to fit
the slope of the data for chloride concentrations around 30 mM. The expected value
of the chloride ion concentration in the MD under control conditions is CMD = 32.32
mM. All model parameter values for (2.5)–(2.8) are provided in Table 1.

In response to changes in arterial pressure or chloride ion concentration at the
MD, the afferent arteriole responds with a rapid change in diameter followed by an
active smooth muscle contraction or dilation to a new equilibrium diameter. As in
earlier studies [1, 5], these changes in vascular diameter and smooth muscle tone can
be represented by a system of ordinary differential equations for arteriolar diameter,

dD
dt

=
1
td

2
Pavg,c

(
PavgD

2
−Ttotal) (2.9)

and VSM activation,

dA
dt

=
1
ta
(Atotal −A), (2.10)
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Table 1 Parameter values defining afferent arteriole (AA) activation and
diameter.

Symbol Description Units Value Source

cpass Passive tension strength dyn/cm 220 [5]

cpass,1 Passive tension sensitivity – 11.47 [5]

cact VSM peak tension dyn/cm 274.19 [5]

cact,1 VSM length dependence – 0.75 [5]

cact,2 VSM tension range – 0.38 [5]

cmyo VSM tension sensitivity cm/dyn 0.159 [21]

c2 VSM TGF sensitivity cm/dyn 1.80 estimated

cTGF VSM [Cl−] sensitivity cm/dyn 3e5 [21]

CMD [Cl−] at the macula densa mM 32.32 calculated

ctone VSM constant – 12.59 estimated

τ Time delay for Cl− signal s 4 [21]

l Length of AA cm 0.031 [7]

L Length of TAL cm 0.5 [32]

D0 Passive AA diameter μm 33 calculated

where td = 1 s and ta = 10 s are time constants governing the rates of diameter
and activation changes [19, 23] and Pavg,c is the control state value of the midpoint
pressure in the afferent arteriole. The control state is defined by baseline (healthy)
conditions in the kidney. In the control state, the intraluminal pressure of blood
entering the afferent arteriole is assumed to be 100 mmHg and the pressure drop
along the afferent arteriole is 50 mmHg [29], yielding an average pressure of
Pavg,c = 75 mmHg. Activation is assumed to be 0.5 in the control state, and the
control diameter is calculated to be 14.7 μm from (2.9). The control level of
blood viscosity in the afferent arteriole is calculated using an established viscosity–
diameter relation [33], giving a viscosity of μ = 4.14 cP. A summary of all
morphometric and hemodynamic values describing the afferent arteriole in the
control state is given in Table 2.

Once the control state is established, the intraluminal blood pressure entering
the afferent arteriole is varied between 60–180 mmHg to assess the degree of
autoregulation predicted by the model. For each different pressure value, the steady
state values of D and A in the afferent arteriole are determined by integrating (2.9)
and (2.10) until equilibrium is reached. The flow through the afferent arteriole,
QA, is calculated using Poiseuille’s Law. Flow through the thick ascending limb
can then be calculated as F = αβ QA. In Figure 3, the model-predicted values of
afferent arteriole diameter as incoming arterial pressure is varied are compared with
measured afferent arteriolar diameters in rat kidneys for renal arterial pressures
ranging from 60 to 180 mmHg [9, 15]. Although the model slightly underestimates
the degree of constriction for pressures greater than 120 mmHg, the general
agreement between the theoretical and experimental results provides validation for
the model parameters used in this model.
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Table 2 Control state values of diameter, activation, pressure, velocity,
flow, and viscosity in the afferent arteriole. Baseline values of the
fraction of flow entering the loop of Henle and TAL are also provided.

Symbol Description Units Value

D Diameter μm 14.7

A Activation – 0.5

P Incoming pressure mmHg 100

ΔP Pressure drop mmHg 50

Pavg,c Midpoint pressure mmHg 75

μ Viscosity cP 4.14

QA Flow nL/min 355.4

v Velocity cm/s 3.49

β Fraction of flow entering loop of Henle – 0.084

α Fraction of flow entering TAL – 0.2
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Fig. 3 Afferent arteriolar diameter vs. renal arterial pressure. The model predictions (solid curve)
are compared with experimental measurements from a rat kidney [23] (solid dots).

2.2 Chloride Ion Transport Model for the Thick
Ascending Limb

The chloride ion concentration sensed by the MD is the key signal for TGF. Because
the reabsorption of water and salt in the proximal tubule is nearly isosmotic and the
TAL cells transport sodium and chloride ions due to a favorable electrochemical
gradient, the chloride ion concentration changes more significantly along the TAL
than along other parts of the loop of Henle. Therefore, in this model, the transport
of chloride ions is simulated only along the TAL, where position x = 0 corresponds
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to the entrance of the TAL at the bend of the loop of Henle and position x = L is
the end of the TAL. By the conservation of mass, the rate of change of chloride ion
concentration (denoted by C(x, t)) in the TAL is given by

(

πr2) ∂
∂ t

C(x, t) =−F(D(t))
∂
∂x

C(x, t)

− 2πr

(

VmaxC(x, t)
Km +C(x, t)

+ p(C(x, t)−Ce(x))

)

, (2.11)

where r is the radius of the TAL. The boundary condition for the value of chloride
at position x = 0 is assumed to be C(0, t) = C0 = 275 mM [21]. Because the TAL
is modeled as water impermeable, fluid flow F is constant in space, although it may
vary in time. The first term on the right-hand side of (2.11) represents the advection
of chloride in the axial direction and thus depends on F(D(t)) = αβ QA. The
second term corresponds to outward-directed active solute transport characterized
by Michaelis-Menten kinetics, with maximum transport rate Vmax and Michaelis
constant Km. The final term corresponds to trans-epithelial chloride diffusion with
permeability p. Ce(x) is the interstitial, extratubular chloride ion concentration and
is assumed to be time independent [21]:

Ce(x) = C0(Be−2x/L +(1−B)) (2.12)

where

B = (1−Ce(L)/C0)/(1− e−2). (2.13)

All parameter values for (2.11) are provided in Table 3.

Table 3 Parameter values for TAL model equation.

Symbol Description Units Value

r TAL radius cm 10.0e-4

Vmax Maximum chloride transport rate mol/cm2sec 14.5e-9

Km Michaelis-Menten constant mM 70.0

p Permeability cm/sec 1.5e-5

L Length of TAL cm 0.5

C0 [Cl−] at loop of Henle mM 275.0

Ce(L) Interstitial [Cl−] at MD mM 150.0
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3 Numerical Methods and Simulation Algorithm

3.1 Numerical Methods

The model described in Section 2 is composed of two main parts: (a) a system
of ordinary differential equations (ODEs) that track changes in afferent arteriole
diameter D (2.9) and smooth muscle activation A (2.10) according to the myogenic
response and the tubuloglomerular feedback mechanisms; and (b) a partial differ-
ential equation (PDE) that simulates the mass transport of chloride ions through
the TAL of the loop of Henle (2.11). These two model components are coupled and
must be solved simultaneously. The diameter obtained from the ODE system is used
to calculate the inlet flow rate for the PDE. The chloride concentration profile at the
macula densa is the key output from the PDE and affects the diameter and activation
calculated from the ODE system with a time delay τ . To solve the full model, the
method of lines [37] and the upwind differencing scheme were first implemented to
reduce the PDE to a system of ODEs in time. The MATLAB solver DDE23 [42]
was then used to solve the resulting system of delay differential equations. In all
of the model simulations, the spatial discretization of the PDE had 161 grid points,
and the maximum step size in the DDE23 solver was specified as 0.1 s to prevent
high frequency numerical oscillations in the solution that can result when the solver
determines the step size automatically and takes steps that are too large.

3.2 Simulation Algorithm

To assess autoregulation using the full model, step changes in pressure from the
control state pressure of P = 100 mmHg were implemented over the entire 60−180
mmHg pressure range. The control state was defined by determining the steady
state D and A for the control state parameters specified; the control state chloride
spatial distribution in the TAL was computed according to the constant inlet flow
rate set by the control state diameter. The DDE23 solver was used to solve the model
equations numerically, as described in Section 3.1 with the control state conditions
specified as a constant history vector. For subsequent pressure step changes, the
history vector was specified as the solution for the previous pressure value over its
entire simulation time interval, and the model equations were solved using DDE23
for a simulation time interval of at least 600 s (longer if a steady state was not
reached).
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4 Model Results

Autoregulation of renal blood flow for healthy patients. Figure 4 shows the model
predicted value of afferent arteriole flow as arterial pressure is varied between 60 and
180 mmHg. Flow is normalized by the value of the flow when the pressure entering
the afferent arteriole is 100 mmHg (i.e., flow in the control state). The model results
(solid curve) are compared with experimental data values (individual markers) from
autoregulation studies in rat [30, 34, 35, 43, 47].

In Figure 5a, the specific contributions of the myogenic and TGF mechanisms to
autoregulation are isolated. A mechanism is “turned off” by setting its contribution
equal to its control state level, representing the baseline state of activity in the
system. For example, to deactivate the myogenic response, the control state level
of pressure is assumed in the Stone calculation for wall tension (i.e., Pavg,cD/2).
The curves in Figure 5a show the individual effects of the myogenic response,
the individual effects of the TGF response, and the combined effects of the two
mechanisms on renal blood flow as pressure is varied between 60 and 180 mmHg.

Since autoregulation is defined as the maintenance of a relatively constant flow
over a large range of pressures, the degree of autoregulation can be quantified
by calculating the absolute value of the area between the model-predicted flow
curve and the constant normalized flow line Q = 1 for pressures varying over a
certain range. More specifically, the following area calculation is used to quantify
the degree of autoregulation predicted by the model:
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Fig. 4 Normalized renal blood flow vs. renal arterial pressure. Model predicted values of
normalized flow in the afferent arteriole are plotted for arterial pressures in the range of 60–180
mmHg. Model results are compared with experimental data from rat studies: Square [30]; Triangle
[34]; Circle [35]; Diamond [43]; Cross [47].
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Fig. 5 (a) Afferent arteriolar blood flow vs. arterial pressure in the range of 60–180 mmHg with
various autoregulation response mechanisms activated: TGF only (black), myogenic response only
(red), or both TGF and myogenic (blue). (b) Depiction of method for quantifying degree of
autoregulation in pressure range of 80–120 mmHg. (c) Afferent arteriolar diameter vs. pressure
with various autoregulation mechanisms activated. (d) Activation of afferent arteriole vs. pressure
with various autoregulation mechanisms activated.

AAR =
∫ Pend

Pstart

∣

∣

∣

∣

QA(P)
QA(100)

− 1

∣

∣

∣

∣
dP. (4.1)

Here, the degree of autoregulation over a 40 mmHg pressure range is assessed, with
Pstart = 80 mmHg and Pend = 120 mmHg. These pressure choices are consistent
with autoregulation behavior that has been observed in experiments [18].

An example of this AAR calculation is depicted in Figure 5b, with the area of the
shaded region representing the magnitude of AAR. An area (AAR) of zero indicates
perfect autoregulation. For healthy patients with all autoregulation mechanisms
activated, the model predicts an area of AAR = 0.22, suggesting that nearly ideal
autoregulation in the kidney is achieved over a physiologically relevant pressure
range. If only the myogenic response is active, the model predicts AAR = 0.62,
and when only the TGF response is active, AAR = 2.89. Comparing these areas
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is important because it provides an indication of which mechanisms contribute
most significantly to renal autoregulation. Since not all experimental studies report
measurements of flow with pressure, the changes in afferent arteriolar diameter and
activation as pressure is varied are also depicted in panels c and d of Figure 5.
The TGF-induced constriction is shown to occur for a relatively small range of
pressures (∼ 80− 120 mmHg). The observed constriction (i.e., decrease in vessel
diameter and increase in activation) is consistent with the expected behavior of
the myogenic response and is the primary regulator that leads to autoregulation of
kidney blood flow.

Autoregulation of renal blood flow for diabetic patients. In the early stages of
diabetic nephropathy it has been observed that blood flow control and filtration
are compromised, as evidenced by an increased glomerular ultrafiltration coeffi-
cient, increased proximal tubule reabsorption, and impaired voltage-gated calcium
channels. The effect of an increased filtration coefficient is simulated in the model
with a 20% increase in β [3]. Proximal tubule reabsorption has been shown to
increase by approximately 5% [46], and thus α is reduced from 0.20 to 0.15,
corresponding to a reabsorption of SNGFR of 85% instead of 80%. The model
parameters that govern the level of smooth muscle contraction are reduced to
simulate the decreased ability of the afferent arteriole to constrict due to impaired
calcium channels [6]. Although experimental estimates for the percent reductions
of these parameters are not available, a 9% decrease in cmyo and 75% decrease in
c2 (giving cmyo = 0.145 and c2 = 0.45) yield the overall 60% increase in SNGFR
that is seen in experimental studies [45] at the normal operating pressure of 100
mmHg. The changes in renal blood flow under conditions of increased glomerular
filtration (β ), increased proximal tubule reabsorption (α), and impaired voltage-
gated calcium channels (cmyo and c2) are compared in Fig. 6.

5 Discussion

In this study, a mathematical model of renal hemodynamic control is developed
that accounts for two major autoregulatory mechanisms: the myogenic response,
which is activated by changes in blood pressure, and tubuloglomerular feedback,
which is activated by changes in macula densa luminal [Cl−]. Both autoregulation
mechanisms regulate the glomerular filtration rate by inducing vasoconstriction
or vasodilation of the afferent arteriole. The model predicts that the myogenic
response and TGF mechanism combine to maintain a relatively stable glomerular
filtration rate over a wide range of perfusion pressure. Simulation results indicate
that afferent arteriolar constriction due to TGF occurs only for a narrow range of
pressure values around the control state pressure. When perfusion pressure and
thus macula densa [Cl−] deviate significantly from their control state values, the
TGF signal is much less significant due to its sigmoidal response. Also, the model
predicts slightly more effective autoregulation than observed in experimental data
(see Figure 4), suggesting that the contribution of the myogenic response in the
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Fig. 6 Model predicted values of normalized flow for arterial pressures in the range of 60–180
mmHg under diabetic conditions. Conditions of increased glomerular filtration (β = 0.1), increased
reabsorption in the proximal tubule (α = 0.15), and impaired voltage-gated calcium channels
(decreased cmyo = 0.145 and c2 = 0.45) are simulated to show trends in the behavior of diabetic
patients.

model may be slightly too strong. Ultimately, by comparing the autoregulation
curve for all mechanisms present with the autoregulation curve when only the
myogenic response is present (Figure 5a), the model predicts that the inclusion of the
TGF mechanism extends the autoregulation range to lower pressures and achieves
slightly better autoregulation at very high pressures.

Model simulations were used to assess the extent to which functional impairment
of afferent arteriole voltage-gated calcium channels, observed in diabetic rats [6],
diminishes the vasoconstrictive response, thereby causing glomerular hyperfiltra-
tion. The model results suggest that, even in the absence of changes in proximal
tubule absorption and the glomerular ultrafiltration coefficient, impairment of the
voltage-gated calcium channels is sufficient to achieve a 60% increase in glomerular
filtration rate (see Figure 6). This increase in the glomerular filtration rate implies a
higher intravascular pressure, potentially causing injury to the glomerular capillary
bed. Thus, the filtration process of the kidney may become compromised in diabetic
patients.

The present model considers an afferent arteriole and a loop of Henle in isolation.
However, it should be noted that the TGF in each nephron does not operate
independently of other nephrons. Indeed, the TGF systems of nephrons whose
afferent arterioles arise from the same interlobular artery are known to be coupled
[14, 16], with the TGF signal propagating rapidly between the endothelial cells of
the afferent arterioles. It has been suggested that this coupling has the potential to
augment the contribution of TGF to autoregulation [9]. Given that the internephron
TGF-mediated vascular cross-talk is generally constructive, it can increase the gain
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of the TGF response. However, the sigmoidal shape of the TGF response would still
limit the contribution of TGF to the same narrow band of perfusion pressures.

The present model represents the thick ascending limb in detail, because tubular
fluid [Cl−] (the key signal for TGF) exhibits its largest change along the TAL. Other
components of the TGF loop are represented by means of simple, phenomenological
representations; in particular, the actions of the proximal tubule and descending limb
of a short-loop nephron are modeled by a linear function that represents glomerular-
tubular balance in the proximal tubule and water absorption from the descending
limb [27]. However, because water and NaCl transport along the proximal tubule
and descending limb impacts fluid flow rate and NaCl transport along the TAL, the
roles of those segments in TGF mediation and renal autoregulation are worthy of
further investigation.

Renal blood pressure is constantly perturbed by various events such as the heart
beat, breathing rate, or movement of the animal. After a transient perturbation
in pressure, the combined action of the myogenic response and TGF may return
nephron fluid flow to an approximation of a time-independent steady state, or
fluid flow may evolve into a limit-cycle oscillation [17]. To predict the asymptotic
behavior of the in vivo tubular fluid dynamics that occur in response to a pressure
perturbation, the model equations can be solved numerically given a specific com-
bination of model parameter values. However, to attain a thorough understanding
of the systemic dependence of model behavior on the parameter values that fall
within the physiologic range, many such computations would be required. The
computational costs are likely not feasible, inasmuch the model comprises a larger
number of parameters. As an alternative, a characteristic equation can be derived and
analyzed via a linearization of the model equations, which is the goal of a parallel
study [12].
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Injury-Initiated Clot Formation Under Flow:
A Mathematical Model with Warfarin
Treatment

Lisette dePillis, Erica J. Graham, Kaitlyn Hood, Yanping Ma,
Ami Radunskaya, and Julie Simons

Abstract The formation of a thrombus (commonly referred to as a blood clot)
can potentially pose a severe health risk to an individual, particularly when a
thrombus is large enough to impede blood flow. If an individual is considered to
be at risk for forming a thrombus, he/she may be prophylactically treated with
anticoagulant medication such as warfarin. When an individual is treated with
warfarin, a blood test that measures clotting times must be performed. The test
yields a number known as the International Normalized Ratio (INR). The INR test
must be performed on an individual on a regular basis (e.g., monthly) to ensure
that warfarin’s anticoagulation action is targeted appropriately. In this work, we
explore the conditions under which an injury-induced thrombus may form in vivo
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even when the in vitro test shows the appropriate level of anticoagulation action
by warfarin. We extend previous models to describe the in vitro clotting time
test, as well as thrombus formation in vivo with warfarin treatments. We present
numerical simulations that compare scenarios in which warfarin doses and flow
rates are modified within biological ranges. Our results indicate that traditional INR
measurements may not accurately reflect in vivo clotting times.

1 Introduction

In this work we present a mathematical model of injury-induced clot formation in a
blood vessel. The model accounts for flow and treatment with the anticoagulant
warfarin. The goal is to understand the effect of treatment over time. We also
model one of the more common coagulation tests for patients taking warfarin,
the International Normalized Ratio (INR) test, in order to compare the in vivo
coagulation process with results from clinical tests.

Under normal conditions in a blood vessel, a blood clot develops at the site of an
injury to the vessel wall in order to prevent loss of blood. Coagulation involves
the activation of proteins that are present in the blood. When an injury occurs,
a cascade of biochemical reactions is initiated, primarily through the exposure of
tissue factor on damaged tissue. A simplified description of the “waterfall” model
of coagulation is the following. The tissue factor binds with Factor VII, and this
complex, in turn, activates Factors IX and X. Activated Factor Xa forms a complex
with its cofactor, Factor Va, known as prothrombin activator, or prothrombinase.
Prothrombinase catalyzes the conversion of prothrombin (Factor II) to thrombin
(Factor IIa). Finally, thrombin acts as an enzyme to convert fibrinogen to fibrin,
which forms threads that bind together platelets, red blood cells, and proteins from
the plasma to form a clot [3]. Key players in this clot formation are the platelets,
which are small cell fragments that circulate in the blood and produce a number of
growth factors. When platelets are activated by thrombin, they become “sticky” and
begin to adhere to the subendothelium at the injured site or to each other, forming
a clump. Activated platelets also release enzymes that stabilize the fibrin mesh, and
provide a catalytic surface for two crucial complexes in the coagulation process,
prothrombinase (comprised of Factors Va and Xa) and tenase (comprised of Factors
VIIIa and IXa).

Ideally, a blood clot exists only long enough to stop bleeding while the injury is
healed. Clot lysis occurs when plasmin causes the degradation of fibrinogen and
fibrin threads. Normally, plasminogen is converted to plasmin as a result of the
production of fibrin, and the resulting negative feedback loop ensures that clots
dissolve when they are no longer needed. However, if this homeostatic process is
disturbed, blood clots may not dissolve, or can grow too large and occlude the vessel.

Since platelets can also be activated by unusual flow conditions caused by arterial
stenosis or mechanical devices, clots may form unnecessarily. Excessive clotting,
or thrombosis, can be dangerous, leading to strokes, heart attacks, or pulmonary
embolisms. If thrombosis occurs, anticoagulants might be prescribed in order to
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prevent or slow the formation of clots. The action of one of the more common
anticoagulants, warfarin, is included in this model. Warfarin prolongs the time it
takes to form a clot by inhibiting the vitamin K cycle, thereby decreasing the amount
of available vitamin K1. The vitamin K1 reduction decreases the synthesis of vitamin
K-dependent coagulation factors, such as prothrombin [4].

Mathematical models of the coagulation process fall into two main categories:
those that include flow, and compartment models that describe the kinetics of the
proteins and enzymes involved in clot formation and lysis. In the model presented
here, we use a hybrid of these two approaches. Our goal in this paper is to study the
effect of anticoagulant treatment under different flow conditions, and to compare in
vivo clotting times with the results of standard INR tests. Therefore, the model we
present here has three main components:

1. The Upstream Component: This component of the model accounts for con-
centrations of circulating, inactivated proteins in the blood. Without treatment,
these protein concentrations would be in equilibrium, as assumed in the models
described in [5, 6] and [13]. With warfarin treatment, however, the vitamin
K cycle is disrupted and the vitamin K-dependent circulating proteins can no
longer be considered in equilibrium. The equations used to model vitamin
K and warfarin are based upon equations from the PK-PD model in [16],
with additional equations to incorporate the non-equilibrium dynamics of the
upstream circulating proteins. The outputs of this upstream compartment are
inputs to the Reaction Zone component of the model.

2. The Reaction (Injury) Zone: This component models a short segment of
a blood vessel in which an injury can occur. The reactions modeled in this
component are based upon the model described in [5], with several additional
equations to incorporate fibrin production. These additional equations are a
hybrid of the models in [16] and [12]. Proteins that remain circulating in
the blood stream are allowed to flow out of this compartment (referred to as
“downstream”).

3. The INR Test: The third component of our model describes the reactions
involved in the INR test. Inputs to this component are the downstream concentra-
tions of circulating coagulation proteins from the Reaction Zone model, without
an injury present. This should be viewed as a blood sample collected from the in
vivo model of a patient. This blood sample is an input to a system of equations
that model the reactions involved in the clinical (in vitro) INR test. We note that,
unlike the in vivo Reaction Zone component, there is no flow in the INR model.

In summary, the Upstream Component serves as an input to the Reaction Zone
model. The Reaction Zone model is used to determine the long-term effect of
warfarin treatment in a patient. This is done in two ways: (1) in vivo clotting ability is
modeled by assessing the response to a simulated injury in the reaction zone (similar
to the approach of [5]) and (2) in a non-injury case, the downstream output from the
Reaction Zone model is used as an input to the INR Test model to determine in vitro
clotting ability. We then compare the results from the in vivo and in vitro models to
investigate the effects of blood flow and treatment upon clotting ability.
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A number of other models exist in the literature. Some of these use partial
differential equations to describe the flow through a vessel [14], while others,
such as the one described in [18], use a Potts model to describe the movement of
platelets and their adhesion to an injured vessel wall. We describe key features of our
coagulation model in Sect. 2, and discuss the implications of the model simulations
in Sect. 3 and Sect. 4.

2 Model Development

Following [13], we consider a small segment of blood vessel in which an injury to
the vessel wall might occur. This small segment is treated as one compartment,
called the reaction zone. Substances can flow into the reaction zone from an
“upstream” vessel compartment, and out to a “downstream” region (see Fig. 1). To
simulate an INR test, system variables are taken from the downstream compartment
and platelets are removed. The remaining concentrations of species in the blood
plasma are diluted and used as initial conditions for a model of INR-specific
reactions. The interactions of the anticoagulant warfarin with the vitamin K cycle
in the liver is modeled as another compartment, whose state variables affect the
concentrations in the upstream compartment. A key simplifying assumption is that
all populations are well-mixed in each compartment.

injured vessel wall

Reaction ZoneUpstream Downstream

Warfarin and Vitamin K

(Liver)

INR Test
(Fibrin)

Fig. 1 The main compartments of the model. Warfarin interacts with the vitamin K cycle
in a separate compartment, and the results affect concentrations of factors in the upstream
compartment. Platelets and chemicals that affect coagulation flow from the upstream compartment
into the reaction zone, where an injury can occur. In the reaction zone, platelets can be activated
by chemicals such as tissue factor that are exposed as a result of the injury. Activated platelets
and other factors can bind to the tissue wall, and a cascade of reactions results in clot formation.
Unbound platelets and other substances are carried out of the reaction zone by the blood flow.
Plasma is taken from the blood, filtered, diluted, and used in an INR test, which is a measure of
clotting time.
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Fig. 2 Diagram representing the biochemical pathways involved in the blood clotting model.
Species with red outlines can become membrane-bound. Species with “flag” shapes around have
flow incorporated in their dynamics as well. The dotted box denotes the vitamin K-related species
considered in a separate compartment. These variables have a downstream effect on clotting fibers
and platelet dynamics. Curves with arrows on both ends denote reversible reactions.

The full model simulates the in vivo scenario described, and consists of a
system of ordinary differential equations and several algebraic equations. The
reaction network is shown in Fig. 2, which also indicates types of interactions
(i.e., promotion, inhibition, etc.) between all of the components of the coagulation
cascade. The majority of the equations in the model are from [5], and we refer the
reader to that paper. The full set of equations used in our model is given in the
Supplemental Material. In the following sections, we outline some key features of
the model, including new components we have added that allow us to incorporate
the effect of treatment and to model the INR test.

2.1 Modeling Flow

We follow [13] in assuming that the vessel segment is a cylinder, and the blood
flow is modeled as a laminar flow of an incompressible fluid. Some molecules
flowing through the reaction zone can adhere to the vessel wall, creating a chemical
boundary layer. Chemicals in this boundary layer can participate in reactions that
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promote or inhibit clot formation. The height of the chemical boundary layer is
calculated at each time step in the model simulation as the distance from the vessel
wall at which advective flow is exactly balanced by diffusion to the wall. Bound
chemicals can react inside this layer, while unbound chemicals react in the flowing
blood.

As the clot forms, platelets become activated and can adhere to the vessel wall.
This increases the height of the boundary layer, which in turn decreases the flow rate
through the reaction zone. We note here that, as in [6, 13], we assume that the clot is
small, so that the vessel is never occluded. For more details on the assumptions here
and the derivation of the model flow rates, see the Supplemental Material, Sect. 1.1.

2.2 State Variables and Notation

The model consists of interactions between 91 state variables, divided into three
main groups. A graphical representation of the model structure is depicted in Fig. 2.
The full set of differential equations is given in the Supplemental Material, Sect. 1.2.

The formation of a clot depends on the activation of platelets and on the
production of fibrin and plasmin. The model includes three variables to represent
concentrations of platelets that are inactive and free to move (PL), active and bound
to the subendothelium (PLs

a), or active and bound to other platelets (PLv
a). The node

in Fig. 2 represents all the three possible platelet states. Unbound platelets are free
to flow through the reaction zone, whereas activated platelets are either bound to
the subendothelium or each other. Platelet flow is indicated by the curved outline
(“flag”) surrounding the PL node.

In order to model clotting tests and fibrinolysis, we also include concentrations of
fibrin (F), plasmin (P), and their precursors fibrinogen (Fg) and plasminogen (Pg).
These variables are shown in the lower right section of the interaction network in
Fig. 2. Another group of ten state variables is used to describe interactions between
vitamin K and clotting factors. These reactions are considered to happen “upstream”
(the dotted rectangle in the interaction network), and can also include the effect
of warfarin treatment. This component of the model is described more fully in
Sect. 2.4.

The largest group of state variables describe clotting factors and complexes that
interact in the reaction zone, and they make up the rest of the network shown in
Fig. 2. An inactive clotting factor i (zymogen) is denoted by Zi, while the active
factor (enzyme) is denoted by Ei. So, for example, Z5 denotes clotting Factor V
(inactive) while E5 represents Factor Va (the active form of Factor V). Many of
the coagulation proteins bind to each other, to platelets or to endothelial cells on
the vessel wall. Each complex or bound state is represented by a state variable
in the model but, for readability, bound and unbound states of a given protein
are shown as one node in the interaction network. Interactions in the vitamin K
compartment affect concentrations in the reaction zone through clotting factors that
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flow from one zone to the other. Those factors that flow into the reaction zone are
represented in the network by flag nodes.

When an injury occurs, tissue factor is exposed along the subendothelium. In
the model, tissue factor (TF) is a variable whose initial value can be used to
trigger the clotting cascade. “Injury free” simulations can also be performed by
setting TF(0) = 0. The model includes two inhibitors that can flow through the
reaction zone: tissue factor pathway inhibitor (TFPI) and activated protein C (APC).
Some complexes are given special names for clarity. These are: platelet-bound
tenase (TEN = VIIIa:IXa) and prothrombinase (PRO = Va:Xa). Another important
node in the network is thrombomodulin (TM), a key player in the anticoagulant
pathway due to its role in activating protein C.

In the model equations, chemicals and platelets are represented as concentrations,
denoted by lowercase letters or brackets, e.g., [Z8] = z8. Chemicals bound to
platelets are denoted by a superscript, m. To illustrate the model framework, we
give here one set of equations describing the Factor VIII reactions:

d
dt

z8 =−kon
8 z8pavail

8 + koff
8 zm

8
︸ ︷︷ ︸

binding to platelets

−k+z8:e2
z8e2 + k−z8:e2

[Z8 : E2]
︸ ︷︷ ︸

formation of complex with thrombin

(1)

+kflow(z
up
8 − z8).

︸ ︷︷ ︸

flow in and flow out of reaction zone

Equation (1) describes the change in concentration of unactivated Factor VIII (z8).
Most of the reactions follow mass-action kinetics, with rate constants denoted by
the letter k, descriptively decorated with subscripts or superscripts. The inactivated
Factor VIII can 1) bind or unbind from platelets; 2) bind or unbind to thrombin
(E2); 3) flow in or out of the reaction zone. As in [5], we denote by pavail

8 the
concentration of available binding sites for Factor VIII. This gives the first two terms
in Equation (1) and can be described by the following reaction scheme:

z8 + pavail
8

kon
8−−⇀↽−−

koff
8

zm
8 .

The next two terms in the differential equation describe the formation of the
complex with thrombin, a step in the activation of Factor VIII:

z8 + e2

k+z8:e2−−−⇀↽−−−
k−z8:e2

[Z8:E2].

The fifth term in the equation gives the rate of change of Factor VIII due to the flow.
Here, zup

8 denotes the upstream concentration, and kflow is the current rate of flow in
the reaction zone, which depends on the size of the platelet layer.
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2.3 Platelet Dynamics

We include platelet dynamics using the model proposed in [13]. To model baseline
warfarin effects in the absence of injury to the vessel wall, we require that platelets
remain unactivated. In the modeling framework of [13], this requires that we set
all changes in platelet concentrations to zero when there is no injury. Because all
platelets are initially unactivated, they remain unactivated if changes in concentra-
tions are set to zero. Once an injury is initiated, circulating platelets can become
activated, which is an irreversible process. Activated platelets are either bound to
the subendothelial injured region or to each other. These activation and binding
processes are accomplished by allowing the unactivated platelet concentrations to
change over time in response to the thrombin levels, using the same model described
in [13] for platelet dynamics.

Because we are concerned mostly with clot initiation, instead of full occlusion of
blood vessels, our model is consistent with that of [13]: platelet layers accumulate in
the rectangular clot region of width W and length L, up to a maximum height of 10
layers (approximately 20 μm). The profile of the clot is assumed to satisfy a cubic
equation, dictated by the laws governing the laminar flow of an incompressible fluid.
This is depicted in Fig. 7. See the Supplemental Material for details.

2.4 Vitamin K

Since warfarin targets the vitamin K cycle, we include vitamin K (VK), vitamin
K hydroquinone (VKH2), and vitamin K epoxide (VKO) dynamics in our model.
The cycle itself is modeled in the same manner as in [16] and is assumed to occur
upstream of the injury region. As in [16], the warfarin effect is modeled as an
inhibition of the conversion of VKO to VK and from VK to VKH2. We also include
an endogenous production rate of vitamin K.

Vitamin K hydroquinone is required for the formation of clotting Factors II,
VII, IX, and X, and also has an effect upon protein C [7]. Without sufficient
VKH2, these proteins are biologically inert and therefore unable to participate in the
clotting cascade. It is known that warfarin targets the vitamin K cycle, preventing
the recycling of VKO to VKH2. This would result in a decrease in the biologically
active forms of Factors II, VII, IX, and X and APC. For further details, see [7].

In order to add these effects into our model, we use an approach similar to [5],
incorporating flow with a variety of upstream concentrations that diffuse into and
out of the injured region. These upstream concentrations are denoted by zup

i where
i denotes the factor number of interest (see the Supplemental Material for details).
The model in [16], which does not have flow built into it, defines the production
rates of the major vitamin K-dependent clotting factors—namely II, VII, IX, and
X—in terms of VKH2. Since production of these factors occurs in the liver, we add
separate differential equations for each of the upstream concentrations (zup

2 , zup
7 , zup

9 ,
and zup

10) and specify linear VKH2-dependent production terms for each of these, as
in [16]. These upstream concentrations allow us to connect the flow-based model to
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the warfarin and vitamin K subsystem dynamics modeled by [16]. The remaining
reactions involving Factors II, VII, IX, and X are assumed to occur in the reaction
(injury) zone in response to tissue factor.

Following [5], we do not explicitly model the VKH2-dependent unactivated
protein C (PC). Instead, an equilibrium PC concentration is incorporated into the
reaction rates leading to PC activation (APC) via the thrombin-thrombomodulin
complex (TM : Eec

2 ). We scale these reaction rates by the VKH2 concentration
normalized by its initial value to account for the necessary warfarin effects (see
Supplemental Material for details). APC can only be formed through activation of
PC via the TM complex, as modeled in [16].

In order for clot initiation to occur, a nonzero concentration of Factor VIIa is
necessary. The model in [5] includes an upstream term for Factor VIIa, under the
assumption that a small fraction of Factor VII is activated under steady-state con-
ditions. We therefore adjust the upstream concentration of Factor VIIa by assuming
that it is always 1% of the Factor VII upstream concentration (zup

7 ). Because Factor
VII is produced by VKH2, this definition of an upstream concentration for Factor
VIIa implicitly incorporates warfarin dependence of Factor VIIa.

2.5 Fibrinolysis

We extend the model in [5] to include fibrinolysis, in a fashion similar to the
model proposed in [16], but with several modifications. Following [12], we use
the experimentally derived kinetic parameters for thrombin-induced fibrinogen
conversion to fibrin. This results in a fibrin production term that is rate-limited with
a saturation in fibrinogen. This is in contrast to the model used in [16], where fibrin
production from fibrinogen is modeled by a reaction equation that saturates with
Factor IIa instead.

We limit additional complexity in the model by simplifying the dynamics for
Factors XIII and protein S, which are modeled explicitly in [16]. Fibrin cross-linking
via Factor XIII, for example, is incorporated by assuming that the dynamics for
Factor XIII are slow compared to the rate of fibrin production, based on parameter
values from the model in [16]. Thus, we use a constant Factor XIII concentration to
calculate a constant fibrin degradation rate. Next, to incorporate the effects of VKH2-
dependent protein S activity on the conversion of plasminogen to plasmin without
the addition of a protein S variable, we make a quasi-steady-state assumption on the
variables [PS] and [APC : PS] in the model of [16]. The result is an expression for
plasmin production that is dependent upon both APC and VKH2, which appears as
a term representing the conversion of plasminogen (Pg) into plasmin (P):

d[P]
dt

=
v23[APC][VKH2][Pg]

k23a([APC]+ c37a)+ [VKH2][APC]
+ other reaction terms.

The full equations and parameters used can be found in the Supplemental Material,
Sect. 1.
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2.6 In Vitro Blood Coagulation Test (INR) Model

In clinical settings, clotting ability is often assessed using what is known as the
prothrombin time (PT) test. The test is also referred to as the INR test, as results
are typically reported using the International Normalized Ratio (INR) [10]. These
in vitro INR tests assess clotting times by adding thromboplastin reagent as well as
tissue factor and phospholipid to citrated blood plasma, and monitoring the solution
until fibrin strands appear. The amount of time until fibrin strands are visible is
defined to be the PT. For further details on the experimental assay itself, see [11].

Because the INR test is a standard clinical assessment tool, we develop a
mathematical model for the INR test that takes into account in vitro coagulation
events. This model is a reduction of the full in vivo model and incorporates several
changes that account for differences between the in vitro INR assay and the in vivo
setting. The INR model is based on the clotting pathway in Fig. 3, which is a reduced
version of the full clotting cascade depicted in Fig. 2. The INR model is a system of
48 ordinary differential equations and several algebraic equations. For a full list of
the INR equations and model parameters, see the Supplemental Material, Sect. 2.

Clinically, a blood sample used for an INR test is platelet-poor. Therefore,
any clotting components that are bound to platelets would be minimally present.
However, the solution used in the INR test contains phospholipids that serve as an in
vitro replacement for platelet binding sites. This is important because our full in vivo
clotting model relies upon the action of several quantities which are platelet-bound.

Z11E11

Z8

E8E9Z9

Z10

E10

TEN

Z5

E5PRO

Z2 E2

Z7E7TFPI

TF

Pg

Fg F

P

APC

TFPI : E10

Reaction/formation
Activation (enzymatic)
Promotion
Degradation
Reversible complex
formation (complex
not shown)

Fig. 3 Diagram representing the biochemical pathways involved in the INR clotting model. See
the Supplemental Material, Sect. 2 for more details.
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Fig. 4 Calculation of prothrombin times. Using the fibrin concentration curve, a clot time is set to
the time when the area under the curve (AUC) reaches a value of 1500 nM·sec.

Hence, we make several adjustments to the model to allow platelet-bound quantities
to be present in the system, without explicitly modeling the phospholipids used in
the INR test.

Many of the reaction parameters in this reduced model are the same as those in
the full in vivo model, with certain adjustments made to account for the relative
abundance of phospholipids. See the Sect. 2.3 in the Supplemental Material for
full details. To simulate the INR test, the initial concentrations of all variables are
obtained from the output of a simulation of the full in vivo model (with or without
warfarin treatment). As in [16], non-platelet bound concentrations are multiplied by
a factor of 1/3 to emulate the standard dilution of the plasma with thromboplastin
reagent, tissue factor and phospholipid in the clinical test [9]. Any platelet-bound
quantities are initialized to zero since these are assumed to be removed from
the sample. We also set the initial tissue factor concentration to be 300 nM,
following [16].

We define PT in the model using a threshold criterion for the area under the
fibrin concentration curve (referred to as fibrin AUC). We set this threshold to 1,500
nM·sec, as depicted in Fig. 4. This is the same threshold value used in [16]. In a
healthy patient, a normal clinical prothrombin time is around 10 to 15 seconds,
which we denote as PTstandard [1]. The INR value for a particular patient is defined
as a normalized ratio:

INR =

(

PTpatient

PTstandard

)n

where n, usually a value between 1 and 2, is known as the International Sensitivity
Index. For our purposes, we set n= 1. We note this definition implies that INR = 1 is
considered normal and INR > 1 is expected for a patient undergoing anticoagulant
therapy. For patients with histories of clotting, a typical target INR is 2.5, with an
allowable range of between 2 and 3.5 [2].
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3 Results

The system of ODEs was solved numerically using pre-built solvers in either Fortran
90 (running DLSODE) or Matlab (running ode23s). The full list of equations,
initial values, and parameters can be found in the Supplemental Material. Baseline
scenarios were first run in which we simulated an “uninjured” (i.e., no initial tissue
factor) in vivo system receiving daily warfarin doses. Warfarin was administered
over a 20-day period in doses of 2.5, 5, 7.5, 10, 15, or 20 mg/day. This baseline
simulation generated a “pre-injury warfarin treatment profile,” and yielded blood
species concentrations as they changed over the 20 days.

The anticoagulation effect of warfarin was then evaluated by initiating the
coagulation cascade (i.e., “injuring” the system) on one of the 20 simulated
treatment days and observing resulting coagulation times. For example, in an in
vivo scenario, if we wish to simulate a virtual patient experiencing an injury 10
days after starting to take warfarin, we use the pre-injury warfarin treatment profile
concentrations from day 10 as initial conditions, and represent the appearance of an
injury by setting the tissue factor concentration to an appropriate nonzero value. The
process is the same for the INR simulation in that the pre-injury warfarin profile is
used as the initial state for the simulation. The difference is that the INR scenario
represents the coagulation of a virtual patient’s blood sample in vitro, so the INR
coagulation cascade is initiated with a concentration of tissue factor that reflects the
laboratory INR test. In the following sections, we present the results for the in vitro
(INR) model, the in vivo model, and compare the two models.

3.1 In vitro (INR) Results

For a plasma sample from a healthy person, the simulated PT (defined to be
PTstandard) is 10.3194 seconds, which is within the range of normal clot times
for untreated blood [1]. Fig. 5 shows the simulated INR values for different
warfarin doses in an otherwise healthy patient over a treatment period of 20 days.
Interestingly, these in vitro results are qualitatively similar to the results produced by
the INR model in [16]. Moreover, our simulated INR values are within appropriate
clinical ranges.

As expected, the INR values increase monotonically with increasing warfarin
doses (warfarin treatment should increase clotting times and therefore increase INR
values). Because warfarin dosing is done on a daily basis, and warfarin clearance
is modeled as a first order process, the effect of warfarin within any given day will
change. This daily dosing strategy (instead of a continuous dose model) results in the
quasi-oscillatory behavior of each curve with a period of one day. The INR values
reach a steady oscillatory state over time, and for higher doses of warfarin it takes
longer to reach this periodic steady state. Fig. 5 shows that for a 2.5 mg daily dose
of warfarin, the INR will reach approximately 1.75 within 10 days. For a warfarin
dose of 20 mg per day, the INR value does not approach a steady state until nearly
one month into treatment.
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Fig. 5 Simulated time courses of the international normalized ratio (INR) after warfarin therapy
(from bottom to top: 2.5, 5, 7.5, 10, 15, and 20 mg once daily).

3.2 In Vivo Fibrin Response

In Fig. 6, we use the in vivo system to determine fibrin responses after an injury
for daily doses of warfarin at 2.5, 5, 10, and 20 mg, over several weeks of warfarin
treatment. It is clear that both the warfarin dose itself and the length of treatment
before an injury occurs are significant in determining the fibrin response. As fibrin
is a precursor to clot formation, this demonstrates the effectiveness of warfarin in
suppressing fibrin production to prevent coagulation.

Fig. 7 depicts clot formation in two extreme cases: one where there is no warfarin
treatment and the other after 18.5 days of 20 mg/day warfarin treatments. This
shows both the diminished fibrin response (denoted by the darkness of shading in
the figures) and the decrease in activated platelets resulting from warfarin treatment.

Collectively, the fibrin response time and concentration are important in coagu-
lation. However, we focus on the overall concentration of fibrin because thrombin
mediates the fibrin response. In addition, the thrombin concentration generated after
an injury affects the fibrin clot structure, which in turn affects how the clot is
broken down [17]. Thus, when warfarin drastically inhibits thrombin production
(see Fig. 6, 20 mg/day dose, day 18.5), low levels of fibrin are produced, which are
quickly removed through fibrinolysis. Because we do not explicitly model fibrin
clot structure, we consider excessively long fibrin response times to be in the same
category as insufficient fibrin concentrations.
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Fig. 7 Visualization of in vivo injury responses. An injury is initiated at time t = 0 (left panels),
with an injury along the blood vessel wall, represented by the x-axis. The injury site is from x = 0
to 10 μm. The exposed tissue factor concentration is represented in light gray along the injury
site, and fades to black as it decreases. As time proceeds, activated platelets (represented by black
circles) adhere to the subendothelium and other platelets at the injury site. Platelets are roughly 2
μm in diameter (and scaled in this visualization accordingly). While this is a compartment model,
we visualize clot formation in this manner because the flow model in [13] assumes flow in the
vessel is parabolic and the platelet deposition would be greater at the leading edge (please see the
Supplemental Material, Sect. 1.1). Fibrin concentration is represented on a log scale by the gray
shading of the circles. We note that plot (a) shows clot formation when there is no warfarin present,
and a thrombus grows. Plot (b) shows the inhibitory effect of warfarin on clot formation, with far
fewer platelets being activated and a lower fibrin production response.
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3.3 In Vivo Clot Times

The models in [5, 6, 13] use thrombin as a marker for coagulation. Thrombin
initiates fibrin formation from its precursor, fibrinogen. Because fibrin is the marker
for clotting activity in clinical tests and our in vitro model, we use fibrin, instead of
thrombin, to determine clotting times in the in vivo model. We calculate in vivo clot
times by recording the time at which the fibrin AUC reaches a threshold of 30,000
nM·min. In the absence of empirical data, we choose this threshold value because
it reflected the same steep rise in fibrin levels as the threshold values for the INR
test. Clot times are not sensitive to the threshold choice, and these times are used as
a method to compare clotting ability across different treatment and flow scenarios,
as opposed to quantifying true clot times of a patient. If the fibrin AUC threshold is
not reached within 60 minutes, we interpret this to mean that no clot has formed.

We define the reference scenario to have the following properties:

1. no warfarin;
2. blood flows with a midstream velocity of 2.5 cm/s;

We compute different clot times that result from varying the warfarin dose and flow
rate. Fig. 8 shows computed clot times from simulations with warfarin treatments
ranging from 2.5 to 20 mg/day after 18.5 days of treatment. The no-treatment
clot time is 7.2 minutes, which is shown in Fig. 8(a). This will be used as a
baseline against which to compare the effectiveness of warfarin dosing. Fig. 8(d)
demonstrates that at the highest warfarin dose (20 mg/day), no clotting occurs within
60 minutes.

In the next set of results, we divide each computed clot time by the no-treatment,
normal reference time of 7.2 minutes (see Fig. 8(a)) to yield in vivo normalized
ratios, denoted NRvivo. NRvivo is thus the in vivo equivalent of the in vitro INR. In
other words, NRvivo describes the relative increase in clot time of a treated individual
as compared to an untreated individual. For example, NRvivo = 3 corresponds to a
clot time of 21.6 minutes.

In order to quantify the effect of blood flow on clotting times, we also define a
“standard” normalized ratio, NRstandard

vivo . NRstandard
vivo is a normalized ratio associated

with a given warfarin dose and treatment day under normal blood flow (2.5 cm/s).
NRstandard

vivo is therefore a computed response to warfarin treatment in an otherwise
normal individual. To determine how reduced flow affects model results, we then
compare computed NRstandard

vivo values to their corresponding NRvivo values, i.e., those
with the same warfarin dose and treatment times, but possibly different velocities.

3.3.1 Effect of Reduced Blood Flow

Defects in arteries and veins resulting in blood flow stasis or low flow rates
can encourage thrombogenesis [15]. To examine model behavior under conditions
of flow inhibition, we compute normalized ratios for a range of velocities and



90 L. dePillis et al.

0 20 40 60
0

0.2

0.4

0.6

0.8

1

Time (min)

N
or

m
al

iz
ed

 C
on

ce
nt

ra
tio

n Platelet layer height
Fibrin
Clot Time

0 20 40 60
0

0.2

0.4

0.6

0.8

1

Time (min)

N
or

m
al

iz
ed

 C
on

ce
nt

ra
tio

n

0 20 40 60
0

0.2

0.4

0.6

0.8

1

Time (min)

N
or

m
al

iz
ed

 C
on

ce
nt

ra
tio

n

0 20 40 60
0

0.2

0.4

0.6

0.8

1

Time (min)

N
or

m
al

iz
ed

 C
on

ce
nt

ra
tio

n

0 20 40 60
0

2

4

Time (min)

F
ib

rin
 (

nM
)

a b

c d

Without treatment, clot time ≈ 7.2 min. 5 mg/day, clot time ≈ 12.9 min.

10 mg/day, clot time ≈ 21.5 min. 20 mg/day, no clotting occurs.

Fig. 8 Example of clot times for the in vivo model, calculated using the fibrin AUC as described in
Sect. 3.3. The clot times are calculated for various treatment regimes after 18.5 days of treatment
(which is near steady state for treatment effects on the coagulation model). Concentrations are
normalized by dividing by 4.1 μM (for fibrin) and 15 μm (for platelet layer height) in order to plot
quantities on the same axes. Clot times (denoted by dashed lines) steadily increase with warfarin
dose levels. With a 20 mg/day dose, we do not observe clotting within 60 minutes (lower right)
due to low fibrin concentrations (inset).

warfarin doses (see Fig. 9). Slower blood flow generally results in shorter clot times.
As warfarin approaches a steady-state concentration, the range of NRvivo values
obtained expands. These effects are more dramatic when daily doses increase from
2.5 mg to 15 mg. Note that the NRvivo ratios prior to day 0, which are the same on
each graph in Fig. 9, show the effect of flow on clotting time when no warfarin
treatment is given. We consider the effect of reduced blood flow only up to 15
mg/day doses of warfarin, which is the highest warfarin dose we considered that
gave in vivo clot times within an hour.
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3.3.2 Flow and Treatment Effectiveness

To determine how changes in blood flow affect the anticoagulant abilities of
warfarin, we simulate clotting for velocities between 0.001 and 2.5 cm/s. A subset
of these results appears in Fig. 10 (labeled as “simulation”). NRstandard

vivo is the target
response of warfarin treatment under normal flow conditions (2.5 cm/s) for any dose
and any injury time. We compare the effects of reduced blood flow on the NRvivo

values with the NRstandard
vivo values.

The data in Fig. 10 suggests that given a velocity v and NRstandard
vivo , we can predict

an individual’s response to warfarin. Using the in vivo model output, we propose
that the relationship between NRvivo and NRstandard

vivo can be described by the two-
parameter model

NRvivo = A(v) ·NRstandard
vivo

B(v)
, (2)
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Fig. 10 Response to warfarin treatment. NRstandard
vivo is the response under normal flow (2.5 cm/s).

Each panel includes simulated NRvivo (∗) for the indicated flow velocity, 2.5-15 mg daily warfarin
doses, and injuries occurring between -0.5 and 18.5 after warfarin treatment initiation. Where
applicable, panels also include nonlinear regression fits for the models in Equations (2) and (3).
The two fits are nearly indistinguishable.

for v≤ 2.5 cm/s with velocity-dependent constants A(v) and B(v). Because NRvivo =
NRstandard

vivo at v = 2.5, we explicitly set A(2.5) = B(2.5) = 1. We use weighted
nonlinear least squares to generate estimates for A(v) and B(v) for all other values
of v. Weights are assigned according to the quartiles of NRvivo for each v. We include
these to balance the density of points near low NRvivo values, which is higher due to
a greater sampling frequency to assess NR clotting values early on in treatment (see
Fig. 9).

Based on model simulation results, we assume that the relationship between flow
rate and clotting time is independent of warfarin dose. This allows us to estimate
the parameters of Equation (2) using a total of 40 data points for each value of v.
Fitted parameters and the resulting curves appear in Table 1 and Fig. 10 (labeled as
“fit 1”), respectively. The range of values in which this model is valid is limited. The
parameters A(v) and B(v) both decrease for 0.001 ≤ v ≤ 0.01, yet increase for v ≥
0.05. This suggests that we should expect NRvivo to move farther from the standard
response as velocity is increased from extremely low rates, but approach NRstandard

vivo
as velocity is further increased toward the normal rate. We find that the source of
these rather contradictory results is inadequate platelet activation and recruitment at
low velocities (results not shown). Model limitations at low flow rates are discussed
further in Sect. 4.
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Table 1 Velocity-dependent parameter esti-
mates for Equation (2). Results given as
mean ± standard error (SE).

v A(v)±SE B(v)±SE

0.001 0.9398±0.0192 0.5721±0.0189

0.005 0.7627±0.0139 0.4909±0.0175

0.01 0.7286±0.0118 0.4782±0.0156

0.05 0.7244±0.0086 0.5132±0.0113

0.1 0.7488±0.0078 0.5492±0.0098

0.5 0.8479±0.0059 0.6939±0.0061

1.0 0.9101±0.0053 0.7935±0.0049

1.25 0.9329±0.0050 0.8325±0.0044

1.5 0.9519±0.0044 0.8684±0.0038

1.75 0.9678±0.0038 0.9022±0.0032

2.0 0.9811±0.0028 0.9349±0.0023

2.25 0.9916±0.0016 0.9674±0.0012

2.5† 1.0 1.0

† Parameters specified directly for v = 2.5

Our initial regression model (2) requires that we know the parameters associated
with each individual blood flow rate. We aim to reduce this complexity by describing
the parameters A(v) and B(v) in Equation (2) as explicit functions of the flow rate, v:

NRvivo =

(

a1 +
a2v

a3 + v

)

NRstandard
vivo

(

b1+
b2v

b3+v

)

(3)

As a result of the observation above on low flow rates, we restrict v to the interval
[0.01,2.5] cm/s.

Results of this model appear in Table 2 and Fig. 10 (labeled as “fit 2”). With
Equation (3), we can fully describe NRvivo in terms of NRstandard

vivo for any v < 2.5
using six parameters. The resulting composite model gives good agreement with
the output of our in vivo model data, as shown in Fig. 10. Thus, we can use a simple
model to predict an individual’s in vivo response to warfarin under various flow
conditions provided we know NRstandard

vivo .
To illustrate the relative response to warfarin predicted by the composite

regression model, we calculate NRvivo/NRstandard
vivo using Equation (3) for various

flow rates and values of NRstandard
vivo (see Fig. 11). Minimal reductions in the warfarin

response occur when either the blood flow rate is near normal (2.5 cm/s) or when
slightly slower flow rates are coupled with a low NRstandard

vivo . In contrast, the model
predicts significantly impaired warfarin responses when NRstandard

vivo approaches 6.
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Table 2 Nonlinear regression
estimates for Equation (3).
Results given as mean ±
standard error (SE).

Parameter Estimate ± SE

a1 0.7083±0.0026

a2 0.4063±0.0064

a3 0.9899±0.0536

b1 0.5030±0.0090

b2 0.8785±0.0606

b3 2.0283±0.3062
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Fig. 11 Predicted relative warfarin response due to changes in velocity, based on the composite
regression model. A value of 1.0 corresponds to 100% of the standard response.

3.4 Comparison of Full Model to INR Model

The major distinction between our construction of the in vivo and in vitro INR
models is the consideration of blood flow. Whereas in the in vivo model, we can
vary flow rates, in the INR model there is no flow at all. However, some similarities
in model results may validate the consistency of the two models. For instance, in
the INR model, Fig. 5 shows that warfarin levels at day 20 with a 10 mg daily dose
are approximately the same as those at day 7 with a 20 mg dose. There is a similar
relationship in the in vivo results shown in Fig. 6, where the day 18.5 curve in the
third panel is similar to the day 9.5 curve in the fourth (rightmost) panel.

In Fig. 12, we compare the relative output of both models in the form of the in
vivo NRvivo and the in vitro INR. With standard blood flow (2.5 cm/s), the NRvivo

and the INR are similar when the INR is small. This corresponds to either a low dose
of warfarin or low warfarin concentrations at the early state of treatment. However, if
warfarin is present at high levels, the INR underestimates clotting time relative to the
NRvivo. In contrast, with decreased flow rates, the INR overestimates clotting times.
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Thus, clinical assessment of warfarin effectiveness is less accurate under reduced
flow conditions and may lead to insufficient warfarin treatment.

4 Discussion

The in vivo model provides a framework for exploring the effects of reduced
flow on warfarin effectiveness. By computing the standard and velocity-dependent
normalized ratios, we can use our model to compare responses in normal individuals
and those with in vitro increased susceptibility to clotting. We find that slower
flow reduces the effectiveness of warfarin, as measured by shorter clot times. To
interpret these results, we develop a model that predicts the response to warfarin
under generalized flow conditions. This model uses six parameters to describe the
behavior for a range of velocities and only requires knowledge of the standard
response in an average individual. Given that the current model reflects changes
due to flow reductions, further studies are necessary to determine model behavior
under increased blood flow.

For extremely slow blood flow, the model does not perform as expected. Shorter
clotting times are obtained as flow increases from nearly 0.0 to 0.01 cm/s, and the
trend reverses as flow increases toward the normal rate. Further inspection (results
not shown) identifies insufficient platelet activation due to reduced platelet flow
to the injured region as the cause of the shorter clotting times at very low flow.
Physiologically, however, flow stasis is known to increase clot formation in a vessel
[15]. Thus, in order to accurately capture dynamics under very low flow conditions,
the model may need to be extended to account for localized flow stasis in the
reaction zone, which may not necessarily occur upstream.

Our results suggest that traditional INR measurements might not accurately
reflect in vivo clotting times. The standard prothrombin time test used to calculate an
individual’s INR does not incorporate blood flow. As a result, the estimates obtained
with such a test cannot definitively reflect a patient’s coagulability in the target
region. For an individual treated with warfarin, the INR may reflect the average
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effect of warfarin in the body, but not necessarily the effect in velocity-driven,
hypercoagulable areas. Our model, in contrast, can assess the relative difference
between in vivo behavior and in vitro monitoring. If we are able to understand
NRstandard

vivo as a function of INR, then we would have an expression for estimated
in vivo clotting times in terms of INR.

5 Future Work

The model presented in this paper describes clot initiation in a very small segment
of a blood vessel. Flow through the vessel was modeled based on the assumption
that the size of the clot was small relative to the vessel diameter. Thus, the
current model cannot describe a clot that occludes the vessel. Furthermore, the
segment of vasculature in which the clot develops is modeled as one well-mixed
compartment. In reality, the upstream and downstream ends of a clot are quite
different histologically. In order to model clots that are clinically relevant, the single
compartment model would need to be extended to include the heterogeneity in
the clot.

One of our long-term goals is to model the formation of clots in the veins, in
order to better understand deep vein thrombosis (DVT), post-thrombotic syndrome,
and the formation of pulmonary embolisms. The model we present here describes an
arterial thrombus. A useful model for studying DVT must consider the rheological
differences between venous thrombi, which contain a large fraction of red blood
cells, and arterial thrombi, which are made up of layers of platelets, with few
erythrocytes. Thrombosis is also affected by the geometry and plasticity of the
vessel walls and the mechanics of the flow. These details would need to be
considered in a useful mathematical model of DVT.

In the model we present here, clotting is initiated by tissue factor, assumed to
be exposed at the site of an injury. The coagulation cascade can also be triggered
by other events, such as obstructions in the vessel wall, kinks in the vessel, or
an immune response to foreign implants such as stents. We plan to extend the
model to include the effect of the immune response. A more detailed model of
the vessel geometry and its effect on flow would allow the investigation of the
effects of surgical implants, and might allow the model to be used to suggest suitable
anticoagulation treatment scenarios post-surgery.

We have not implemented more realistic warfarin treatment scenarios where
doses are altered based on INR results, but this model is amenable to inputting a
treatment protocol with INR feedback, mimicking current treatment practices. We
plan on considering this in the future. Moreover, we have not considered the effect
of diet and other vitamin-K cycle-related concerns that patients encounter, but this
could be considered. Moreover, our model is not capable of taking into account
the long-term fate of a clot. Thus, some mechanisms including immunological or
mechanistic factors would be required. We have focused on low flow problems (due
to concerns about patients with upstream clots reducing flow, etc.) but it would be
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interesting to address high flow dynamics as well, particularly considering the strong
clotting dependence on flow rates in our results.

Beyond varying warfarin treatment and flow velocities, the remaining parameters
in our model have been chosen to reflect the coagulation cascade for a healthy
patient using experimentally derived reaction constants. These parameters are inputs
into the model and could be changed to reflect patient-specific scenarios, including
clotting disorders such as hemophilia or genetic variations. Some of these effects
have been considered in previous models (for instance, see [6, 13, 16]). Moreover,
this model is amenable to incorporating other anticoagulant therapies that target
different components of the coagulation cascade depicted in Fig. 2. These alternative
therapies include heparin and more recently released therapies targeting Factor Xa
or thrombin [8]. These more recent drugs have been designed so that consistent
monitoring via tests such as the INR is not required and there are fewer concerns
about diet and drug interactions. Incorporating the action of these drugs in the in vivo
model would help us understand their anticoagulant capabilities, and investigate
their effectiveness alongside warfarin treatment and in patient-specific scenarios.
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Abstract We investigate the clustering dynamics of a network of inhibitory
interneurons, where each neuron is connected to some set of its neighbors. We use
phase model analysis to study the existence and stability of cluster solutions.
In particular, we describe cluster solutions which exist for any type of oscillator,
coupling and connectivity. We derive conditions for the stability of these solutions in
the case where each neuron is coupled to its two nearest neighbors on each side. We
apply our analysis to show that changing the connection weights in the network can
change the stability of solutions in the inhibitory network. Numerical simulations
of the full network model confirm and supplement our theoretical analysis. Our
results support the hypothesis that cluster solutions may be related to the formation
of neural assemblies.
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1 Introduction

A neural assembly is a group of neurons which transiently act together, facilitated
by strengthened synapses, to achieve a particular purpose. The same neuron may
participate in different assemblies. Experimental evidence for the existence of such
assemblies lies in measurements of transiently synchronized groups of neurons
associated with certain tasks. For example, measurements of neuronal assemblies
in the olfactory systems are thought to be associated with encoding sensory
information [18], while observation of such assemblies in the hippocampus has been
linked to spatial navigation and memory encoding [5, 23]. A key hypothesis about
neural assemblies is that they are formed not just due to external inputs to the system,
but also due to the intrinsic dynamics of the network [6]. There is experimental
evidence in the hippocampus supporting this hypothesis [14, 22]. Mathematically,
the intrinsic dynamics of the network should support multiple different groupings
of neurons, with different neurons able to participate in multiple groupings and
switching between different groupings by changing the connection weights of the
network.

Clustering is a type of solution observed in a network of oscillators, where
the elements break into subgroups. Elements within a group are synchronized,
while elements in different groups are phase-locked with some nonzero phase
difference. Studies of large networks of identical (or near-identical), all-to-all
coupled oscillators have shown that many possible cluster solutions exist and that
multistability can occur [3, 13, 21]. Other work on small networks has shown that
heterogeneous inputs can cause the network to select particular clustered solutions
[19, 20]. Thus clustering in networks of (near-) identical oscillators seems to have
the intrinsic dynamics necessary to be associated with the formation of neural
assemblies. For this reason these two concepts have been linked [12].

Here we investigate the clustering dynamics of a network of inhibitory interneu-
rons. While all-to-all coupling is appropriate for studying highly connected net-
works such as the CA3 region of the hippocampus, other brain regions such as
hippocampal area CA1 are more sparsely connected. Thus we focus on coupling
structures where each neuron is connected to some set of its neighbors. Details of
the model are given in section 2, which also contains a derivation of a phase model
reduction of the system. In section 3 we use phase model analysis to study the
existence and stability of cluster solutions in the network and apply our analysis
to the interneuron model. In section 4 we study the original network model using
numerical simulations to support and extend our analysis. In section 5 we summarize
our results and draw conclusions.
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2 Model

For our interneuron model we use the single compartment, conductance-based
model of Wang and Buzsáki [25]. This model was developed by adjusting the
parameters of the Hodgkin-Huxley model [15] to match the action potential shape
and spiking properties of fast-spiking interneurons. The equations for the model are

C
dV
dt

= Iapp − gNam3
∞(V)h(V −VNa)− gKn4(V −VK)− gL(V −VL)

= Iapp − Iion(V,h,n)
dh
dt

= φ(αh(V)(1− h)−βh(V)h) = f h(V,h)

dn
dt

= φ(αn(V)(1− n)−βn(V)n) = f n(V,n)

(2.1)

where V is the cell membrane voltage in mV and t is time in ms. The variables h
and n are dimensionless gating variables representing, respectively, the inactivation
of the sodium current and the activation of the potassium current. The activation of
the sodium current is assumed to be instantaneous and thus follows the steady state
activation function m∞(V) = αm(V)/(αm(V)+βm(V)), where αm(V) = −0.1(V +
35)/(exp(−0.1(V+35))−1), βm(V)= 4exp(−(V+60)/18) are the voltage depen-
dent reaction rates associated with the activation gate with units ms−1. Similarly
the reaction rates associated with the inactivation of the sodium channel and
activation of the potassium channel are αh(V) = 0.07exp(−(V +58)/20), βh(V) =
1/(exp(−0.1(V + 28)) + 1), αn(V) = −0.01(V + 34)/(exp(−0.1(V + 34))− 1),
βn(V) = 0.125exp(−(V + 44)/80). The constant φ = 5 adjusts the reaction rates
for temperature. Maximal sodium, gNa, potassium, gK , and leak, gL, conductances
are: 35, 9, and 0.1 mS/cm2, respectively. Reversal potentials, VNa,VK ,VL, are 55,
-90, and -65 mV, respectively, and the capacitance, C, is 1 μF/cm2.

This model exhibits periodic spiking for Iapp ∈ (0.16,25.13) μA/cm2. The
variation of the spiking period with Iapp can be seen in Figure 1. Biologically
reasonable intrinsic firing rates are less than 60 Hz [17, 25] which correspond to
Iapp < 1. In simulations we use Iapp = 0.4 which corresponds to a spiking frequency
of approximately 25 Hz.

The oscillations in this model are created in a saddle node on an invariant circle
(SNIC) bifurcation at I = ISNIC = 0.16 and are destroyed in a supercritical Hopf at
I = IHopf = 25.13. As can be seen in Figure 1, at I = ISNIC the oscillations appear
with finite amplitude and frequency 0. Thus close to this point, and in particular at
I = 0.4, the model may be considered to be a Type I oscillator. See [11, section 3.4]
for more discussion of bifurcations and the emergence of oscillations in neural
models.

We consider a network of identical neurons coupled with inhibitory synapses.
The synapses are modelled using first order kinetics following [4], giving the model
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Fig. 1 Variation of spiking frequency (a) and amplitude (b) with applied current for the Wang-
Buzsáki interneuron model. In (b) solid/dashed lines represent asymptotically stable/unstable
equilibrium points, while blue circles represent the maximum and minimum values on the stable
limit cycle. Oscillations emerge via a SNIC bifurcation, at ISNIC = 0.16, and disappear via a Hopf
bifurcation, at IHopf = 25.13.

C
dVi

dt
= Iapp − Iion(Vi,hi,ni)− gsyn(Vi −Vsyn)

N

∑
j=1

wijsij

dhi

dt
= f h(Vi,hi)

dni

dt
= f n(Vi,ni)

dsij

dt
= − sij

τinh
+αinh(Vj)(1− sij)

(2.2)

where i is modulo N and

αinh(V) = α0/(1+ exp(−V/5)).

The reversal potential, maximal synaptic conductance and time constant of activa-
tion for the synapse are Vsyn = −75 mV, gsyn = −0.2 mS/cm2 and α0 = 4 ms−1,
respectively, which are appropriate for a GABA synapse [1, 25]. We consider τinh

in the range 1− 10 ms, which is consistent with experiments [2, 25]. The coupling
matrix W = [wij] determines if there is a synapse from the jth neuron to the ith.
In particular, we will take wii = 0 (no self-coupling), and assume that the neurons
are arranged in a 1-dimensional ring with each neuron coupled to r of its nearest
neighbors on each side:

wij =

⎧

⎪
⎪
⎪
⎪
⎪
⎨

⎪
⎪
⎪
⎪
⎪
⎩

w1 > 0 j = i− 1, i+ 1
w2 > 0, j = i− 2, i+ 2

...
wr > 0, j = i− r, i+ r

0, otherwise

j mod N, (2.3)
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Thus r will be called the connectivity radius. In the analysis we will primarily focus
on the cases r = 1 (nearest neighbor coupling) and r = 2 (two nearest neighbors
coupling).

2.1 Reduction to a Phase Model

Consider a system of ordinary differential equations

dX
dt

= F(X(t)) (2.4)

which has an exponentially asymptotically stable periodic orbit given by X =
X̂(t), 0 ≤ t ≤ T = 2π/Ω. For example, the model (2.1) is in this form with
X = (V,h,n), and has an exponentially asymptotically stable periodic orbit when
ISNIC < I < IHopf as shown in Figure 1. Linearizing (2.4) about this solution gives
the periodic system

dX
dt

= DF(X̂(t))X.

The system adjoint to this is

dZ
dt

=−[DF(X̂(t))]T Z. (2.5)

Let Z = Ẑ(t), 0 ≤ t ≤ T be the unique periodic solution of (2.5) satisfying the
normalization condition

1
T

∫ T

0
Ẑ(t) ·F(X̂(t))dt = 1.

Now consider a network of identical oscillators given by

dXi

dt
= F(Xi(t))+ ε

N−1

∑
j=0

wijG(Xi,Xj), 0 ≤ i ≤ N − 1, (2.6)

where ε is the coupling strength, G is the coupling function, and W = [wij] is the
coupling matrix.
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Assuming that ε is sufficiently small and the wij are of order 1 with respect to ε ,
one can apply weakly coupled oscillator theory [9–11, 16] to show that the phases
of the oscillators of (2.2) satisfy

dθi

dt
= Ω+ ε

N−1

∑
j=0

wijH(θj −θi)+O(ε2), i mod N,

where the interaction function, H, is given by

H(θj −θi) =
1
T

∫ T

0
Ẑ(t)G[X̂(t), X̂(t+(θj −θi)/Ω)]dt, (2.7)

with Ẑ, X̂ as defined above. Note that H is a 2π periodic function of its argument.
Neglecting the higher order terms in ε , introducing the phase differences

φi = θi+1 −θi, i mod N, (2.8)

and using coupling described by equation (2.3) gives rise to the following phase
difference model

dφi

dt
= ε

r

∑
k=1

wk

[

H

(

k−1

∑
s=0

φi+s+1

)

−H

(

k−1

∑
s=0

φi+s

)

+H

(

−
k−1

∑
s=0

φi−s

)

−H

(

−
k−1

∑
s=0

φi−s−1

)]

,

(2.9)

where i is modulo N. Note that the phase differences are not independent, but satisfy
the constraint

N−1

∑
i=0

φi = 0. (2.10)

This can be used to reduce the dimension of the system (2.9) to N − 1; however, it
also results in a loss of symmetry in the system. In our analysis below, we choose
to work with the full system and the constraint in order to take advantage of this
symmetry.

Recall that cluster solutions correspond to periodic solutions of (2.2) where
the neurons are phase-locked with some fixed phase difference between different
neurons. Such solutions correspond to equilibrium solutions of (2.9). In the next
section we will study the existence and stability of such solutions via the phase
difference model (2.9). This analysis will be used to make predictions about what
kind of cluster solutions can occur in the full model (2.2).
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3 Phase Model Analysis

3.1 Existence of Cluster Solutions

Equilibrium solutions of the phase difference equations (2.9) must satisfy the
following N equations

0 = ε
r

∑
k=1

wk

[

H

(

k−1

∑
s=0

φi+s+1

)

−H

(

k−1

∑
s=0

φi+s

)

+H

(

−
k−1

∑
s=0

φi−s

)

−H

(

−
k−1

∑
s=0

φi−s−1

)]

, 0 ≤ i ≤ N − 1,

(3.1)

and the constraint (2.10).
We will focus on equilibrium solutions which are independent of the function

H, the weights wj, and the connectivity radius r. Clearly such a solution is given
by φi = ψ , i = 0, . . . ,N − 1. Applying the constraint equation (2.10) and the 2π-
periodicity of the φ gives the extra condition

Nψ = 0 mod 2π . (3.2)

The choice of ψ determines the type of solution. We can immediately see one simple
choice: ψ = 0. This means the oscillators are phase-locked with no phase difference
between them. In the original model this corresponds to all the neurons firing at the
same time. This is called the synchronous or in-phase solution. A second simple
choice is ψ = 2π

N which corresponds to the oscillators being phase-locked with the
same phase difference between any two adjacent neighbors in the network. This is
an example of a splay solution. In original model, a splay solution is one where the
firing of the neurons is equally distributed over the period. Recall that an n-cluster
solution is one where the oscillators are phase-locked so that n groups are formed.
Oscillators in the same group are synchronized (the phase difference between them
is zero) and oscillators in different groups have some fixed phase difference. Note
that the synchronized solution can be thought of as a 1-cluster solution and the splay
solution as an N-cluster solution.

More generally we have the following.

THEOREM 3.1. The phase difference equations (2.9) admit N solutions of the form
φi = ψ , i = 0, . . . ,N − 1. These solutions are of three types. The one-cluster or
synchronized solution is given by ψ = 0. The N-cluster or splay solutions are given
by ψ = 2kπ/N where k and N are relatively prime. The other cluster solutions
are determined by the nontrivial factors of N. For 1 < n < N where n divides N
evenly there are n-cluster solutions given by ψ = 2mπ/n, where m < n and m,n
are relatively prime. Solutions come in pairs. If ψ̄ is a solution, then 2π − ψ̄ is a
solution of the same type.
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Proof. The constraint (3.2) can be written

Nψ = 2kπ , (3.3)

where k is an integer. We need only consider k = 1, . . . ,N as larger values of k give
solutions which are equivalent to those with k ≤ N. Thus there are N solutions.

Let gcd(N,k) = p. If p = 1, i.e., k,N are relatively prime, then the corresponding
solution is

ψ =
2kπ
N

.

This is a splay state where the oscillators are equally distributed over k periods. Note
that k = 1 corresponds to the simple splay state discussed before. Now 2π −ψ =
(N −k)2π/N. Since N,k are relatively prime so are N and N−k. Clearly N−k < N
thus (N − k)2π/N is also a splay solution.

If p > 1, let N = np. Then gcd(N,k) = p and k < N if k = mp where m < n.
Clearly one choice is m = 1. Others may exist depending on the value of N. In any
case, then the corresponding solution is ψ = m2π/n. Now in terms of the original
phases this solution satisfies

θi+1(t)−θi(t) = 2mπ/n, i mod N

It follows that

θn(t)−θ0(t) = φn−1 + · · ·+φ0 = 2mπ .

Thus oscillators 0 and n are synchronized. In a similar way one can show oscillators
0,n,2n, ..(p−1)n form a synchronized group (cluster) and the rest of the oscillators
break into n−1 other clusters. Thus, ψ =m2π/n corresponds to a clustered solution
with n clusters.

Note that 2π −ψ = (n−m)2π/n. Since n,m are relatively prime, so are n and
n−m. Clearly N − k < N thus (n−m)2π/n is an n-cluster solution. 	


COROLLARY 3.1. If N is prime, then (2.9) only admits the synchronized solution
and splay states. If N is even then (2.9) always admits the 2-cluster solution (anti-
phase state) φi = π , i = 0, . . . ,N − 1.

In a splay state the phase difference between adjacent cells in the network is given
by ψ = 2πk/N. However, adjacent cells do not necessarily fire in successive order.
The firing order of the neurons is given by {i1, i2, . . . , iN} where is = (s−1)l mod N
with lk = 1 mod N.

Consider the n-cluster state corresponding to the solution ψ = m2π/n, where
N = np. We number the clusters so that neuron j belongs to cluster Cj for j =
0, . . . ,n− 1:

C0 = {0,n, . . . ,(p− 1)n}, C1 = {1,n+ 1, . . . ,(p− 1)n+ 1}, . . .
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Table 1 Clustered states for a network with 100 neurons

Number of clusters, n Nearest neighbors phase difference, ψ
2 π

4 1
2 π , 3

2 π

5 m
5 2π , m = 1,2,3,4

10 l
5 π , l = 1,3,7,9

20 l
10 π , l = 1,3,7,9,11,13,17,19

25 m
25 2π , m = 1,2,3,4,6,7,8,9,11, . . .,24

50 l
25 π , l = 1,3,7,9,11, . . .49

Then the phase difference between clusters i and i + 1 is m
n 2π and the firing

order of the clusters is determined by the firing order of neurons 0, . . . ,n − 1.
Let {j1, j2, . . . , jn} be the firing order. Then ji = (i−1)l mod n where lm = 1 mod n.

For example, for N = 100 the clustered states are as shown in Table 1. Aside
from the synchronous state all other states are splay states.

3.2 Stability Analysis of Cluster Solutions

Now we consider the stability of the solutions derived above. If we take all N of
the phase model equations (using indices mod N), the nature of the coupling and
the form of the solution mean that the Jacobian matrix will be circulant. We do not
require N equations to define the system, but the circulant form is very convenient
for computing eigenvalues, as seen in [21].

In other words, the Jacobian has the form, J = ε Ĵ, where

Ĵ =

⎡

⎢

⎢

⎢

⎢

⎢

⎢

⎣

c0 cN−1 · · · c2 c1

c1 c0 cN−1 c2
... c1 c0

. . .
...

cN−2
. . .

. . . cN−1

cN−1 cN−2 · · · c1 c0

⎤

⎥

⎥

⎥

⎥

⎥

⎥

⎦

.

The eigenvalues of this matrix are given by

λj =
N−1

∑
k=0

ck[exp(2π ij/N)]N−k
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where i =
√
−1 and j = 0, . . . ,N − 1. For stability analysis, we are concerned with

the sign of the real parts of these eigenvalues:

Re(λj) = c0 + cN−1 cos(2π j/N)+ cN−2 cos(4π j/N)+ · · ·

+c2 cos(2(N − 2)π j/N)+ c1 cos(2(N − 1)π j/N)

= c0 +(c1 + cN−1)cos(2π j/N)+ (c2+ cN−2)cos(4π j/N)+ · · ·

Second Nearest Neighbors

Consider the case that w1,w2 > 0. Recall that our solution is given by φi = ψ , i =
0, . . . ,N − 1 where ψ is a constant (and an integer multiple of 2π/N). Define the
odd part of the function H as given by g(x) = 1

2 [H(x)−H(−x)]. Then the nonzero
entries of Ĵ are given by

c0 = −w1
[

H′(−ψ)+H′(ψ)
]

−w2
[

H′(2ψ)+H′(−2ψ)
]

= −2w1g′(ψ)− 2w2g′(2ψ),

c1 = w1H′(−ψ)+w2
[

H′(−2ψ)−H′(−2ψ)
]

= w1H′(−ψ),

c2 = w2H′(2ψ),

cN−2 = w2H′(−2ψ),

cN−1 = w1H′(ψ)+w2
[

H′(2ψ)−H′(2ψ)
]

= w1H′(ψ).

Note that λ0 = ∑ck = 0, i.e., there is always a zero eigenvalue. Thus to guarantee
stability of the solution we need only find a condition that makes Re(λj) < 0 for
j = 1, . . . ,N −1. Now the zero eigenvalue is due to the fact that the variables are not
independent but satisfy the constraint (2.10). Thus solutions must lie on the N − 1
dimensional invariant subspace defined by this constraint. The eigenvalue conditions
above give asymptotic stability within this subspace. Now

Re(λj) = −2w1g′(ψ)− 2w2g′(2ψ)+ 2w1g′(ψ)cos(2π j/N)

+2w2g′(2ψ)cos(4π j/N)

= −2w1g′(ψ)[1− cos(2π j/N)]− 2w2g′(2ψ)[1− cos(4π j/N)]

= −2 [1− cos(2π j/N)]
[

w1g′(ψ)+ 2w2g′(2ψ)(1+ cos(2π j/N))
]

.

Noting that cos(2π j/N) = cos(2π(N − j)/N) yields the conditions for (asymptotic)
stability:

w1g′(ψ)+ 2w2g′(2ψ)(1+ cos(2π j/N))> 0, 1 ≤ j ≤ �N/2�, (3.4)
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where �N/2� is the greatest integer less than or equal to N/2. This set of inequalities
can be reduced to one as follows

w1g′(ψ)+ 2w2g′(2ψ)(1+ cos(2π�N/2�/N))> 0 if g′(2ψ)≥ 0
w1g′(ψ)+ 2w2g′(2ψ)(1+ cos(2π/N))> 0 if g′(2ψ)< 0.

(3.5)

Recall that if ψ is a solution then so is 2π −ψ . In fact these solutions are strongly
related.

THEOREM 3.2. The solutions ψ and 2π −ψ have the same stability.

Proof. Since g(ψ) is an odd, 2π-periodic function, g′(ψ) is an even, 2π-periodic
function. It follows that

g′(2π −ψ) = g′(−ψ) = g′(ψ)

and

g′(2(2π −ψ)) = g′(4π − 2ψ) = g′(−2ψ) = g′(2ψ).

Thus the stability conditions (3.5) are identical for the solutions ψ and 2π −ψ . 	


The stability conditions (3.5) simplify in some special cases as we now discuss.
Recall that the synchronous solution corresponds to ψ = 0. In this case, the real part
of the jth eigenvalue is given by

Re(λj) =−2g′(0) [1− cos(2π j/N)] [w1 + 2w2(1+ cos(2π j/N))] .

We conclude that in order to have (asymptotic) stability, we need only require
g′(0)> 0. Thus the stability of the synchronous solutions is independent of the size
of the network and the connection strengths. We conjecture that this will hold for
an arbitrary number of connections. It can be shown for all-to-all coupling using the
results of [21].

If N is an even number, the conditions for stability become:

• g′(ψ)> 0, and

•
w1

w2
>−2g′(2ψ)(1+ cos(2π/N))

g′(ψ)
, if g′(2ψ)< 0.

The second condition can be replaced by the following size independent condition

w1

w2
>−4g′(2ψ)

g′(ψ)
, if g′(2ψ)< 0.
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Nearest Neighbors

If the neurons are only connected to their nearest neighbors, then w2 = 0 and the
eigenvalues for the solution become

Re(λj) = c0 +(c1 + cN−1)cos(2π j/N)

= −g′(ψ)
w1

2
(1− cos(2π j/N)).

Thus the solution is asymptotically stable if

g′(ψ)> 0. (3.6)

This has several consequences. First, the stability of the solution is independent of
the network size. Second, if two solutions have the same phase difference ψ , then
the stability will be the same. In particular, the stability of the n cluster solution ψ =
m2π/n in a network with N = pn is the same as the stability of the corresponding
splay solution in a network with n neurons. The simplest example of this is that
the stability of the 2-cluster solution in any network with N even is the same as the
stability of the anti-phase solution in a network with 2 elements.

Finally, we compare the stability of solutions in networks with single and two
nearest neighbors. Recalling the conditions for stability for a network with N even,
it is clear that if a solution is unstable for a network with single nearest neighbor
connections then it is unstable for a network with two nearest neighbor connections.
However, if N is odd, then a solution ψ which is unstable for any network with
single nearest neighbor connections (g′(ψ) < 0) will be stable for a network with
two nearest neighbor connections only if g′(2ψ)> 0 and the first condition of (3.5)
is satisfied.

3.3 Application to the Inhibitory Network

The results above apply to any network of identical oscillators with two nearest
neighbor coupling. We now apply those results to predict when clustering can occur
in our model of an inhibitory network.

The interaction function H may be calculated from equation (2.7) given a numeri-
cal representation of the periodic solution of the single cell model. This computation
may be done in the numerical simulation package XPPAUT as described in [8]. The
shape of the function depends on the periodic solution and also the coupling in
the network. We computed H with the parameters as described in Section 2, but
varying Iapp and τinh. For each set of parameters, we then used XPPAUT to find a
representation of H as a truncated Fourier series containing 30 terms. Note that it
is only the derivative of the odd part of H, i.e., g′, that is relevant to the stability.
We used the Fourier series to calculate g′ and then plotted this as a function of φ
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a b

Varying the applied current. Varying the decay time of the synapse

Fig. 2 Effect of two parameters on the derivative of the odd part of the interaction function, g′(φ ).
Other parameters are as described in section 2. The results are displayed for φ between 0 and π
because g′(φ ) is symmetric with respect to φ = π .

to obtain Figure 2. Varying Iapp has a small effect on the stability. This is not too
surprising. As seen from Figure 1, varying Iapp in the range [0,5] has a large effect
on the period of the limit cycle, but a small effect on the shape as it has no effect on
the coupling. Varying τinh only affects the coupling. It can have a profound effect
as it determines how long the inhibition of the postsynaptic neuron persists after a
spike from the presynaptic neuron. Based on these computations we can make the
following predictions.

Recall that with single nearest neighbor coupling, a solution with all phase
differences equal to ψ will be stable if g′(ψ) > 0. This is easy to check just by
looking at Figure 2, which was generated by using the Fourier series for g′ as
described above. We can make the following observations based on the Fourier
series for g′.

1. The synchronous or 1-cluster solution (corresponding to φ = 0) is unstable for
fast synaptic decay (small τinh) and stable for slow synaptic decay (large τinh).

2. The 2-cluster solution (corresponding to φ = π) is stable with nearest neighbor
coupling for all values of the parameters we have considered. Note that this
solution only exists if the number of neurons in the network is even.

3. If 11
16 π < ψ < 21

16 π , then the solution is stable with Iapp = 0.4 for all τinh ≤ 20 that
we checked.

4. If 0 < ψ < π
2 then the solution is unstable if τinh ≤ 5.

5. The stability of the splay state depends on the number of neurons in the network.
If N is large, then 2π/N is small and the stability is similar to that of the
synchronous solution.
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We illustrate our results for the n-cluster solutions with n ≤ 10, with both single
nearest neighbor (w1 = 1, w2 = 0) and two nearest neighbor (w1 = 1=w2) coupling.
The variation of the stability with the synaptic decay constant and the coupling
type is shown in Table 2. To begin, we note that for both single and two nearest
neighbors there is multistability. The 2-cluster and 3-cluster solutions are stable
for large ranges of τinh with both types of coupling, while others are stable for
smaller ranges of τinh and/or only with single nearest neighbor coupling. As shown
in Figure 2(b) increasing τinh stabilizes the synchronous solution; this can also
destabilize a stable solution (ψ = 4π

7 , 10π
7 ). Further, changing from single nearest

neighbor to two nearest neighbor coupling can either cause stability (ψ = 4
7 π ,

τinh = 5) or cause instability (ψ = 6π
7 , 8π

7 , all τinh). Solutions with phase difference
close to 0 have 2ψ ≈ ψ , thus their stability is not affected much by the switch from
single to two nearest neighbor coupling. As is clear from the expression for the
eigenvalues (3.5), if more weighting is put on the second nearest neighbor coupling
(w2 > w1) then the addition of this coupling can have more effect on the stability.
For large enough w2 the 2-cluster solution can be destabilized.

Table 2 Phase model prediction of stability for n-cluster solution
of the inhibitory network model corresponding to solution with
ψ as given. Note that solution 2π −ψ must have same stability.
Nearest neighbor coupling corresponds to w1 = 1,w2 = 0 in (2.9),
while two nearest neighbor coupling corresponds to w1 = w2 = 1.
Stability was explicitly checked for the values of τinh shown in
Figure 2(b) and extrapolated to other values based on the variation
of g′ with respect to τinh shown in that figure.

n ψ Nearest Neighbor Two Nearest Neighbors

1 0 unstable τinh ≤ 2 unstable τinh ≤ 2

2 π stable all τinh ≤ 20 stable all τinh ≤ 20

3 2π
3 , 4π

3 stable τinh ≤ 15 stable τinh ≤ 15

4 π
2 ,

3π
2 stable τinh ≤ 0.05 stable τinh ≤ 0.05

5 2π
5 , 8π

5 unstable all τinh ≤ 20 unstable all τinh ≤ 20
4π
5 , 6π

5 stable all τinh ≤ 20 unstable all τinh ≤ 20

6 π
3 ,

5π
3 unstable all τinh ≤ 20 unstable all τinh ≤ 20

7 2π
7 , 12π

7 unstable all τinh ≤ 20 unstable all τinh ≤ 20
4π
7 , 10π

7 stable τinh ≤ 2 stable τinh ≤ 5
6π
7 , 8π

7 stable all τinh ≤ 20 unstable all τinh ≤ 20

8 π
4 ,

7π
4 unstable all τinh ≤ 20 unstable all τinh ≤ 20

3π
4 , 5π

4 stable all τinh ≤ 20 stable τinh ≤ 2

9 2π
9 , 16π

9 unstable all τinh ≤ 20 unstable all τinh ≤ 20
4π
9 , 14π

9 unstable all τinh ≤ 20 unstable all τinh ≤ 20
8π
9 , 10π

9 stable τinh ≤ 15 unstable all τinh ≤ 20

10 π
5 ,

9π
5 unstable all τinh ≤ 20 unstable all τinh ≤ 20

3π
5 , 7π

5 stable τinh ≤ 5 stable τinh ≤ 5
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4 Numerical Simulations

Numerical simulations of the full model (2.2) were carried out in MATLAB (The
MathWorks Inc., Natick, MA), using a 2nd-order Runge Kutta algorithm (ode23)
that implements a variable time step, with the parameter values as described in
section 2. In the following we show several numerical simulations that verify the
predictions of the phase model. Then we show some behavior not predicted by the
phase model.

We studied networks with N = 2−10 neurons, τinh = 2 ms and one or two nearest
neighbor coupling. As an example, consider a network with N = 5 neurons. Since N
is prime, the network has the synchronous solution and four splay solutions. These
latter are described in Table 3 with stability for τinh ∈ [0.5,20] as predicted by
the phase model using Figure 2(b). The numerical simulations agreed with these
predictions. The splay states with ψ = 4π

5 , 6π
5 were found but not the other two. See

Figure 3.
Numerically, we were able to verify the stability of the majority of the n-cluster

solutions predicted by the phase model for N = 2−10 as shown in Table 2. We were
not able to find the 4-cluster solutions numerically even with very short synaptic

Table 3 Stability of splay states for a network of 5 neurons with
single nearest neighbor coupling and synaptic decay time τinh = 2 ms.

Phase difference, ψ Firing sequence Phase model Numerics
2π
5 0,1,2,3,4 unstable not found

4π
5 0,3,1,4,2 stable found

6π
5 0,2,4,1,3 stable found

8π
5 0,4,3,2,1 unstable not found
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Fig. 3 Raster plots for two splay (5-cluster) solutions in a network with 5 neurons and synaptic
connections between first nearest neighbors.
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decay rates (τinh ≤ 0.05) that the phase model predicted was necessary for stability.
In the N = 4 network, the cells tended to the 2-cluster solution with ψ = π . We
were also unable to numerically obtain the ψ = 4π

7 , 10π
7 solutions and the 3π

5 , 7π
5

solutions with single nearest neighbor coupling, and the ψ = 3π
4 , 5π

4 solutions with
two nearest neighbor coupling. For the ψ = 8π

9 , 10π
9 solution with single nearest

neighbor coupling and the ψ = 3π
5 , 7π

5 solution with two nearest neighbor coupling,
instead of a 9-cluster and 10-cluster solution, respectively, in which each cell fired
one spike per cluster cycle, we found cluster solutions in which each cell fired two
spikes, or a doublet, during each cluster cycle. Below we discuss these doublet
solutions in more detail.

In networks with larger numbers of cells, N = np, we were able to numerically
find all the n-cluster solutions that we found with N = n. For example, consider
a network with N = 200 neurons. Our analysis predicts that there should be
stable 5-cluster solutions corresponding to the stable splay states in the 5 neuron
network, i.e., ψ = m

5 2π with m = 2,3. In these solutions, each cluster contains
40 cells with clusters given by C0 = {0,5,10, . . . ,195}, C1 = {1,6,11, . . . ,196},
C2 = {2,7,12, . . . ,197}, C3 = {3,8,13, . . . ,198}, and C4 = {4,9,14, . . . ,199}. The
phase difference between clusters is 2π

5 . In the 5-cluster solution corresponding to
m = 2, the cluster firing order is {C0,C3,C1,C4,C2} and ψ = 2 2π

5 = 4
5 π . For m = 3,

the cluster firing order is {C0,C2,C4,C1,C3} and the phase difference between
nearest neighbor cells is ψ = 3 2π

5 = 6
5 π . See Figure 4(a).

Our analysis of the phase model predicts that in this same network, two
stable 8-cluster solutions exist with phase difference between nearest neighbors
ψ = 3π

4 , 5π
4 (see Table 2). In these solutions, each cluster contains 25 cells:

C0 = {0,8,16, . . . ,192}, C1 = {1,9,17, . . . ,193}, C2 = {2,10,18, . . . ,194}, C3 =
{3,11,19, . . . ,195}, . . ., C7 = {7,15,23, . . . ,199}. For the 8-cluster solution corre-
sponding to ψ = 3π

4 , the cluster firing order is {C0,C3,C6,C1,C4,C7,C2,C5}. For
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Fig. 4 Raster plots showing evolution to stable 5-cluster solution (a) and 8-cluster solution (b) in
a network with N = 200 and synaptic connections between first nearest neighbors. The cell order
was re-permuted such that the cluster solutions are clearly visualized.
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ψ = 5π
4 , the clusters fire in the following order {C0,C5,C2,C7,C4,C1,C6,C3}. The

phase difference between successively firing clusters is π
4 . See Figure 4(b).

There were some cases where the numerically observed stability of n-cluster
solutions did not agree with that predicted by the phase model. While the 3-cluster
solution was numerically stable in networks with N = 3p cells and single nearest
neighbor coupling, with two nearest neighbor coupling, the maximal synaptic
conductance gsyn had to be weaker (0.1 instead of 0.2 mS/cm2) to numerically find
these solutions. Additionally, recall that the phase model predicted that the 2-cluster
solution is stable for all networks with an even number of neurons and either single
or two nearest neighbor coupling. This solution corresponds to the network breaking
into two clusters C0 = {0,2,4, . . . ,N − 2} and C1 = {1,3,5, . . . ,N − 1}, with phase
difference ψ = π between nearest neighbors. We found this solution numerically in
networks with single nearest neighbor coupling and N = 2, . . . ,200. However, with
two nearest neighbor coupling we did not find this solution numerically. Closer
consideration of the eigenvalues in this case shows that the stability is weaker, in
the sense that the magnitude of the real part of the eigenvalues is smaller. Thus it
is possible that the solution has a smaller basin of attraction and is harder to find
numerically. Alternatively, the phase model may no longer accurately predict the
network behavior as the coupling is too strong. In these networks, a different 2-
cluster solution was found when N = 4p in which C0 = {0,1,4,5, . . . ,N −4,N−3}
and C1 = {2,3,6,7, . . . ,N−2,N−1}. In this solution, the phase difference between
every nearest neighbor is not the same. We discuss these 2-cluster solutions in more
detail below.
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Fig. 5 Single spike firing and doublet spike firing splay solutions in a network with N = 7 and
synaptic connections between first nearest neighbors. Raster plots for 7-cluster solutions associated
with ψ = 8π

7 for single spike firing (a) and doublet spike firing (b).
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4.1 Further Investigation

In some networks we observe a different type of N-cluster/splay solution in which
there is 1 cell in each cluster but the cells fire 2 consecutive spikes (doublets),
rather than single spikes in each cluster cycle (see Figure 5(b)). These solutions
can be characterized by the fixed phase difference, ψ , between the first spikes fired
by nearest neighbor cells. The doublet N-cluster solution has the same character
as the single spike N-cluster solution with the same ψ . The cells fire in the same
order but they are able to fire off 2 spikes before inhibition from other cells arrives
to suppress their firing. The phase difference between the first spikes of cells that
fire consecutively is 2π

N . The doublet splay solutions were only observed when the
corresponding regular (single spike) splay solutions were predicted to be stable
by the phase model. In some networks we observed the doublet and regular splay
solutions corresponding to the same ψ coexisting (Figure 5). In other networks only
the doublet splay solution was observed, as noted above for the ψ = 8π

9 , 10π
9 solution

with single nearest neighbor coupling and the ψ = 3π
5 , 7π

5 solution with two nearest
neighbor coupling.

Numerically, we observe different 2-cluster solutions in networks with N = 4k
where k is an integer, as shown in Figure 6. These are not in the form of the solutions
discussed above as the phase difference between left and right nearest neighbors is
not the same. They are described by the following.

THEOREM 4.1. If N = 4k for some integer k, then the system (2.9) admits solutions
of the form

φ1 = φ3 = · · ·= φN−1 = ψ , φ2 = φ4 = · · ·= φN = π −ψ . (4.1)

Proof. Substitution shows that the form (4.1) satisfies the equilibrium equa-
tions (3.1). Applying the constraint shows

N
2
(ψ +π −ψ) = 2kπ

which is only satisfied if N = 4k. 	
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Fig. 6 Two cluster solutions of the form (4.1) with ψ = 0 for N = 8 and N = 12.
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The solutions in Figure 6 are described by ψ = 0. Thus these solutions have the
two clusters

Ĉ0 = {0,1,4,5, . . .}, Ĉ1 = {2,3,6,7 . . .}.

Another 2-cluster solution is given by ψ = π with clusters

C̄0 = {0,3,4,7, . . .}, C̄1 = {1,2,5,6, . . .}.

It is easy to see that four 4-cluster solutions also exist and are given by

ψ =
π
4
,

3π
4
,

5π
4
,

7π
4
.

The stability of these cluster solutions cannot be determined by the analysis of
section 3 as the Jacobian matrix is not circulant. However, the 2-cluster solutions
seem quite robustly stable in networks with both single and two nearest neighbor
coupling.

To supplement our analysis, we investigated the addition of further connections to
the network. Our simulations showed that adding more connections could stabilize
unstable N-cluster or splay solutions. For example, in a network with N = 9
neurons, the 9-cluster solutions defined by ψ = 4π

9 , 14π
9 which the theory predicted

and numerics confirm are unstable with single nearest and two nearest neighbor
coupling, were numerically found with three nearest neighbor coupling. Similar
results for N-cluster solutions in other networks with N > 5 led to the following.

CONJECTURE 4.1. Consider an N cell network with N odd. Let p1 =
N−1

2 and p2 =
N+1

2 . If gcd{p1,N} = 1 and gcd{p2,N} = 1, then two N-cluster solutions exist and
are stable when the connectivity radius r = N−3

2 . The N-cluster solutions have the
following properties:

• Associated with p1: firing order {i1, i2, . . . , iN} where is = (s − 1)p1 (mod N),
ψ = (N − 2) 2π

N
• Associated with p2: firing order {i1, i2, . . . , iN} where is = (s − 1)p2 (mod N),

ψ = 2 2π
N

In these cluster solutions, these specific values p1 and p2 dictate a firing order and
the connectivity radius r is sufficiently large so that during the majority of the cluster
solution cycle, a cell in the network is inhibited by successively firing cells. For
example, consider the cluster solution associated with p1. The firing order starting
at cell 0 is the following:

1: 0
2: p1 =

N−1
2

3: 2p1 = 2 N−1
2 = N − 1

4: 3p1 = 3 N−1
2 = 3N−3

2 (mod N) = N−3
2
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5: 4p1 = 4 N−1
2 = 4N−4

2 (mod N) = N − 2

...

N-1: (N − 2)p1 = (N − 2)N−1
2 = N N−1

2 −N + 1 = N(N−3
2 )+ 1 = 1 (mod N)

N: (N−1)p1 =(N−1)N−1
2 = (N−1)N

2 − N−1
2 =−N−1

2 (mod N) = N+1
2 (mod N)

With connectivity radius r = N−3
2 , each cell in the network sends synaptic

inhibition to every other cell in the network except for itself and the cells N−1
2 and

N+1
2 steps away from it. Cell 0, for example, receives inhibition from all cells except

for cell N−1
2 and cell N+1

2 . Thus, in this solution, cell 0 is inhibited as every cell in
the network fires except the cells that fire immediately after and immediately before
it. The symmetry in the network and the firing order guarantees that this is true for
every cell in the network. The firing order dictated by p1 ensures that every cell
receives continuous inhibition except in a short time window around the time when
the cell is supposed to fire.

The N-cluster solution associated with p2 has the opposite firing order as the
solution associated with p1. Specifically, in the firing order starting at cell 0, cell
N+1

2 fires immediately after cell 0 and cell N−1
2 fires immediately before it. Since the

network connectivity is the same, the firing order ensures successive, uninterrupted
synaptic inhibition except in the time window around the time when a cell is
supposed to fire.

This N-cluster solution does not seem to be stable numerically for N even. In this
case, with connectivity radius r < N

2 , each cell will not receive inhibition from the
cell N

2 places away from it. That cell is also in position N
2 in the cluster solution firing

order. So, in the middle of the cluster cycle, there will be a break in the inhibition that
a cell receives, allowing a window for it to fire out of turn. We note that if additional
connections were added between cells i and i+ N

2 for i = 0, . . . ,N−1, then the break
in inhibition would not occur and an N-cluster solution could be stable. We do not
further discuss this case as the coupling is not nearest neighbor, thus the Jacobian
matrix would not be circulant and our analysis would not apply.

5 Discussion

In this paper we considered a network of inhibitory interneurons with nearest
neighbor coupling and periodic boundary conditions. Thus, the cells compose a 1-
dimensional ring. We used a phase model approach to derive conditions for the
existence and stability of solutions in which all cells in the network fire repetitively,
so none are completely suppressed, and all cells have equal phase differences with
their nearest neighbor in ascending order around the network. In particular, we
focused on cluster solutions where the neurons break into subgroups. Elements
within a group are synchronized, while elements in different groups are phase-
locked with some nonzero phase difference.
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We first derived conditions that can be applied to any network with up to two
nearest neighbor coupling. Our existence results can be summarized as follows.
A network with N elements has N solutions of the form described above. The
minimum number of clusters is 1 and the maximum number is N. The network
always admits one synchronous or 1-cluster solution. The network always admits at
least two N-cluster or splay solutions. If N is prime, then it has the 1-cluster solution
and N − 1 splay solutions. If N is even, then it has one 2-cluster solution. For every
nontrivial factor n �= 2 of N the network has at least two n-cluster solutions. Our
stability analysis showed that for a network with single nearest neighbor coupling
the stability depends only on the value, ψ , of the phase difference between nearest
neighbors. For a network with two nearest neighbor coupling the stability depends
on the value of the phase difference between nearest neighbors and next nearest
neighbors, the relative sizes of the coupling strengths and the size of the network.

We then applied these conditions to our particular interneuron network and
compared the results to numerical simulations of the full network. For single nearest
neighbor coupling solutions, we found (both analytically and numerically) that
solutions with nearest neighbor phase difference close to half a period were robustly
stable. Solutions where this phase difference was close to zero were largely unstable.
The stability results can be understood from a biological standpoint as follows.
In the splay solution, each cell fires once in a fixed sequence that then repeats,
defining the cluster period 2π . In general, one does not expect nearest neighbor
cells in the network to fire in successive order since they inhibit each another. For
this reason we may expect the synchronous solution and splay solutions which have
a firing order where nearest neighbors fire close together to be unstable for our
inhibitory network. Similarly, one may expect that stable cluster solutions will not
have nearest neighbors in the same cluster. However, it is well documented that
slow synapses may lead to counter-intuitive synchronization properties [24] and
our model is no different. If the decay time of the synapse is long enough then
the synchronous solution and other solutions one may “expect” to be unstable are
stable.

Our analysis shows that changing to two nearest neighbor coupling could
destabilize or stabilize solutions. In the examples we considered destabilization was
more common, but this could be changed if the relative strengths of nearest and
second nearest neighbor synaptic connections were changed.

This variation of stability with coupling is the key result that supports the
hypothesis that cluster solutions may play a role in cell assemblies. Let us consider
an example to illustrate this. Consider a network with 15 neurons. Our analysis
shows that for single nearest neighbor coupling there are two stable 3-cluster states
and two stable 5-cluster states. The 5-cluster states are more stable in the sense that
the real part of the eigenvalue is larger. With second nearest neighbor coupling the
5-cluster states lose stability leaving only the 3-cluster state. Thus switching from
nearest neighbor to second nearest neighbor coupling gives a mechanism where the
system can switch from a 5-cluster state to a 3-cluster state, thus reorganizing which
neurons spike together.
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Since our stability results depend on the number of clusters and not the size of
the network, our results for the synchronous (1-cluster) solution and the 2-cluster
solution can be compared to results for synchronous and anti-phase solutions in
pairs of coupled neurons. As mentioned above for the parameter values we have
considered numerically, the model is close to a SNIC bifurcation and hence can be
considered as a Type I oscillator. Our results are consistent with those for pairs of
Type I oscillators found by Ermentrout [7]. Based on results for pairs of Type II
oscillators [24] we conjecture that in networks of Type II oscillators the stability
results would be different than what we observe for Type I. In particular, we expect
that, for fast synapses, the synchronous solution would be stable and the antiphase
solution unstable, but that this could be reversed for slower synapses.

Acknowledgements The work described in this chapter is a result of a collaboration made
possible by the IMA’s workshop, WhAM! A Research Collaboration Workshop for Women in
Applied Mathematics: Dynamical Systems with Applications to Biology and Medicine.
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Cycles with REM–NREM Subcircuit
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Abstract In this paper we construct a mathematical model of human sleep–wake
regulation with thermoregulation and temperature effects. Simulations of this model
show features previously presented in experimental data such as elongation of
duration and number of REM bouts across the night as well as the appearance
of awakenings due to deviations in body temperature from thermoneutrality. This
model helps to demonstrate the importance of temperature in the sleep cycle. Further
modifications of the model to include more temperature effects on other aspects of
sleep regulation such as sleep and REM latency are discussed.
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1 Introduction

Humans split their days between waking and sleeping, spending nearly one third
of life asleep. Although much progress has been made in identifying specific
regions of the brain involved in regulating sleep and tracing connections between
these regions, many questions remain concerning how physiological constraints are
instantiated and affect the regulation of sleep and wake. Indeed, there is a lack
of consensus regarding the fundamental function of sleep and which physiological
needs are of primary importance in determining the structure of sleep–wake cycling
[15, 41, 42]. Investigating how sleep is altered by perturbations in physiologically
relevant variables, such as temperature, has a long history (reviewed in [17])
and may shed light on how some physiological constraints shape sleep bouts.
Understanding mechanisms in the brain that control sleep and wakefulness is
increasingly important, as sleep disorders become more widespread in modern
society [4].

During wakefulness, the brain and skeletal muscles are in a state of high
metabolic activity: wakefulness is characterized by low-voltage, fast electroen-
cephalogram (EEG) activity, and high muscle tone. Sleep can be broadly classified
as rapid eye movement (REM) sleep, during which the level of brain metabolic
activity (and resulting EEG) are similar to that of wakefulness but there is an absence
of skeletal muscle tone, and non-rapid eye movement (NREM) sleep, characterized
by high amplitude, low-frequency EEG, and an intermediate level of muscle tone
[3, 8]. During NREM sleep, often considered the most restful state; the brain has a
decreased level of metabolic activity; the power of low-frequency (0–4 Hz) activity
in the EEG is regarded as a measure of the depth or restfulness of sleep.

The timing, depth, and duration of sleep are regulated by the circadian (approxi-
mately 24-hour) rhythm and an appetitive or homeostatic drive for sleep following a
period of wakefulness [8, 9]. A typical night of sleep begins with NREM sleep, then
alternates between NREM and REM sleep over the course of the night [14] with
REM episodes usually becoming longer across the night. The average period of the
NREM–REM cycle is approximately 90–110 minutes [25].

The focus of this paper is the relationship between sleep and temperature. As
endotherms, humans have the ability to maintain a metabolically favorable core
body temperature (CBT) of approximately 37°C over a wide range of ambient
temperatures. The human body uses a variety of processes to adjust CBT such
as intracorporal transport of heat by blood circulation [19], shivering, sweating,
vasodilatation and vasoconstriction, as well as changing body position. Ambient
temperatures that require only very subtle changes in cutaneous blood flow to
maintain CBT are referred to as “thermoneutral” [22]. There is a circadian rhythm
of CBT with an amplitude of about 0.5°C, and humans typically fall asleep during
the descending phase of the temperature rhythm [10, 43, 44].

Experiments in humans have shown that, during sleep, our thermoregulatory
abilities are decreased (NREM) or nearly absent (REM) [5]. Further experiments
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show that the ambient and core body temperatures in humans affect the length
and number of REM bouts [28]. As the ambient temperature deviates from ther-
moneutrality (around 29°C), increased effort needs to be exerted to thermoregulate,
possibly requiring REM bouts to be interrupted in order to restore body temperature
[18, 20]. If the deviation is large enough, sleep may be interrupted or prevented all
together. On the other hand, if the ambient temperature is thermoneutral, deep sleep
is achieved faster and the number of REM cycles remains consistent while REM
bouts elongate.

While mathematical models of human sleep regulation (reviewed in [6]) typically
initiate the sleep period during the falling phase of the CBT as observed experimen-
tally, and the model of Rempe et al. [39] addressed the circadian propensity for REM
[12], very few mathematical models of sleep regulation have addressed temperature
or thermoregulation. A notable exception is the collaboration of McGinty, Nakao,
Szymusiak, and colleagues. In a series of papers (see, for example, [31–34]), they
develop a mathematical model based on the hypothesis that homeostatic regulation
of sleep is a form of long-term thermoregulation. They are motivated by data
showing that manipulations that raise body temperature during the day may facilitate
nighttime sleep (reviewed in [17]), suggesting a memory of heat load that dissipates
during sleep. As their focus is on the homeostatic regulation of sleep, their models
consider wake and NREM sleep, but not REM. In their models, NREM sleep
propensity can be increased by current temperature effects (e.g., hypothalamic
warming) or by memory of heat load earlier in the day. Quanten et al. [38] provide
another example: they used a system identification approach to identify and model
a feedback connection between distal heat loss and sleepiness. The data considered
for their model did not include the occurrence of sleep, so the model addresses the
onset of sleep but not sleep regulation.

In this paper we present a mathematical model of the sleep–wake cycle including
REM and NREM sleep, and we use this model to study the effects of ambient tem-
perature and thermoregulation on human sleep patterns. In Section 2, a description
of the model is given, based on the model of Kumar et al. [24]. In Sections 3.1
and 3.2 we first separately analyze the sleep–wake and then REM–NREM circuits
of the model without the effects of thermoregulation (i.e., at a thermoneutral state).
We analyze the model with thermoregulation in Sect. 3.3, then compare our model
results with experimental data in Sect. 3.4. Our results show that incorporating a
fairly simple form of thermoregulation in a mathematical model for human sleep–
wake cycling can account for several features in data from experiments on the
effects of temperature on sleep. Our analysis provides a detailed understanding of
the mathematical mechanisms and suggests that temperature effects could provide
an effective constraint on mathematical models of human sleep–wake cycling.
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2 Mathematical Model

2.1 Neuron Populations Involved in Sleep–Wake Processes

Experimental investigations continue to identify areas of the brain responsible for
initiating and maintaining states of the sleep cycle [8, 14] (see Fig. 1). Some key
areas that are active during the waking state are the midbrain reticular formation
(MRF) that helps maintain wakefulness by inhibiting sleep-active neurons, and the
orexinergic neurons (ORX) of the hypothalamus that help stabilize wakefulness (see
Fig. 2a). Damage to the ORX neurons can produce narcolepsy and hypersomnolence
[8]. Neurons in the preoptic area of the hypothalamus (POAH) and in a population
located caudally in the brainstem reticular formation (CRF) are sleep-active (see
Fig. 2b) and have mutually inhibitory connections with MRF neurons. Neurons
that inhibit REM sleep (REM-off) can be found in several nuclei including the
locus coeruleus, while neuron populations promoting REM sleep (REM-on) can
be found in the laterodorsal/pedunculopontine tegmentum [36]. REM-on neurons
are inhibited by MRF [8, 24, 27]. The suprachiasmatic nucleus (SCN) of the
hypothalamus acts as an endogenous oscillator generating the circadian rhythm;
it can be entrained to a 24-h light–dark cycle by inputs from the retina. The SCN
excites the ORX neurons [37]. Many other neuronal populations have activity levels
that vary with sleep–wake state and may participate in sleep–wake regulation. In this
very brief overview we have focused on populations that will be explicitly included
in the mathematical model presented below, as shown in Fig. 1 and Fig. 2. The model
is based upon the model of Kumar et al. [24]; further details concerning the choice
of neuronal populations to include and the construction of the mathematical model
may be found there.

Fig. 1 Model diagram depicting the interactions between the neural populations (ovals) and
processes (rounded rectangles) involved in the sleep–wake process considered by our model.
Interactions between the populations are denoted by lines and can be excitatory (ending in an
arrow) or inhibitory (ending in an oval).
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Fig. 2 Shaded populations indicate an active state during (a) Wake and (b) Sleep. Partly shaded
regions indicate periods of alternating activity and inactivity.

Table 1 Values for parameters specific to each neuron
population. *τREMoff is described by a function, Eq. (18),
dependent on the potential of the REM-off neurons, rather
than a constant value.

neuron population

parameter values
v3,i v5,i φi Ii τi

POAH −0.15 0 0.01 0 1

CRF −0.15 −0.1 0.05 0.7 1

ORX 0.1 −0.1 1 0 1

MRF 0.1 −0.1 1 0 1

REM-on 0.18 0 0.1 0 0.05

REM-off 0 0 0.1 0.7 *

2.2 Neuron Population Model

Our model contains six neuronal populations with directed excitatory and inhibitory
connections as shown by the diagram in Fig. 1. Following [24], the mean activity
level of each neuron population is modeled using Morris-Lecar (ML) equations [29]:

v′i = −ICa(vi)− IK(vi,wi)− Ileak(vi)+ Ii−∑ Isyn

= gcam∞(vi)(vca − vi)+ gkwi(vk − vi)+ gl(vl − vi)+ Ii−∑Isyn

w′
i = λ∞(vi,v3,i,φi,τi)(w∞(vi,v3,i)−wi), (1)

with i = {POAH,CRF,ORX,MRF,Ron,Roff}. Note that the Morris-Lecar model
was originally developed to describe the excitable behavior of a single neuron.
Here, with appropriate scaling of variables and time constants, we interpret the
model variable vi as population activity or firing rate of the ith neuron population
and parameter values found in Table 1. The term Iion := ICa + IK + Ileak represents
the intrinsic population dynamics. Specifically, ICa (inward Ca2+ current in the
original ML model) represents the fast regenerative mechanism for cycling and
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episode activity, which activates instantaneously (m = m∞(vi)); IK (outward K+

current in the original ML model) represents the slow negative feedback mechanism
that terminates the activity episodes, governed by the activation variable wi, here
interpreted as the recovery variable; and Ileak represents the leak term involved
in maintaining the resting state. The parameters gl, gca, and gk are the maximum
conductance values of the leak, Ca2+, and K+ currents and vl, vca, and vk are the
associated equilibrium potentials. Steady state activation functions m∞ and w∞ are
sigmoidal functions of the form:

m∞(v) = 0.5

(

1+ tanh

(

v− v1

v2

))

, (2)

w∞(v,v3) = 0.5

(

1+ tanh

(

v− v3

v4

))

. (3)

The time constant 1/λ∞ for the recovery variable wi is voltage-dependent of the
form:

λ∞(v,v3,φ ,τ) =
φ
τ

cosh

(

v− v3

2v4

)

. (4)

Synaptic currents Isyn from neuron population i to population j have the general
form:

Isyn = gsyns∞(vi,v5,i,v6,i) [vj −Esyn] , (5)

where gsyn is the strength of the ij synapse, Esyn is the synaptic reversal potential,
and s∞ is the activation function given by:

s∞(v,v5,v6) = 0.5

(

1+ tanh

(

v− v5

v6

))

. (6)

Parameter values can be found in Tables 1 and 2. For all inhibitory synaptic
connections, Esyn = −0.7. Further, ∑ Isyn for each population involves a specific
combination of currents with the following forms:

POAH : IMRF→POAH + ICRF→POAH + IORX→POAH + ITdev + Icir − Ihom

CRF : IMRF→CRF

ORX : IPOAH→ORX − Icir

MRF : IPOAH→MRF + ICRF→MRF + IORX→MRF

REMon : IMRF→Ron + IRoff→Ron

REMoff : IMRF→Roff + IORX→Roff + IRon→Roff + IPOAH→Roff .
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Table 2 Parameters used in the model for neuronal populations.

parameter value parameter value parameter value

gCRF→POAH 0.5 gMRF→Ron 0.5 vca 1

gMRF→POAH 0.5 EORX→Roff 0 v1 −0.01

gORX→POAH 1 EORX→MRF 0 v2 0.15

gPOAH→MRF 0.5 ECRF→POAH 0 v4 0.145

gCRF→MRF 0.2 EMRF→Roff 0.4 v6 0.1

gORX→MRF 1 τ3 300 v6,POAH 0.01

gMRF→CRF 1 τ4 100 v7 0.01

gPOAH→ORX 1 τ5 700 gl 0.5

gRon→Roff 0.2 τ6 3000 gk 2

gPOAH→Roff 1.6 vth 0 gca 1.33

gMRF→Roff 0.5 vth2 −0.1 gcir 0.3

gORX→Roff 0.5 vl −0.1 gh 7

gRoff→Ron 1.1 vk −0.7
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Fig. 3 The activity of various neuron groups during sleep–wake cycling. Periods of sleep are
indicated by bold horizontal lines along the x-axis.

Further details about Morris-Lecar model parameters can be found in [29]. The
evolution of variables vPOAH,vMRF,vRon, and vRoff according to the equations above
is shown in Fig. 3. Later, in Sects. 3.1 and 3.2 we will provide a more detailed
description of these dynamics.
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2.3 Circadian Rhythm and Sleep Homeostatic Process

There are two forms of modulation of the sleep–wake system in our model at
thermoneutrality. The SCN provides input to the POAH and ORX populations; we
model this input as a circadian pacemaker, C(t), as in [1]:

C(t) = 0.97sin(ω t)+ 0.22sin(2ω t)+ 0.07sin(3ω t)

+0.03sin(4ω t)+ 0.01sin(5ω t), (7)

with ω = 2π/24. The associated current is

Icir(t) = gcir [C(t)+ 1] , (8)

with synaptic coupling strength gcir = 0.3. Since this current represents the action
of the synaptic connections from the SCN to other neuron populations, we have
added a constant to C(t) ensuring that the synaptic current between these neurons
does not change sign. The inhibitory projection to POAH expresses a multi-synaptic
inhibitory effect of SCN on sleep-promoting areas of the hypothalamus [39].

The second modulating process is the homeostatic drive for sleep described in
[1, 11], which increases while awake and decreases during sleep. The homeostat
variable h is modeled by the equation

h′ =
(1− h)

τ1
H(vMRF − vth2)−

h
τ2

H(vth2 − vMRF) , (9)

where H(·) is the Heaviside step function. Notice that h is dependent on the
activity of the MRF. During wake, the MRF activity is above the threshold vth2,
the homeostat grows and thus the propensity toward sleep increases over time.
Once asleep, with MRF activity below threshold, h decreases. The associated
current is

Ihom(h) = ghh, (10)

which is excitatory to the POAH. Fig. 4 shows the time course of Icir and Ihom over
several sleep–wake periods.

2.4 REM Homeostat

The synaptic current from POAH to REM-off neurons, IPOAH→Roff , includes an
additional multiplicative term, syn, to incorporate a regulatory homeostat for REM
sleep during the sleep phase. Specifically, this synaptic current takes the form

IPOAH→Roff = gPOAH→Roff s∞(vPOAH, v5,POAH, v6,POAH)

× [vRoff −EPOAH→Roff ] syn, (11)
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Fig. 4 Time courses of the circadian and homeostatic currents.

where syn is a dynamic variable that satisfies

syn′ =
(p− syn)

τ3
H(vPOAH − vth)−

syn
τ4

H(vth − vPOAH) (12)

p′ =
(1− p)

τ5
H(vRoff − vth)H(vPOAH − vth)

− p
τ6

[H(vth − vPOAH)+H(vRon− vth)] .

This REM homeostat models the body’s increased propensity for REM sleep while
in NREM sleep and a decreased propensity for REM sleep while awake and in REM.
During wake, when the activity of the POAH is low, and below threshold, p decays
to 0 at the rate of 1/τ6. During a REM bout, p also decays and in NREM sleep, p
increases. Thus, during sleep, syn is generally attracted to p and will grow toward
the value of p and decay to zero when wake is initiated; see Fig. 5. We note that this
REM homeostat differs from the implementation in the model of Kumar et al. [24].
Indeed, our REM homeostat also decays during REM and it is built on the inhibitory
projection from the sleep-promoting area of the hypothalamus (POAH) to REM-off
neurons. This connection is consistent with experiments [26] and has been included
in other mathematical models of sleep regulation [39].
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Fig. 5 REM sleep homeostat and strength of the inhibitory synaptic current from POAH to REM-
off neurons (top) with REM-on and REM-off activity (bottom).

2.5 Thermoregulation

Following [35], we model thermoregulation as

τvT ′
b = k(Ta −Tb)+Tm −H(Tb −Tset)

vc(Tb −Tset)

kc +(Tb −Tset)

+H(Tset −Tb)
vh(Tset −Tb)

kh +(Tset −Tb)
, (13)

where Tb is the core body temperature, Ta is the ambient temperature, and Tset is the
temperature that the body is trying to maintain (in °C). Tset fluctuates a half degree
Celsius around 37°C according to the circadian rhythm, i.e.

Tset(t) = 0.5C(t)+ 37. (14)

The first term in Eq. (13) is the rate at which the body heats or cools as a function
of the difference between ambient and body temperatures [40]. The second term,
Tm, is the rate of endogenous metabolic heat production. The third and fourth
terms model the processes of active thermoregulation. The third term (fourth term)
describes the rate, modeled by a Michaelis-Menten equation, at which the system
raises (lowers, respectively) body temperature when it deviates from Tset. Constants
kc and kh control the gain rate and constants vh and vc control the maximum rate.
Notice that metabolism works differently for cooling than for heating if kc and
vc constants are different than kh and vh. Fig. 6 (black curve) shows the steady
state values of Tb for Eq. (13) (with Tset = 37°C) as a function of the ambient
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Fig. 6 Steady state value of thermoregulation Eq. (13) as a function of ambient temperature Ta,
with Tset = 37°C, kh = 0.01, kc = 0.05, vc = 12, and vh = 20 (black curve), and steady state value of
Eq. (13) when the metabolic processes are not functioning, vc = 0 and vh = 0 (grey curve). Dashed
curve indicates thermoneutrality Tb = 37°C.

temperature Ta. Parameters controlling the metabolic processes responsible for
thermoregulation were tuned in order to mimic biologically plausible ranges of
environmental temperatures over which body temperature can be maintained (10–
37°C). Fig. 6 (grey curve) shows the steady state value of (13) when the metabolic
process is shut down (during REM sleep) and the system does not thermoregulate.
During wake and sleep humans thermoregulate with varying levels of efficiency;
thermoregulating most efficiently during wake and less so during sleep [25]. The
time constant τv controls the rate at which Tb approaches the steady state and so we
use different τv values during wake, τv = 1, and sleep (NREM and REM), τv = 500.

2.5.1 Temperature Effects to POAH

There are temperature sensitive neurons in the POAH [23], and so our model
incorporates the effects of ambient temperature through the activity of the POAH.
During REM bouts, body temperature deviates from the set temperature. When
this deviation exceeds a threshold of 0.2°C (Tb = Tset(t)± 0.2), then an inhibitory
pulse is sent to the POAH in order to induce a brief awakening and restore
thermoregulation (see Sect. 3.3 for an illustration of this mechanism).

The inhibitory current ITdev is modeled as the product of a conductance with a
voltage difference according to the following equations:

ITdev = gTdevsTdev(vPOAH −Esyn), (15)
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where gTdev = 1.5 is the maximal synaptic conductance and sTdev depends on the
temperature in the following way:

s′Tdev = Ipulse(1− sTdev)/τr − sTdev/τd, (16)

with τr = 0.1, τd = 2. Ipulse jumps to 1 whenever body temperature Tb falls
below a certain minimum Tmin = Tset − 0.2 or reaches above a certain maximum
Tmax = Tset + 0.2, i.e.

Ipulse = H(Tmin −Tb)+H(Tb −Tmax). (17)

Thus sTdev rises while Ipulse = 1 and decays to 0 otherwise.

3 Results

3.1 Sleep–Wake Circuit

Following Rempe et al. [39] and Kumar et al. [24], we assume the inputs a
population receives evolve on a much slower time scale than the dynamics of
vi,wi dictated by Eq. (1). With this fast–slow decomposition, we can understand
the maintenance of wake and sleep states, as well as the transitions between them,
by the solutions of Eq. (1) governed by the nullclines of the (vi,wi) phase plane (see
also [7]).

We provide a description of the sleep–wake cycle (see Fig. 3 top) during
thermoneutrality based on the evolution of the nullclines on the (vPOAH,wPOAH)
and (vMRF,wMRF) phase planes.

Considering the nullclines of Eq. (1) for frozen synaptic input, we have a cubic
shaped v-nullcline (v′ = 0) and a sigmoidal shaped w-nullcline (w′ = 0). See Fig. 7b
and c. Each neuronal population receives input from other populations. As the
amount of input received changes over time, the v-nullcline changes its position
on the phase plane and crosses the w-nullcline at different points corresponding to
different states. Notice that the dynamics on the phase plane is also of the slow–
fast type—dynamics of v is faster than w. When v-nullclines are high (indicating
strong excitatory or low inhibitory drive), they cross the w-nullcline on the right
branch defining a “stable fixed point” of high activity (notice that this is a real fixed
point only when the synaptic input is frozen). On the contrary, when v-nullclines sit
low (indicating strong inhibitory or low excitatory drive), they cross the w-nullcline
on the left branch defining a “stable fixed point” of low activity. Finally, when
v-nullclines cross the w-nullcline on the middle branch, they define an “unstable
fixed point” and a “stable limit cycle” of periodic activity and inactivity naturally
occurs (see [7]).
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Fig. 7 (a) Time course of vPOAH over four cycles for thermoneutrality. (b) Projection of the
trajectory onto the (vPOAH ,wPOAH)-phase plane (black curve), together with the wPOAH-nullcline
(grey curve) and the position of the vPOAH-nullcline at five different times indicated with symbols in
panel (a) (c) Projection of the trajectory onto the (vMRF ,wMRF)-phase plane (black curve), together
with the wMRF-nullcline (grey curve) and the position of the vMRF-nullcline at five different times
indicated with symbols in panel (a). The colors of v-nullcline in (b) and (c) match the symbol
colors in panel (a)

Thus, at the beginning of the wake state (see red dot in Fig. 7a), the vPOAH-
nullcline is at its lowest position (see red nullcline in Fig. 7b). Here the excitatory
drive from the sleep homeostat is at its minimum value and the inhibitory input
from the circadian rhythm is rising (see Fig. 4). The system sits on the “stable fixed
point” (intersection of vPOAH and wPOAH-nullclines) that lies on the left branch of the
vPOAH-nullcline (silent state). At this moment, MRF is not receiving inhibition from
POAH (silent) and the vMRF and wMRF-nullclines intersect on the right branch of the
vMRF-nullcline (active state), see red nullcline in Fig. 7c. During the wake state the
homeostat rises (see Fig. 4) and the vPOAH-nullcline moves upward. The trajectory
is then tracking the “stable fixed point” located on the left branch until it transitions
to the middle branch and destabilizes (vPOAH-nullcline transitions from red to green
nullcline in Fig. 7b). At this point, the trajectory jumps up to the right branch pushed
by the fast dynamics of Eq. (1), indicating the onset of the sleep period (see green dot
in Fig. 7a). Since POAH inhibits MRF, the vMRF-nullcline moves downward (blue
nullcline in Fig. 7c) and vMRF approaches the new fixed point corresponding to a
silent state. Now, POAH is not receiving inhibition from MRF (or ORX) anymore
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and the vPOAH-nullcline moves further up (blue nullcline in Fig. 7b). During the
sleep period, the homeostatic drive is reduced while the circadian inhibitory input
to POAH rises (see Fig. 4), causing a downward shift to vPOAH-nullcline (vPOAH-
nullcline transitions from blue to orange nullcline in Fig. 7b). The sleep period
terminates when the vPOAH-nullcline shifts sufficiently low such that the “stable
fixed point” moves to its middle branch and destabilizes (orange nullcline in Fig. 7b)
and fast dynamics pushes the trajectory back down to the left branch. Immediately
after that, MRF is released from POAH inhibition, vMRF-nullcline moves back up
(from orange to cyan nullcline in Fig. 7c) and MRF activates again, which in turn
suppresses POAH further more (vPOAH-nullcline transitions from orange to cyan in
Fig. 7b).

3.2 The REM Subcircuit

The REM subcircuit consists of a flip-flop circuit between the REM-on and REM-
off neuronal groups. The description below explains how the REM-off population is
driving this subcircuit while the REM-on population is passive. During sleep both
the MRF and ORX neuronal groups are suppressed and the POAH is active (Fig. 2b).
Thus, in order to analyze the regulation of REM cycling during sleep we isolate
the REM subcircuit by ignoring the connections from the MRF and the ORX to
the REM subcircuit and considering the strength of the inhibitory input from the
POAH governed by the REM homeostatic process, syn, a parameter (see Eq. (12)).
Notice that the equation for wRoff in (1) does not depend on the REM homeostatic
process. Thus, as we simulate the rise of the REM homeostat, the sigmoidal shaped
graph of the wRoff -nullcline remains unchanged and the vRoff -nullcline makes a
vertical shift downward, changing the dynamics of the subsystem. In Fig. 8a, we
show the bifurcation diagram of the REM subsystem as syn (now a parameter) is
varied. We see that for small values of syn the system has a stable equilibrium point
with high vRoff , which loses stability through a Hopf bifurcation (for syn = 0.327),
where a stable limit cycle is born. The stable limit cycle persists over a range of
syn values (syn ∈ (0.327,0.668)) and disappears via another Hopf bifurcation (for
syn = 0.668). In Fig. 8b we show the period of the oscillations. After the second
Hopf bifurcation, the system has a stable equilibrium point with low vRoff . Notice
that for a range of syn values the system presents three equilibrium points that
are born or disappear through saddle node bifurcations, and only one or none are
stable for a given syn. The following is a discussion of these dynamical regimes in
more detail based on the position of the nullclines.

For lower values of the REM homeostat (small syn), like during sleep onset,
REM-off neurons are active. Indeed, the vRoff -nullcline intersects the wRoff -nullcline
on the right branch (Fig. 9a for syn = 0.3). When vRoff > vth the inhibitory input to
REM-on neurons forces vRon < vth, thus suppressing REM-on. The vRon-nullcline
intersects the wRon-nullcline on the left branch (Fig. 9b for syn = 0.3). When
the REM homeostat is at its maximum, the vRoff -nullcline shifts down and intersects
the wRoff -nullcline on the left branch (Fig. 9a for syn = 0.7). Thus REM-off neurons
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Fig. 9 Projection of the v and w-nullclines for (a) REM-off onto (vRoff ,wRoff )-phase space and (b)
for REM-on onto (vRon,wRon)-phase space for values of syn for which the REM–NREM subsystem
has a stable fixed point. Dark-grey v-nullclines correspond to a low value of the REM homeostat
(syn = 0.3); indicating that at the sleep onset REM-off is active and REM-on is suppressed.
Similarly, light-grey v-nullclines correspond to high values of the REM homeostat (syn = 0.7)
indicating that at the end of sleep REM-off is inactive and REM-on is active.

are inactive and there is no inhibitory input to REM-on neurons. Hence we see a
stable fixed point on the right branch of the vRon-nullcline (Fig. 9b for syn = 0.7).
These system behaviors allow us to model two important typical characteristics of
sleep in a healthy human adult: sleep begins with NREM sleep and ends in REM
sleep.
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In a different regime of the REM homeostat (see Fig. 8a for
syn ∈ (0.327,0.668)) the system has an attracting limit cycle (Fig. 10a). Notice
that since the vRoff -nullcline depends also on the current value of vRon, during the
active phase of vRoff (silent phase, respectively) the trajectory on the REM-off phase
plane is tracking the right branch (left branch) of the vRoff -nullcline corresponding
to a low value (high value) of vRon. Fig. 10b shows the projection of the limit
cycle onto the (vRon,wRon)-phase plane, where the REM-on population transitions
between two “fixed points” (these are real fixed points only when vRoff is frozen
at its minimum and maximum values) as vRoff ranges between its minimum and
maximum values. We have made the parameter τRoff a function of vRoff , so that in
this state the REM-off trajectory travels up along the active phase (right branch of
the vRoff -nullcline) slower than it travels down the silent phase (left branch of the
vRoff -nullcline). Thus, we have:

τRoff (vRoff ) = τlow + τhighH(vRoff − vth) , (18)

with τlow = 5 and τhigh = 35. This was done in the model so that for a given value
of the REM homeostat the duration of a NREM bout is longer than a REM bout,
which agrees with [25].

As the REM homeostat continues to increase (see Fig. 5), while in the oscillatory
regime, we are able to see a lengthening of the REM–NREM periods during the
night (Fig. 8b). Moreover, since the position of the vRoff -nullcline moves downward
on the (vRoff ,wRoff )-phase space as syn increases, it has the effect of lengthening the
portion of the silent branch of the vRoff -nullcline that the trajectory is tracking while
shortening the active branch. Therefore, we are also able to model an increase in
the length of the REM bouts as sleep progresses (see Fig. 3 bottom).
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3.3 Effects of Thermoregulation on Sleep Dynamics

Whenever body temperature Tb, described by Eq. (13), deviates more than 0.2°C
from thermoneutrality (typically during REM sleep; see Fig. 11), it triggers an
inhibitory pulse ITdev to POAH, described by Eq. (15). This produces the suppres-
sion of POAH activity, resulting in a brief awakening (see Fig. 11). Next, we discuss
the dynamical effects of the inhibitory current ITdev on the dynamics of POAH
based on the nullclines approach. See Fig. 12 for T = 24°C. During sleep, POAH is
activated and the trajectory moves towards a fixed point (active state) located on the
right branch of the vPOAH-nullcline (see red curve and dot in Fig. 12b). An inhibitory
pulse (due to deviation from thermoneutrality) shifts the vPOAH-nullcline downward
(green curve in Fig. 12b), the trajectory then lies above the right knee of the vPOAH-
nullcline (see green dot on the trajectory) and fast dynamics of Eq (1) pushes the
orbit towards the left branch of the vPOAH-nullcline. Thus, the POAH population
becomes silent (see Fig. 12a), releasing the MRF population, which activates. Since
the duration of the inhibitory pulse is very short, soon after that, the amount of
inhibition that POAH receives is reduced. This has the effect, together with a weak
inhibitory drive from MRF and ORX (see text below for more details) as well
as high homeostatic drive and low inhibitory input from the circadian drive (see
Fig. 4), to move the vPOAH-nullcline back up again (blue curve in Fig. 12b). Now,
the trajectory lies below the left knee of the vPOAH-nullcline (see blue dot on the
trajectory and blue nullcline in Fig. 12b) and again fast dynamics pushes the orbit

60

Tb
Tmin

POAH
REM On

37.5

36.5

0.5

−0.5

0

37

65 70 75

60 65 70

Time (hours)

A
C

T
IV

IT
Y

T
E

M
P

E
R

A
T

U
R

E
 °

C

75

Fig. 11 Body temperature and the Tmin function (top) with the associated POAH and REM-on
activity (bottom) during one night with an ambient temperature of 21°C. During a REM cycle,
when the body cannot thermoregulate, body temperature, Tb, will deviate away from thermoneutral
until it reaches the minimum function value. At which time the body will leave REMS and wake
so it can begin thermoregulating again.
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Fig. 12 (a) Time course of vPOAH during one night with ambient temperature Ta = 24°C (top)
and zoom around the first brief awakening (bottom). (b) Projection of the trajectory in A until
the end of the first awakening onto the (vPOAH ,wPOAH)-phase plane (black curve), together with
the wPOAH-nullcline (grey curve) and the position of the vPOAH-nullcline at four different times
around the first brief awakening indicated with symbols in panel a. The color of vPOAH-nullcline in
b matches the symbol color in panel a.

towards the right branch of the vPOAH-nullcline. The trajectory then moves along the
right branch towards the fixed point (again in the active state, see cyan and red dots
in Fig. 12b). Thus, the POAH population activates again (see cyan dot on Fig. 12a),
suppresses the MRF population and this terminates the brief awakening.

We would like to emphasize that we introduced some dynamics in the inhibitory
connections from ORX and MRF to POAH (they are strong during wake but weak-
ened during sleep) in order to simulate brief awakenings observed in experimental
data. Consider, for instance, the case when an awakening (vPOAH is suppressed due
to an inhibitory pulse) is produced soon after falling sleep or at early stages of the
night. Then, if the inhibitory strength from MRF and ORX to POAH is as during
wake, the vPOAH-nullcline would correspond to the green one in Fig. 7b. So, during
the awakening period the trajectory would move along the left branch of the green
nullcline in Fig. 7b until it would reach the left knee and jump up again, causing
the system to fall back asleep. These dynamics would produce awakenings that
are of the order of half an hour (results not shown). However, brief awakenings
are of the order of a few minutes. We observed that by reducing the amount of
inhibition POAH receives during brief awakenings, the vPOAH-nullcline can be
shifted further up, reducing the time the trajectory travels along the left branch
before reaching the left knee (compare the position of the blue nullcline in Fig. 12b
with the position of the green nullcline in Fig. 7b). We did so by modulating the
strength of inhibition from MRF and ORX to POAH, so that it is strong during
wake but it is weakened during sleep. Mathematically, we multiply Eq. (5) for the
synaptic currents IORX→POAH and IMRF→POAH by a new variable synp that evolves
according to the following differential equation:

syn′p = (0.2− synp)H(vPOAH − vth)/τ3p +(1− synp)H(vth− vPOAH)/τ4p, (19)
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where τ3p = 50 and τ4p = 100. These dynamics do not affect the duration of the
awake period during the day. Indeed, at the end of the sleep period the sleep
homeostat is at its minimum level and the inhibitory input from the circadian drive to
POAH is high, thus when an awakening is produced, the vPOAH-nullcline is located
a bit further down (see cyan nullcline in Fig. 7). Since more time is spent on the left
branch, inhibitory synapses from MRF and ORX to POAH recover their strength
and push the vPOAH-nullcline even further down (cyan and red nullclines in Fig. 7),
causing the long awake period during the day.

3.4 Comparison with Experimental Data

Fig. 13 shows the time course of POAH activation across a single night at the
following ambient temperatures: 21°C, 24°C, 29°C, 34°C, and 37°C. In the case
in which the ambient temperature is thermoneutral (29°C), no awakenings occur
during the night. Due to the increased need for thermoregulation, the number of
awakenings per night increases as the ambient temperature deviates further from
thermoneutral, with a maximum of seven awakenings across a single night at
ambient temperature 37°C.

Further numerical results concerning the effects of ambient temperature on
night awakenings is included in Table 3. Here, we see that, across all simulated
ambient temperatures, the length of the night is 8±0.5 hours. Our model displays a
significant reduction in REM sleep at 37°C as opposed to other temperatures. This
is consistent with the works of [18, 20] in which the authors found that sleeping
at temperatures extremely above thermoneutral leads to both increased amounts of

21° C 24° C 29° C

8 hrs

Time (hours)
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A
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Fig. 13 POAH activity during one night, showing awakenings at various ambient temperature
values.
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Table 3 Results of model simulations at various ambient temperatures.

Temperature (°C)
21 24 29 34 37

Avg. Night Length (hr) 7.96 7.56 7.96 8.41 8.00

Num. Awakenings per night 5 2 0 5 7

Avg. Awakening Length (min) 4.55 3.78 n/a 4.52 4.71

Num. REM Cycles 6 5 5 6 8

Mean REM Length (min) 8.32 12.56 16.90 10.11 4.25

wakefulness and a reduction of time spent in REM. Also consistent with the findings
of [18], model simulations produce an increased amount of wakefulness observed at
21°C when compared to temperatures closer to thermoneutral. Our model predicts
only small variations in the number of REM cycles across all temperatures except
at 37°C. The consistency in the number of REM cycles generally coincides with
the experimental findings of Muzet et al. [30]. However, [30] found fewer REM
bouts across the night (4 to 5) when compared to our model (5 to 8). This fact
can be rectified by noting that Muzet et al. combined two REM bouts if they were
separated by less than 15 minutes. This combined counting of REM episodes might
account for the disparity between the data presented in [30] and the simulations of
the current model.

4 Discussion

We have presented a model of human sleep–wake regulation with thermoregulation
and temperature effects. At thermoneutrality, the model accounts for features of
normal sleep in a circadian-entrained individual including the timing and dura-
tion of sleep, the number and duration of REM–NREM cycles, initiating sleep
with NREM and waking from REM sleep. REM bouts lengthen across the first
four REM–NREM cycles, but the fifth REM bout is terminated by wakefulness
before reaching the duration of the fourth REM bout [2, 25]. Thermoregulation
is less efficient during NREM sleep compared to during wakefulness, modeled
by increasing the time constant of the active thermoregulation process. During
REM sleep, thermoregulation is suspended, and ambient temperatures away from
thermoneutrality may result in excessive drift of the core body temperature (CBT).
In the model, REM sleep is then interrupted in order to restore thermoregulation,
and sleep does not resume until CBT has been corrected. Such brief awakenings
have been observed in experiments in which subjects attempt sleep at a range of
temperatures. In agreement with data, the model shows that the number and duration
of the brief awakenings increase as temperatures either increase or decrease away
from thermoneutrality. These interruptions result in shorter REM durations, so that
REM bouts are longest at thermoneutrality and become shorter as the temperature
moves away from thermoneutrality.
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Czeisler et al. [9] report a particularly close relation between CBT and the rhythm
of REM sleep propensity. Interestingly, the model shows trends for REM durations
that vary with ambient temperature. At the coldest temperature modeled (21°C),
REM durations are strictly decreasing across the night; they strictly increase at
34°C. At 24°C, they increase and then decrease, while at 37°C they decrease and
then increase. The variation in trend is due to the nonlinear interaction between
the ambient temperature, thermoregulation, and the circadian rhythm of CBT. At
24°C, some model REM bouts were interrupted due to temperature deviations, while
others were not. These results point out that, in order to understand the effect of
ambient temperature on REM bout durations, it is important to record the circadian
phase of each REM bout as well as its duration.

Our model is based on the model of Kumar et al. [24], but with several
modifications in addition to thermoregulation. We did not include any nuclei or
connections for which the model in [24] used a default synaptic conductance
of 0; this did not affect the dynamics of the model under normal conditions.
We added an inhibitory connection from the circadian process to POAH; such a
connection has been included in other mathematical models [39] and summarizes
a multisynaptic inhibitory influence. We moved the REM homeostat from the
excitatory CRF to REM-on synapse (which we removed) to a new, inhibitory POAH
to REM-off connection. These modifications ensured that the REM–NREM cycle at
thermoneutrality had characteristics reported from experiments: 4–5 REM–NREM
cycles per night, REM bouts lengthen across the night, and REM bouts are shorter
than NREM bouts. While the biological mechanisms underlying the dynamics of
REM–NREM cycles are not yet understood, it is interesting to note that in our model
the REM-on neurons fire opportunistically while the REM-off population drives the
cycle. In [24], the REM-on populations drive the REM–NREM cycles. Both models
have a mutually inhibitory flip-flop circuit for REM–NREM cycles.

Much experimental work has been dedicated to the effects of temperature on
sleep patterns [9, 18, 21–23, 30, 44]. The strong relationship between thermoregu-
lation and sleep observed under a variety of experimental conditions has led to the
suggestion that thermoregulation may have a role in sleep regulation comparable
to that of the circadian rhythm and homeostatic drive for sleep [17]. This suggests
that, in the course of model development, responses to various temperature effects
might be a good element to be considered both for its potential scientific insight
and for the purposes of model validation. Also, the response to an impulsive
stimulus interrupting sleep is a test of the model that could be applied to other
mathematical models of sleep–wake regulation. Fulcher et al. [16] modeled the
impact of impulsive stimuli such as loud sounds in a model of sleep–wake cycling
without REM–NREM. Motivated by experiments, their model includes a varying
arousal threshold for sensory stimuli that reaches a maximum near the middle of
the night and then decreases; to our knowledge, a varying threshold for temperature
deviations has not been reported. Initially when we interrupted sleep due to CBT
deviations, the model tended to produce periods of wakefulness much longer than
needed in order to restore body temperature (on the order of half an hour), due
to strong inhibition from wake-active populations to POAH. Since the data show
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that these wake bouts are more commonly less than 10 minutes (see [18]), we
changed the dynamics in the inhibitory connections from ORX and MRF to POAH
so that the inhibition is weaker during sleep (see Table 3). Our implementation
of thermoregulation is simple and phenomenological, yet gives good qualitative
agreement with several features in data of temperature effects on sleep. The model
presented here is a step towards testing that intriguing hypothesis. A more detailed
model of temperature regulation might improve the quantitative agreement with
data.

The model presented here considers the dynamics of the sleep–wake cycle
including wakings from REM sleep due to the need for active thermoregulation in
an environment away from thermoneutrality. Other important temperature effects
have not been included here. We have not incorporated temperature effects on
sleep latency or REM latency [18, 30]. Temperature effects on sleep latency
could be incorporated by inhibiting transitions from wakefulness into NREM
sleep at temperatures requiring efficient thermoregulation; the strengthening of the
homeostatic sleep drive would in time overcome that inhibition. Mathematically,
there are a number of possible implementations, but biological considerations
should be foremost. Similarly, the model should sometimes thermoregulate through
a prolonged NREM state rather than enter REM sleep. Another extension of the
model would include warm sensitive neurons in POAH that sense distal skin
temperatures. It has been reported that increasing the gradient of distal- to-proximal
skin temperatures (such as by foot warming) reduces sleep onset latency, and in
fact Krauchi et al. [20] found that distal-to-proximal skin temperature gradient was
a better predictor of sleep onset latency than CBT. These important effects will be
addressed in future work.

It is worth mentioning that deterministic models constructed with coupled
Morris-Lecar equations may exhibit more rigidity than is evident in human sleep
data. While models of this class—including the present model—are quite robust to
noise (results not shown), there are many variations in sleep patterns (durations
of nights, durations of REM cycles, length of nighttime awakenings) that are
difficult to reproduce with the general inclusion of noise. Thoughtful incorporation
of stochastic elements might provide a more realistic range of sleep behaviors (such
as variations in wake durations) without modulating the inhibitory connection to
POAH. Firing rate models have also been used to model sleep–wake regulation and
may be less rigid [13, 16].

The model presented here is intended to further the development of mathematical
models for human sleep–wake regulation by incorporating thermoregulation and
temperature effects, in accordance with their significance as observed in experi-
ments. We have used the model to examine the impact of ambient temperature
in limiting the duration of individual REM bouts and total time in REM sleep.
Further modifications to our model would allow for the transition from REM sleep to
NREM sleep, rather than always waking up due to temperature deviations. Whether
the model transitions from REM to NREM sleep or from REM to the awake
state may be dependent on the amount by which ambient temperature deviates
from thermoneutral, as well as the current state of the circadian rhythm and sleep
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homeostat. Understanding the roles of CBT rhythm and thermoregulation in shaping
the structure of a typical night’s sleep and the variation that occurs on a particular
night remain important challenges in sleep research.
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Modeling Sympatric Speciation in Quasiperiodic
Environments

Jasmine Foo, Cymra Haskell, Natalia L. Komarova, Rebecca A. Segal,
and Karen E. Wood

Abstract Sympatric speciation is the emergence of new species from a single
ancestral species while inhabiting the same geographic region. This process presents
an interesting problem for theoretical studies of evolution. One mechanism by which
sympatric speciation might occur is periodic or quasiperiodic fluctuations in the
abundance of the resources. In this paper inspired by the experimental findings of
(Herron and Doebeli, PLoS Biol. 11, p. e1001490, 2013), we present a number
of models of asexual speciation of E. coli, which range in the level of biological
detail and the degree of analytical treatment. We show that coexistence of multiple
species arises as a robust phenomenon, even in the presence of spatial and temporal
randomness.
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1 Introduction

Understanding mechanisms of speciation has long been considered one of the
fundamental problems in biology. Four geographic modes of speciation have been
identified based on the extent to which speciating populations are isolated from
one another: allopatric, peripatric, parapatric, and sympatric. Arguably the most
puzzling mode of speciation is sympatric speciation, where new species evolve
from a single ancestral species while inhabiting the same geographic region. In
the literature, many aspects of sympatric speciation have been studied theoretically,
see, e.g., [3, 9, 18, 19, 22, 23]. The theory of evolutionary branching explains the
dynamics of species emergence and has been applied to both sexual [5] and asexual
populations [8, 11].

In [7], the power of this theory was demonstrated by using several well-known
ecological models, including models for symmetric and asymmetric competition,
mutualism, and predator–prey interactions. Evolutionary branching occurs when
frequency-dependent selection splits a phenotypically monomorphic population into
two distinct phenotypic clusters. For this mechanism to work, selection must drive
the population toward a fitness minimum in phenotype space. Conditions have been
established that allow for evolutionary branching in different models. For more
details on the theory of adaptive dynamics, see [6]; for a discussion of this theory
and its contributions to our understanding of sympatric speciation, see [12, 27].

To obtain a theoretical understanding of sympatric speciation, two different
issues must be addressed. (i) Reproductive isolation: How can a population split into
two sub-species in the presence of recombination, which leads to the production
of intermediate offspring? (ii) Coexistence: How can multiple diverging lineages
coexist in sympatry? It is the second issue that we will focus on in this paper.

A fascinating case study that motivated our work was the paper [13]. By
using a model system of evolving bacteria Escherichia coli (E. coli), the authors
demonstrated that speciation can be observed in a predictable, reproducible fashion.
They documented the genetic basis and the evolutionary dynamics of adaptive
diversification, and showed that in several replicates of the experiment, parallel
genetic changes underlie similar phenotypes in independently evolved lineages.
The experimental system used by [13] involved E. coli competing for two carbon
sources, which were replenished daily and depleted by the bacteria over the
course of each day. The presence of two periodically renewed food sources caused
initially isogenic populations of E. coli to diversify into two coexisting phenotypes,
which corresponded to two different physiological adaptations in the carbohydrate
metabolism.

The idea that seasonally changing environments can create diversity has been
developed in the literature for several decades, see, e.g., [1, 4, 15, 16, 20, 21, 26]. [16]
proposed that the co-existence of many different species of phytoplankton can be
explained by temporal changes in the environment that preclude an equilibrium from
being achieved under a given set of environmental conditions. This means that the
principle of competitive exclusion [2] does not apply. In [26], the authors created and
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analyzed an elegant model where a number of species consume different resources
at different intensity, and the resources are replenished constantly. Paper [25]
emphasized the fact that frequency dependent competition allows for stable species
coexistence in seasonally changing environments. Such frequency dependence can
occur, for example, when variation in resource availability is generated through
depletion and subsequent replenishment of these resources. By using the E. coli
system, the authors showed that removing “seasonality” destroys coexistence and
leads to dominance of a single species.

In the present paper, as in [17], we treat the coexistence problem of sympatric
speciation as an ecological question, where the issue of reproductive isolation is
of secondary importance. Therefore, we restrict our attention to evolving asexual
populations (this assumption is natural for the case study of E. coli). We develop a
number of models inspired by the E. coli evolution in the experiments of [13, 25].
We start from a model that is case-study based and specific to the E. coli experiment,
and then create a more abstract model which only keeps the components essential
for speciation driven by a periodically changing environment. We show that if
different species can consume the same resources and even have the same preferred
resource, and only differ by their switching behavior when the preferred resource
becomes sparse, “seasonal” changes in the abundance of the resources can drive
speciation. Among the different phenotypes, the most “different” ones will survive
and achieve quasi-stable coexistence. This result continues to hold in quasiperiodic
random environments where the time period between resource replenishment and
the amount of resources replenished varies stochastically. Further, it continues to
hold in spatially distributed systems.

The rest of this paper is organized as follows. In section 2 we will develop a
mathematical model that describes speciation in the experiments of [13]. In section 3
we create a more abstract model, which captures the essential components of the
case study while omitting details that are not necessary for speciation. In this model,
speciation is driven by the periodically changing environment. Both analytical and
numerical results are presented for periodically changing environments. We further
depart from the assumption of periodicity and investigate speciation in quasiperiodic
and random environments. Section 4 extends the discussion to spatially distributed
systems. Conclusions are presented in section 5.

2 Speciation in E. coli: A Case Study

It has been shown in [10, 13] that sympatric diversification can occur with
frequency-dependent selection that arises as a result of cooperation, competition, or
predation. In this case study, we develop a mathematical model of an experiment
conducted by Herron and Doebeli in which sympatric diversification appears to
occur through the interaction of two divergent phenotypes with the environment. In a
periodically replenished environment, a phenotype of E. coli emerges that modifies
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the environment creating a niche in which a second phenotype can flourish. This
environmental feedback produces the frequency-dependent selection that is central
to theories of sympatric diversification.

2.1 Biological Background

Herron and Doebeli cultivated three parallel populations of E. coli, each of which
was founded from an isogenic line and cultured in well-mixed conditions for 183
days (about 1230 generations) in a medium of glucose and acetate. Each day the
bacteria used up all the available glucose and then underwent what is known as a
diauxic switch to acetate consumption before entering a stationary phase. At the end
of the day they were transferred to a fresh medium of glucose and acetate. In each
of the three populations, two phenotypes emerged that coexisted for the duration of
the experiment. The phenotypes were distinguished by their diauxic resource use.
The fast switchers (FS) exhibited slower growth when glucose was abundant, but
switched to acetate consumption even while glucose was still in abundance. The
slow switchers (SS) exhibited faster growth when glucose was abundant, but took
longer to switch to acetate consumption when the glucose was depleted.

In the presence of multiple nutrients, bacteria have complex and diverse regula-
tory mechanisms enabling them to preferentially utilize those nutrients that facilitate
the fastest growth. See [29] for a thorough review of the current understanding of the
metabolic processes involved in glucose and acetate consumption and in the switch
from the former to the latter. The following is a simplified biological model of these
processes.

When metabolizing glucose, cells take up glucose from their environment and
break it down through glycolysis to pyruvate and then acetyl-CoA producing ATP
in the process. The acetyl-CoA is broken down into carbon dioxide by the TCA
cycle, converted to acetate by the PTA-ACKA pathway, and converted to other
compounds such as ethanol by other pathways. The first two processes produce ATP.
The production or dissimilation of acetate has the effect of stimulating glycolysis
by re-oxidizing NADH and thereby replenishing NAD+ required by glycolysis and
recycling the coenzyme A required to convert pyruvate to acetyl-CoA [29]. This
is illustrated in figure 1(b). When metabolizing or assimilating acetate, the PTA-
ACKA pathway reverses; cells take up acetate and convert it to acetyl-CoA using
ATP in the process. The acetyl-CoA is then broken down into carbon dioxide by the
TCA cycle releasing ATP. This is illustrated in figure 1(a).

A warm, alkaline, anaerobic, and nutrient-rich environment favors acetate dis-
similation and a cool, acidic, aerobic, and acetate-rich environment favors acetate
assimilation. Thus, in the presence of abundant glucose, wild type cells dissimilate
acetate, thereby stimulating glycolysis. As the acetate concentration increases, the
acidity increases and as the glucose is depleted, the growth rate declines increasing
the oxidation of the medium. The result is that the PTA-ACKA pathway reverses
direction and the cells start to assimilate acetate. This, in turn, results in a lower
level of assimilation of glucose. This is known as the acetate switch.
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Fig. 1 A schematic illustrating the biological processes involved in (a) acetate assimilation and
(b) dissimilation.

2.2 Modeling E. coli

Our model admits any number n of phenotypes of E. coli. Let g, a, and xi, 1 ≤ i ≤ n
denote the concentrations of glucose, acetate, and the i’th phenotype, respectively,
in solution.

Experimental studies of Spencer, Bertrand, Travisano, and Doebeli [24] indicate
that the slow switchers in the Herron-Doebeli experiment behave similarly to the
wild type cells while the fast switchers have one or more mutations that repress
acetate dissimilation. In light of this, the different phenotypes of E. coli are
distinguished in our mathematical model by the level of glucose that stimulates the
activity level of the PTA-ACKA acetate dissimilation pathway. More specifically,
the variable li denotes the fraction of metabolized glucose that is dissimilated as
acetate in the i’th phenotype. We suppose li depends on g. The functional form
of li(g) is the same for all phenotypes; there is a threshold level of glucose below
which li decays exponentially to 0 and above which it increases exponentially to
1. Moreover, the exponential rate of increase and decrease τ is the same for all
phenotypes. It is the threshold gi that differs between phenotypes; for the fast
switchers gi is large since they only dissimilate acetate when the glucose level is
very high and for the slow switchers gi is small causing them to switch from acetate
dissimilation to acetate assimilation only when the glucose level drops below some
relatively small level.

When a cell is assimilating acetate it dissimilates less acetate and thereby reduces
its stimulation of glucose assimilation. For this reason the value of li affects the
following rates in our mathematical model;

a) the rate acetate is dissimilated per molecule of glucose assimilated,
b) the rate acetate is assimilated, and
c) the rate glucose is assimilated.

At low concentrations of glucose, each cell consumes glucose at a rate that is
proportional to lig, but this rate levels off to a maximum liσ at high concentrations.
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Similarly, at low concentrations of acetate, each cell consumes acetate at a rate
that is proportional to (1− li)a but this levels off to a maximum (1− li)ρ at high
concentrations. We model these rates with the functions

liσ
g

Kg + g
and (1− li)ρ

a
Ka + a

respectively. Let γ and α denote the growth rates of the cells due to consumption
of glucose and acetate, respectively, and δ the natural death rate of the cells. Let
β denote the acetate excreted per molecule of glucose due to acetate dissimilation.
Since the value of li denotes the fraction of metabolized glucose that is dissimilated
as acetate, the rate of increase of acetate due to acetate dissimilation is equal to the
product of li, β and the rate at which glucose is metabolized. Table 1 summarizes
these parameters and their roles in the model.

This gives us the following system of differential equations modeling the
populations in the experiment:

l̇i = τ [H(g− gi)− li] (2.1)

ẋi = γ
liσg

Kg + g
xi +α

(1− li)ρa
Ka + a

xi − δxi (2.2)

ġ =−
n

∑
i=1

liσg
Kg + g

xi (2.3)

ȧ = β li
n

∑
i=1

liσg
Kg + g

xi −
n

∑
i=1

(1− li)ρa
Ka + a

xi, (2.4)

where the function H is the Heaviside function. System (2.1–2.4) represents the
dynamics observed during a single day of E. coli experiments. To study the
evolutionary dynamics, we incorporate the resampling procedure in the following
way. We simulate equations (2.1–2.4) for a certain duration of time (t̄ = 24).
Then, we re-normalize the population sizes xi, so that their sum is equal to 1,
and reset variable g and a to their initial values. These new values serve as the
initial conditions for the next iteration. The simulation shown in Figure 2(a) shows
that this model admits the possibility of coexistence with two phenotypes; a slow

Table 1 Parameters used in (2.1)–(2.4) and their definitions.

Parameters Biological roles

γ cell growth rate due to glucose consumption

α cell growth rate due to acetate consumption

β acetate excreted per molecule of glucose

gi glucose switching threshold for i-th phenotype

ρ ,Ka control maximum acetate consumption rate per cell

σ ,Kg control maximum glucose consumption rate per cell
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Fig. 2 Simulations showing the coexistence behavior of system (2.1–2.4). (a) Graph of the levels
of SS and FS E. coli, using initial values of glucose and acetate of 1 and initial amounts of SS and
FS of .1 and .9, respectively. The two phenotypes have g1 = .01 and g2 = 10, where g1 and g2 are
the thresholds for switching from glucose to acetate for SS and FS, respectively. The remaining
parameters are γ = 12,α = 8,σ = 1,ρ = 1,Kg = 1,Ka = 1,β = 2,δ = 0.1,τ = 2. (b) A numerical
study of coexistence in the (γ ,α) parameter space. The rest of the parameters are the same as in
(a).

switcher and a fast switcher that always dissimilates acetate. This simulation shows
200 replenishments of resources at time-intervals of length t̄.

Figure 2(a) presents a more systematic study of coexistence in this model. The
region of coexistence was found by examining the simulations as α and γ were
varied (while the rest of the parameters were fixed). Simulations were run where
γ was held constant as α was varied at .01 increments from 0. The code checked
for stability of the solution by comparing the population of the cell types across
100 resource replenishments. If the difference between the population at the end of
the two replenishment time periods was not small enough, the simulation would be
run for another 400 replenishments, and checked again. If the required threshold
was met, then the populations were checked for positivity. If the populations were
not both positive, α was increased by .01, and the simulations began again. If the
positivity requirement was passed by both populations, the γ and α values were
recorded, γ was increased by 1 and the test was started from the beginning.

The case study model (2.1–2.4) will serve as a foundation for building an
autonomous model that exhibits experimental behavior and at the same time is
amenable to mathematical analysis, see the next section. An alternative math-
ematical description of the E. coli experiments was developed by [10]. The
main difference between system (2.1–2.4) and the model in [10] is the different
mathematical techniques used to describe the metabolic switch. In [10], the switch
between the two consumption behaviors happens as a function of the physical time
that has elapsed from the beginning of a cycle. In our model, we explicitly assess
the level of the glucose, see equation (2.1). While neither our model nor that of [10]
allow an analytical description, in the next section we develop a simplified version
that turns out to be amenable to analysis. The simplified model is based on our
modeling choice expressed in equation (2.1).
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3 A General Model of Speciation in a Periodic Environment
in the Presence of Two Food Sources

In the specific models of speciation describing the experiments with E. coli, we were
able to observe speciation under a wide range of parameters. It can also be noted that
several changes in the model structure are still compatible with stable coexistence of
two multiple phenotypes in the system. In this section we will formulate a simpler
and less specific model that is easier to understand analytically.

3.1 Model Formulation

In order to create a concise model which captures the essential features of speciation
mechanisms observed in the experiments by [13], we can assume a reductionist
approach and omit several aspects of the model that are not necessary for speciation.
In particular,

• The resampling where the new initial condition normalizes the populations of
the different organisms can be omitted, such that only the food sources are added
(quasi)periodically.

• The functional forms describing the saturation in terms of the food source can be
omitted. In this setting, the amounts of nutrients do not grow and only decay in
the course of each day, and therefore there is no danger of an unlimited increase
of nutrient uptake.

• The food supplies do not have to be produced in the metabolic process.
• The switch from one mode of consumption to the other does not have to happen

as a step function. It can be a more gradual process, to keep the numerics stable
and robust to rounding errors.

While dropping these details, we must keep the essential features of the system:

1. There are two food sources, g and a, with one of them (variable g) being more
energy rich. The food sources are replenished at the beginning of each day. In the
course of the day, they are consumed by the different species.

2. While all phenotypes prefer to feed on source g, they are able to consume both
food sources in different proportions.

3. Different phenotypes tend to switch from predominantly consuming g to predom-
inantly consuming a. The switching is triggered by the lowering of the amount
of g.

4. The phenotypes differ from each other by the way this switch happens.

The following non-dimensionalized system includes these assumptions:

ẋi = [Si(g)gγ +(1− Si(g))aα − d]xi, 1 ≤ i ≤ n, (3.1)
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ġ = −
n

∑
i=1

Si(g)gxi, (3.2)

ȧ = −
n

∑
i=1

(1− Si(g))axi, (3.3)

where the initial conditions are given by

xi(0) = xi0, g(0) = g0, a(0) = a0.

In this system, we assume that each phenotype at all times consumes g and a
with proportions Si(g) and (1− Si(g)) respectively (that is, the total consumption
is always 1). The consumption happens at a rate proportional to the abundance of
each food source and the resulting growth is proportional to its energetic efficiency,
γ and α .

The fraction of effort to consume g depends on its abundance according to the
function Si(g), where 0 ≤ S ≤ 1. Si is a smooth step-like function of a finite width,
with the switch around the value gi. For example, we can use

Si(g) =
gk

gk + gk
i

,

where k measures the steepness of the switch (e.g., k = 10).
Parameters of the model are defined in Table 2. Note that the parameters (tables 1

and 2) do not have the same mathematical meaning in models (2.1–2.4) and
(3.1–3.3). Some parameters are denoted by the same symbols in the two models,
because of their similar biological meaning. For example, α and γ stand, respec-
tively, for the growth rates of cells due to the consumption of acetate and glucose.
The units however are not the same because of the structural differences between
the models. Model (2.1–2.4) includes saturation in the amount of food source, as
well as a separate dynamic variable, li, which is the activity level of the acetate
dissimilation pathway. These layers of complexity are removed in model (3.1–3.3).
Therefore, the correspondence between the variables denoted by the same symbol
is not literal.

Table 2 Parameters used in (3.1)–(3.3) and their definitions.

Parameters Biological roles

γ cell energetic efficiency on glucose

α cell energetic efficiency on acetate

d cell death rate

gi glucose switching threshold for i-th phenotype

k steepness parameter for switch (used in Si(g))
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We further note that model (3.1–3.3) is similar to the model considered in
[26], where interspecific competition for shared resources is studied. However, in
the model of [26], the uptake rate of each resource is solely a function of the
abundance of that resource. In contrast, here in order to describe the switch to acetate
consumption triggered by glucose levels, we must consider the uptake rate of acetate
as a function of both the acetate and glucose abundance.

System (3.1–3.3) is iterated in the following manner. The ODEs are solved on the
interval 0 ≤ t ≤ t̄, where t̄ is the time of resampling. Then, the new initial conditions
for the phenotype abundances are set to be xi0 = xi(t̄), that is, the abundances remain
the same, and the food sources are reset to the values g0 and a0. The solution
procedure is again repeated for each iteration.

Figure 3 shows the typical dynamics of system (3.1–3.3). 20 types were randomly
created by assigning their value gi from a uniform distribution between 0 and 0.1.
The initial value of one of the types was assumed larger than that of the rest, to
mimic the dynamics presented in Figure 2 of [13]. After 2000 iterations, three
phenotypes emerged. The panel on the right shows the abundance of each of the
20 types after 2000 iterations (blue) together with the corresponding values of gi for
each type. The most abundant phenotype (which usually expands first) corresponds
to the slowest switcher (its threshold value is the lowest of the set). There can be one
or more types that coexist with this SS type on a long term. These are characterized
by a large value of gi, so these are FS. The initial condition, where one of the types
is significantly more abundant, is not necessary to observe coexistence.

More than one FS types can coexist for a long time (and sometimes only one
remains). In reality this corresponds to the heterogeneity of types that can be roughly
classified as one type.

a b

Fig. 3 Typical dynamics of system (3.1–3.3), where 10 types were randomly created by assigning
their value gi from a uniform distribution between 0 and 0.1. In (a), the relative abundances of all
types are shown as a function of the iteration number. In (b), the abundances at iteration 2000 are
shown in blue, together with the values gi for each type (green), ordered in terms of their threshold
value. The parameters of the system are: n = 10, t̄ = 20 (resampling time), a0 = g0 = 1 (the initial
values of a and g at the start of each iteration), k = 10, γ = 1, α = 0.1, d = 0.1.
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3.2 Stability Properties of the Single Period Map

Let {xi}n
i=1, g, and a satisfy the system (3.1)–(3.3) for t ∈ [0, t̄]. We make the

simplification that the functions Si are simply the analogous Heaviside function
in this section. Define the forward evolution map under the system (3.1)–(3.3) by
ψt(x0), where x0 =(x1(0), . . . ,xn(0)) is the initial abundances of the various species.
We are particularly interested in the map F(x0)

.
= ψt̄(x0), i.e., the evolution of the

species system over one period. In the following we will prove some results about
the stability of the system under one iteration of the map F. For simplicity here we
have considered the case n = 2 but the arguments will work for general n as well.
Without loss of generality, we assume that g1 > g2. We also assume that initially,
both types consume glucose (g(0)> g1).

We first develop some bounds on xi. First observe that for all t ∈ [0, t̄) we
have g(t) ≤ g(0) and a(t) ≤ a(0). From here on we will simplify the notation as
A = γg(0)− d. Assume that g(0)> a(0), then we have for each i = 1,2

xi(t) ≤ xi(0)exp [tA]

xi(t) ≥ xi(0)e−dt.

A simple lower bound on g now follows

g(t)≥ ĝ1(t) = g(0)exp

[

−x1(0)+ x2(0)
A

(

etA − 1
)

]

. (3.4)

Simple calculations reveal that

ĝ−1
1 (x) =

1
A

log

(

1− A
x1(0)+ x2(0)

log
x

g(0)

)

.

We can thus define the switching times under the lower bound ĝ1,

τ(1)i = ĝ−1
1 (gi).

We now will use (3.4) to show that x̂ = x1(0)+ x2(0) cannot get too small. In
particular we want to show the following result.

LEMMA 3.1. Assume that γ min(g1,g2) > d then for any T > 0 there is an ε > 0
such that if x̂ ≤ ε then x1(T)+ x2(T)> x̂.

Proof. We consider the lower bound first

ẋi(t) = (γSi(g)g− d)xi ≥ (γSi(ĝ1)ĝ1 − d)xi.
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Thus

xi(T)≥ xi(0)e−dT exp

[

g(0)γ
∫ τ(1)i ∧T

0
exp

(

− x̂
A

(

eAt − 1
)

)

dt

]

≥ xi(0)e−dT exp
[

γ(τ(1)i ∧T)ĝ1(τ
(1)
i ∧T)

]

≥ xi(0)e
−dT exp

[

γ(τ(1)i ∧T)gi

]

.

From the formula for τ(1)i we see that if

x̂ ≤ A log(g(0)/g1)

eAT − 1

then τ(1)i ≥ T. The bound then follows from the assumption of the lemma. 	


We next will establish that if xi(0) is sufficiently large then xi(T)< xi(0).

LEMMA 3.2. For any T > 0 there is K <∞ such that if xi(0)>K then xi(T)< xi(0).

Proof. For each i define the time when species i switches from glucose to acetate

τi = inf{t > 0 : g(t)≤ gi}.

From the system of differential equations we have that for i ∈ {1, . . . ,n}

xi(t) = xi(0)e−dt exp

[

γ
∫ τi∧t

0
g(s)ds+α

∫ t

τi∧t
a(s)ds

]

g(t) = g(0)exp

[

−
n

∑
j=1

∫ τj∧t

0
xj(s)ds

]

a(t) = a(0)exp

[

−
n

∑
j=1

∫ t

τj∧t
xj(s)ds

]

.

To simplify notation set γ̂ = γg(0) and α̂ = αa(0). If we plug in the formulas for
g and a into the formula for xi and observe that each xi is monotonically increasing
we get

xi(t)
xi(0)

edt = exp

[

γ̂
∫ τi∧t

0
exp

(

−
n

∑
j=1

∫ τj∧s

0
xj(r)dr

)

ds+ α̂
∫ t

τi∧t
exp

(

−
n

∑
j=1

∫ s

τj∧s
xj(r)dr

)

ds

]

≤ exp

[

γ̂
∫ τi∧t

0
exp

(

−
n

∑
j=1

xj(0)(τj ∧ s)

)

ds+ α̂
∫ t

τi∧t
exp

(

−
n

∑
j=1

xj(0)(s− τj)
+

)

ds

]

.

(3.5)

First observe that
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∫ τi∧t

0
exp

(

−
n

∑
j=1

xj(0)(τj ∧ s)

)

ds ≤
∫ τi∧t

0
e−xi(0)sds ≤ 1

xi(0)
.

When considering the second integral in (3.5) it suffices to assume that τi < t, thus
consider

∫ t

τi

exp

[

−
n

∑
j=1

xj(0)(s− τj)
+

]

ds ≤
∫ t

τi

exp(−xi(0)(s− τj))ds ≤ 1
xi(0)

.

We can plug the previous two displays into (3.5) and see that

xi(t)
xi(0)

≤ exp

[

γ̂ + α̂
xi(0)

− dt

]

,

and the Lemma follows immediately. 	


These results provide some conditions for stability of the single-period dynamics
of our model. In particular we show a sufficient condition on the relationship
between the model parameters (growth rate on glucose consumption, acetate
switching thresholds and the death rate) such that the total population will not go
extinct. On the other hand, we also show that the population cannot blow up; in
particular there exists a threshold population size above which the population of
any given type will decrease.

3.3 Proof of Coexistence Under Resampling Conditions

In this section we consider coexistence under the assumption that resampling occurs.
Specifically, suppose that (3.1–3.3) describe the dynamics during any given period,
but that the total population size is the same at the beginning of each period. The
initial values of x1,x2 at the beginning of each period are set such that the ratio x1/x2

is the same as at the end of the previous period (i.e., the population is resampled
according to the relative abundances of each type). The definition of coexistence
under resampling conditions is slightly more relaxed than without resampling, since
here it allows for the scenario where both populations decrease during each period
while preserving their relative frequencies within the total population. We note that
resampling was utilized in the experimental study [13] of speciation in E. coli. In the
following we provide a proof that it is possible to find a suitable resource influx level
at the beginning of each period such that coexistence under resampling is possible.
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Consider the case when there are two types. Without loss of generality, suppose
g1 > g2. We will suppose that g(0) > g1. This condition is not necessary for our
results about coexistence but it is clearer to discuss this scenario than to consider all
possible cases.

The glucose level g never increases in the interval 0 < t < T. There are three
possible scenarios; the glucose level is always greater than g1, the glucose level
falls to a level between g1 and g2, and the glucose level falls to a level below g2. Let
t1 denote the time at which g reaches g1 or, if it never reaches g1, let it be equal to T.
Similarly let t2 denote the time at which g reaches g2, or, if it never reaches g2, let
it be equal to T. The glucose level decreases in the interval 0 < t < t2 and remains
constant in the interval t2 < t < T. The acetate level remains constant in the interval
0 < t < t1 and decreases in the interval t1 < t < T.

In the interval 0 < t < t1 we have the following system of differential equations

ẋ1 = (gγ − d)x1 (3.6)

ẋ2 = (gγ − d)x2 (3.7)

ġ =−g(x1 + x2) (3.8)

ȧ = 0. (3.9)

There are a number of important observations we can make about this system.
For example, if g(0) > d/γ , the populations grow initially. This is the case in the
experimental conditions. If, moreover, g1 > d/γ , then the first population switches to
consuming acetate before the glucose level is small enough to cause the populations
to decrease. The most important observation in terms of coexistence is that the ratio
x1(t)/x2(t) remains constant throughout the interval.

In the interval t1 < t < t2 we have two uncoupled two-dimensional systems in x1

and a and in x2 and g. They are

ẋ1 = (aα − d)x1 (3.10)

ȧ =−ax1 (3.11)

and

ẋ2 = (gγ − d)x2 (3.12)

ġ =−gx2 (3.13)

The initial conditions for this system are the values of x1, x2, g and a at time t1
where a(t1) = a(0) since a wasn’t consumed at all in the interval 0 ≤ t < t1. Notice
that the percentage growth rate of x1 is greater than the percentage growth rate of x2

if and only if a(t)α > g(t)γ . In particular, if a(0)α > g1γ , then the first population
gets a boost as a result of switching to consumption of acetate. However, this boost
may not continue throughout the whole interval. For example, if x2(t1) < x1(t1)
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then, at least initially, the acetate will be consumed faster than the glucose, so it’s
quite possible that at some time t, a(t)α will fall below g(t)γ and x1 will grow more
slowly than x2.

In the interval t2 < t < T, we have

ẋ1 = (aα − d)x1 (3.14)

x2 = (aα − d)x2 (3.15)

ȧ =−a(x1 + x2) (3.16)

ġ = 0. (3.17)

This system is similar to that in the first interval except the E. coli are consuming
acetate instead of glucose. In particular, the ratio x1(t)/x2(t) remains constant
throughout the interval.

The two populations coexist if their relative abundances remain bounded away
from 0 and away from ∞ for a long period of time. Since non-zero populations
cannot be annihilated or become infinite in finite time in this model, a sufficient
condition for coexistence is that x1(0)/x2(0) be (very nearly) equal to x1(T)/x2(T).
This is trivially true in the case when t1 = t2 = T. But this case doesn’t capture
the essence of sympatric speciation, since the two populations behave identically
under the environmental conditions in this case. The lemma below shows for all
parameter values there are initial conditions under which we have equality of these
ratios and under which the two populations exhibit a differentiated response to
the environment. A closer examination of the proof of the lemma actually reveals
a submanifold of co-dimension one in which this occurs. Since coexistence only
requires the ratios to be very nearly equal, it follows there is a whole open set in the
space of initial conditions in which we have coexistence.

LEMMA 3.3. Given parameter values α , γ , d, g1, g2, and T, there exist initial
conditions a(0), g(0), x1(0), and x2(0) such that t1 < t2 ≤ T and

x1(0)
x2(0)

=
x1(T)
x2(T)

Proof. Let α , γ , d, g1, g2, and T be given. Since for any initial conditions,

x1(0)
x2(0)

=
x1(t1)
x2(t1)

and
x1(t2)
x2(t2)

=
x1(T)
x2(T)

,

it suffices to show the existence of initial conditions under which t1 < t2 ≤ T and

x1(t1)
x2(t1)

=
x1(t2)
x2(t2)

. (3.18)
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Given t1, whether or not equation (3.18) is satisfied is completely determined by
the values of the variables at time t1. By definition of t1, g(t1) = g1. To prove the
result we choose the value of t1 and show that we can then choose x1(t1), x2(t1) and
a(t1) = a(0) to satisfy equation (3.18). We can then run the system of differential
equations (3.6)–(3.9) backwards in time from t1 to get the corresponding initial
values of the variables at time 0.

The choice of t1 is arbitrary. For example, we can choose t1 = T/2. The value
of x2(t1) is also arbitrary. In the experimental setup this would be large enough that
t2 < T but this is not essential for our result. In the interval t1 < t < t2 the value of g
is determined by the two-dimensional system of differential equations (3.12)–(3.13)
in x2 and g with initial conditions x2(t1) and g(t1) = g1. This means the values of t1
and x2(t1) determine the values of t2 and the ratio

r =̇
x2(t2)
x2(t1)

.

To prove we can find x1(t1) and a(t1) such that equation (3.18) is true, we show
we can find values where

x1(t1)
x2(t1)

>
x1(t2)
x2(t2)

(3.19)

and other values where

x1(t1)
x2(t1)

<
x1(t2)
x2(t2)

. (3.20)

By continuity of these ratios in the initial conditions, it follows there are values
where equation (3.18) is true.

For inequality (3.19), x1(t1) can have any value and a(t1) should be small enough
that a(t1)< g2γ/α . In this case, for all t between t1 and t2,

a(t)α − d < a(t1)α − d < g2γ − d < g(t)γ − d.

In other words, the percentage growth rate of x1 is always less than the percentage
growth rate of x2, so inequality (3.19) is satisfied.

For inequality (3.20), choose a(t1) large enough that a(t1)α − d > 0 and

exp

[(

a(t1)α
2

− d

)

(t2 − t1)

]

> r.

Define

A=̇ exp [(a(t1)α − d)(t2 − t1)] .
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Then choose x1(t1) small enough that

exp [−x1(t1)A(t2 − t1)]>
1
2
.

Since a is decreasing throughout the interval t1 < t < t2, its value at the beginning
of the interval provides an upper bound on the growth rate of x1 and hence on x1.
More specifically,

ẋ1 = (aα − d)x1 < (a(t1)α − d)x1

so

x1(t)< x1(t1)exp [(a(t1)α − d)(t− t1)] .

Since a(t1)α − d > 0, the function on the right is increasing, so

x1(t) < x1(t1)A.

This upper bound for x1 then provides an upper bound for the rate at which
a is decreasing and therefore provides a lower bound for the value of a. More
specifically,

ȧ =−ax1 >−ax1(t1)A

so

a(t)> a(t1)exp [−x1(t1)A(t− t1)]> a(t1)exp [−x1(t1)A(t2 − t1)]>
a(t1)

2

by our choice of x1(t1). This lower bound for the value of a then gives us a lower
bound for the value of x1. More specifically,

ẋ1 = (aα − d)x1 >

(

a(t1)α
2

− d

)

x1,

so

x1(t2)> x1(t1)exp

[(

a(t1)α
2

− d

)

(t2 − t1)

]

.

Thus

x1(t2)
x1(t1)

> r

and we have inequality (3.20). 	
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3.4 Computational Exploration of Coexistence in a Two-Type
System

We considered the situation of a single ‘fast-switching’ (FS) and ‘slow-switching’
(SS) type. One particular question of interest is: Given a fixed environmental influx
of both food sources every twenty-four hours, what range in relative differences
of metabolic benefit between these food sources can give rise to coexistence? In
other words, we explore the region of the γ −α parameter space to locate regions of
coexistence. In this section we return to the model (3.1–3.3) without resampling.

Figure 4a shows a map of the frequency of fast switchers in the population after
1500 days, for a range of γ and α values. Regions of intermediate color (not dark
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Fig. 4 Computational analysis of coexistence in system (3.1)–(3.3) with two types (n = 2): an
SS with g1 = 0.01 and an FS with g2 = 0.1. Parameters γ ,α are varied, all other parameters held
constant: d = 0.01,k = 50 and initial influx of 2 units glucose and 1 unit acetate every 24 hours.
All plots display the state of the system after 1500 days. (a) Percentage of population comprised
of fast-switchers, (b) Total population size, (c) Percentage change in FS population size in last 24
hours, (d) Percentage change in SS population size in last 24 hours.
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red or blue) correspond to parameter regions where steady state coexistence occurs
between FS and SS. Figure 4b shows the total population size of fast and slow
switchers combined; note that when both γ and α are low, the population declines
overall. As demonstrated by the percentage change in the population sizes of fast and
slow switchers (Figures 4c and d), the system in the coexistence regions has reached
a steady state by this time. Other regions of higher than negligible percentage change
correspond to regions where the respective population sizes are very close to zero.
From these plots we observe that coexistence between FS and SS exists in regions of
parameter space where γ is relatively close to α or slightly larger. For large relative
values of α , the slow-switcher population tends to die out. This can be attributed
to the fact that large α corresponds to a large rate of growth of both species while
using acetate; since the fast switchers switch to acetate consumption more quickly,
they will tend to win out over the SS. Similarly, for large relative values of γ , the
FS population tends to die out; since the SS are able to consume glucose for longer
they will benefit more from higher γ . We also note that we expect that γ ≥ α in
real life applications, since glucose is the preferred, more efficient food source.
Therefore, if constrained to this portion of the parameter space, we would expect
either coexistence (if γ is close to α) or for the fast switchers to die out.

We also examined the impact of the initial influx values of glucose and acetate
each day on the coexistence behavior of the system. Clearly if γg0 − d < 0 and
αa0 − d < 0 hold, then the total population will tend to zero over time. Outside
of this region, Figure 5 demonstrates how the long-time behavior of the system
varies as the daily influx values of glucose and acetate are varied, keeping all other
parameters constant. Figure 5a shows the steady state level of fast switchers in the
population; we observe that as the acetate and glucose influxes increase, the fast
switchers reach higher population levels. Figure 5b shows the steady state level of
slow switchers in the population; we observe that as the glucose influx increases and
as the acetate influx decreases, the slow switchers reach higher population levels. In
other words, both populations benefit from an increase in the primary food source
(glucose). However the fast switchers benefit from an increase in the secondary
food source since they are able to consume acetate first. The slow switchers benefit
from a decrease in acetate availability, since that results in slower growth of the FS
population which allows for more glucose for the SS population. We also note that,
as observed in Figure 5c, the total population size is most sensitive to changes in the
primary food source (glucose) and less sensitive to changes in acetate influx.

3.5 Quasiperiodic and Random Environments

The periodicity of the environment is often subject to noise, both in terms of period
and amplitude of resource influx, in natural settings. We next investigated the impact
of noise in the environment on the system. Figure 6 demonstrates an example of
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Fig. 5 Computational analysis of coexistence in system (3.1)–(3.3) with two types (n = 2): an SS
with g1 = 0.01 and an FS with g2 = 0.1. The daily influx of glucose and acetate are varied, all
other parameters held constant: d = 0.01,k = 50,α = 0.1,γ = 1 and influx of glucose and acetate
occurs every 24 hours. All plots display the state of the system after 1500 days when the system
has reached steady state. (a) FS population size, (b) SS population size, (c) Total population size.

the impact of a randomized cycle length (uniformly distributed on an interval of
6 around a 24-hr mean) or stochastic influx of glucose and acetate levels on the
long-term behavior of the system. Note that the threshold glucose levels at which
FS and SS types switch to consuming acetate are deterministic even during these
investigations on quasiperiodic/random environments. We observe that both the
value of the steady state population sizes and the time to reach those sizes are
not impacted significantly by these variations. In fact, Figure 6d reproduces the
same parameter space plot investigating the coexistence region as in Figure 4a, now
incorporating stochastic cycle lengths as well as influx values of glucose and acetate;
we observe that the plots are essentially identical indicating a robustness of these
behaviors to these types of noise in the environment.
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Fig. 6 Effects of quasiperiodic environmental fluctuation on system (3.1)–(3.3) with two types
(n = 2): an SS with g1 = 0.01 and an FS with g2 = 0.1, compared to deterministic
24-hr cycle lengths. All other parameters held constant: d = 0.01,k = 50,α = 0.1,γ = 0.1. (a)
Long-term behavior of FS and SS over 1500 cycles for deterministic cycle length of 24 hours,
and deterministic influx of glucose (2 units) and acetate (1 unit). (b) Long-term behavior of FS
and SS over 1500 cycles for stochastic cycle length T ∼ U([21,27]), and deterministic influx
of glucose (2 units) and acetate (1 unit) (c) Long-term behavior of FS and SS over 1500 cycles
for deterministic cycle length of 24 hours and stochastic influx conditions of glucose U([1,3])
and acetate U([0.5,1.5]), (d) Parameter space map corresponding to 4a, for quasiperiodic random
environment: random glucose influx U([1,3]), acetate influx U([0.5,1.5]), and cycle length T ∼
U([21,27]).

4 Spatial Interpretation of the Model

A cellular automata model of the system was subsequently developed to investigate
what spatial effects could be observed. Previously, agent based modeling has
been used to show the possibility of speciation [14], although this model was
focused on sexually reproducing species. The model was developed in Netlogo
[28] using the same parameters and equations as were used in the ODE system,
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equations (3.1–3.3). These equations describe the change in cell types over time as
well as the rate at which the nutrients are used. These relationships are maintained
in the Netlogo model.

The present model was initialized with a population of cells whose switch
point gi ranged from 0 to 0.1. The cells are initially randomly distributed across
the domain and are randomly assigned a switch point (gi). The cells were then
grouped into 20 categories by their threshold value. The model was run for 2000
iterations, with nutrient replenishment occurring every 20 time steps. The nutrients
were allowed to diffuse within the environment. E. coli cells were only allowed to
consume nutrients from their immediate locale (patch). Cells reproduced asexually,
assuming the local environment was not too crowded (neighborcount < 8), by
creating a new cell, identical to themselves. The new cell was allowed to search
the immediate area (Moore neighborhood) for the least crowded patch to call home,
thereby spreading out the resource demand within the model domain. So, the cells
do not move around the domain, but the progeny are able to spread out over time.

With this version of the model, we no longer have a well-mixed environment.
Both the cells and the nutrients vary spatially. The cells remain fixed in their
location, but the offspring are placed in surrounding locations. The nutrients,
glucose and acetate, diffuse through the environment and are used up locally.
Netlogo has a built-in function for diffusion that is used for this model. In this case,
we specify that 50% of the resource is distributed to the neighboring patches at each
time step.

The simulations produce results similar to the ODE model, with a preference
for the slow switchers when parameter values γ and α are in the appropriate range,
see Figure 7. Furthermore, we see the dominant persistence of only a few species.
Therefore, adding a spatial component does not interfere with the underlying
dynamics of the system. This can be viewed as further evidence that the speciation
is sympatric. There is no geographic component to the evolutionary dynamics.
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Fig. 7 Typical dynamics of system (3.1–3.3) implemented as a cellular automata model, where
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Fig. 8 Clustering of slow switchers (blue) and fast switchers (pink). The parameters of the system
are: n = 20, t̄ = 20 (resampling time), a0 = g0 = 1 (the initial values of a and g at the start of each
iteration), a = 10, γ = 1, α = 0.1, d = 0.1.

One interesting phenomenon that did emerge from the investigation of the
spatially dynamic version of the model is that the slow switcher phenotypes show
a greater affinity for clustering than the fast switchers. Figure 8 shows a plot with
shaded patches when cells of similar phenotypes are neighboring. The slow switch
phenotypes are shown in blue and the fast switch phenotypes are shown in red.
Even though the overall number of cells in the two categories are close (within
10%), the amount of clustering seen in the slow switchers is much larger (405
slow switchers were flagged as clustered compared to 30 fast switchers flagged
as clustered.) We hypothesize that this is due to the nature of the resource usage.
Since the fast switchers must consume a larger volume of acetate to maintain their
viability, surviving fast switchers must remain more sparsely distributed.

5 Summary

In this work, we investigated the phenomenon of speciation driven by periodic
or quasiperiodic fluctuations in resource abundances. We first developed a math-
ematical model of an experimentally observed phenomenon [13], in which E.
coli exhibited sympatric diversification in a periodically replenished environment
with two carbon-sources: glucose and acetate. In these experiments, two divergent
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phenotypes emerged, which differed in the threshold at which they switched from
glucose consumption to acetate consumption. To investigate this phenomenon, we
first formulated a system of differential equations to describe the evolution of n
types of E. coli, which differ in their glucose threshold for acetate switch. In
particular, for each phenotype we explicitly modeled the level of activity of the
acetate dissimilation pathway, which is stimulated by the glucose level. This model
was observed to replicate the experimental outcome and results in coexistence
behavior between two phenotypes—a fast-switcher and a slow-switcher.

Next, we developed a simplified model that retained only the features essential in
describing the phenomenon of speciation into phenotypes with divergent metabolic
behavior in the context of a quasiperiodic environment with multiple energy sources.
Under this simplified model, we assume that each phenotype devotes a certain
percentage of effort to consuming each energy source and this effort level is
dependent upon the abundance of the primary energy source. This model was also
demonstrated to result in coexistence among many phenotypes ranging from ‘fast’
to ‘slow’ switchers.

We investigated this simplified model both analytically and computationally. We
analytically examined the conditions of stability for the single period system, and
proved coexistence of species in the long-term dynamics; we also computationally
investigated the coexistence properties of the periodically replenished system over
many periods. We observed contained regions of coexistence in the parameter space
of the two variables, γ and α , which describe the resulting growth of each type
on glucose and acetate consumption, respectively. In particular, as γ increases, α
must also increase in order to preserve coexistence. For large values of α , the slow-
switcher population tends to die out, whereas for large values of γ , the fast-switcher
population tends to die out. Since γ represents growth on the primary resource,
the inequality γ ≥ α is expected to hold in real-life applications, and the model
suggests that either coexistence would occur or fast-switchers would die out in
a realistic scenario. We also studied the impact of modifying the abundance of
resource influxes at the start of each period. We observed that while both populations
benefit from an increase in the primary resource (glucose), only the slow-switchers
benefit from increasing the secondary resource. Lastly we studied the impact of
introducing stochasticity into the environment via both the length of the period and
the size of the resource influxes; our coexistence regimes were robust to this noise.

A spatial version of the model was also developed to determine if spatial structure
plays an important role in the coexistence properties of the system. We observed
that the results are similar to the ODE model and that the spatial structure does not
interfere with coexistence dynamics. Interestingly, we found that slow-switchers
tend to cluster more than fast-switchers, and hypothesized that since the fast-
switchers must consume more acetate after switching, they are less viable in clusters
than slow-switchers.
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A Stochastic Model of the Melanopsin
Phototransduction Cascade

R. Lane Brown, Erika Camacho, Evan G. Cameron, Christina Hamlet,
Kathleen A. Hoffman, Hye-Won Kang, Phyllis R. Robinson,
Katherine S. Williams, and Glenn R. Wyrick

Abstract Melanopsin is an unusual vertebrate photopigment that, in mammals, is
expressed in a small subset of intrinsically photosensitive retinal ganglion cells
(ipRGCs), whose signaling has been implicated in non-image forming vision,
regulating such functions as circadian rhythms, pupillary light reflex, and sleep.
The biochemical cascade underlying the light response in ipRGCs has not yet been
fully elucidated. We developed a stochastic model of the hypothesized melanopsin
phototransduction cascade and illustrated that the stochastic model can qualitatively
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reproduce experimental results under several different conditions. The model allows
us to probe various mechanisms in the phototransduction cascade in a way that is
not currently experimentally feasible.

Keywords Melanopsin • Law of mass action • Phototransduction cascade •
Markov-chain model • Gillespie’s algorithm

1 Introduction

The mammalian retina, located at the back of the eye, is the only light sensing
tissue and mediates both image forming vision and non-image forming vision. The
classical photoreceptors, rods and cones, are involved in image forming vision.
These photoreceptors convert light into an electrical signal that is processed in
the retina and ultimately transmitted to the brain via retinal ganglion cells. The
phototransduction cascade in rods and cones has been extensively studied and
is well understood [28]. In the last decade a small subset of retinal ganglion
cells (ipRGCs) have also been shown to be light sensitive photoreceptors (see
for reviews [5, 25, 32]). These ganglion cells express the novel visual pigment
melanopsin and mediate non-image forming functions. The ipRGCs project to the
suprachiasmatic nucleus (SCN), and the olivary pretectal nucleus (OPN) where
they regulate photoentrainment of circadian rhythms and pupillary light response,
respectively [9, 14].

Melanopsin is the atypical vertebrate opsin expressed in ipRGCs. Although
melanopsin is expressed in the mammalian retina, it is evolutionarily more closely
related to R-opsins that are typically expressed in invertebrate photoreceptors [29].
The details of the phototransduction cascade activated by melanopsin have not
been definitively elucidated. However, several studies suggest that melanopsin’s
G-protein mediated phototransduction cascade is similar to that found in Drosophila
photoreceptors [10, 17, 38].

The phototransduction cascade governing the photo-response in both rods and
cones has been the focus of extensive mathematical modeling [4, 11, 12, 19, 21,
23, 31, 33], using a variety of approaches. Stochastic models including [12] and
[4, 11, 31] introduced hybrid stochastic/deterministic models for the photo-response
in rods and cones. There has been very little attention focused on mathematical
modeling of the phototransduction in ipRGCs. Our focus is to develop a stochastic
model of the hypothesized melanopsin phototransduction cascade. We use the
chemical reactions in the hypothesized phototransduction cascade and model them
as a continuous-time Markov jump process. The model can be also written in terms
of the chemical master equation which governs temporal evolution of the probability
density of species numbers. Using Gillespie’s Stochastic Simulation Algorithm, the
exact trajectory of the sample path for the species numbers is computed. The mean
and standard deviations of the number of open channels are compared to those of
experimental data, where the mean is computed by averaging 4000 realizations of
the trajectories for each time point.
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We construct a stochastic model of the hypothesized phototransduction cascade.
The cascade consists of two phases. The activation phase begins when melanopsin
molecules are activated by light which initiates a chemical cascade that ultimately
gates open non-specific cation ion channels in the plasma cell membrane. The
opening of these channels generates a depolarization in the membrane potential
and these electrical signals are then sent to the brain via the optic nerve. The
deactivation phase is the biochemical process that returns the activated melanopsin
and the light-activated biochemical cascade to its original inactive state. We model
52 chemical reactions in the cascade, involving 33 distinct species. In addition to
constructing the chemical pathway, we also identify the initial conditions for all
the species and 22 rate constants involved in these reactions. We assume that in
this pathway 5 species are abundant and as such we take them to be constant.
We determine the parameters, constants, and initial conditions using experimental
data from single flash experiments under two different environments. The first set
of experimental data that we use to parameterize our model is current recordings
from voltage clamped ipRGC cells. The second set of experimental data is calcium
imaging data from melanopsin expressed in human embryonic kidney (HEK) cells.
In this environment, a calcium sensitive dye is used and fluorescence is measured
then normalized with the maximum value. To illustrate these two environmental
conditions in our mathematical model, we fit the rate constants and initial conditions
to match the experimental data.

One advantage of transfecting melanopsin into HEK cells is that the HEK
cells are more amenable to experimental manipulation. In particular, Cameron and
Robinson [3] created two HEK cell lines where either β -arrestin 1 or β -arrestin 2
are overexpressed. The proteins β -arrestin 1 and β -arrestin 2 are important in the
deactivation of G-protein coupled receptors. When calcium imaging experiments
were repeated using HEK cell lines with overexpressed β -arrestin, data showed
a notable increase in the speed of deactivation of the phototransduction cascade.
Using the same rate constants as we found to fit the wild type HEK cells, only
varying two initial conditions, our model almost exactly fit the experimental data for
the overexpressed β -arrestin cell line. In fact, for the calcium imaging data, not
only was the stochastic model able to fit the mean of both the wild type data
and the overexpressed β -arrestin data, but the stochastic model was also able to
reproduce the experimental standard deviations by scaling the rate constants and
initial conditions appropriately.

Unlike the rhodopsin phototransduction cascade, where the rate constants of
the chemical reactions have been measured in vivo, there are no measurements of
rate constants for the melanopsin phototransduction cascade. In fact, experiments
are still on-going to confirm the species involved in the cascade. Thus, part of
the challenge of constructing the model was to find reasonable parameters, rate
constants, and initial conditions. We fit the parameters, rate constants, and initial
conditions to the experimental data manually, by carefully changing one rate
constant at a time, until the simulations qualitatively matched the experimental data.
Essentially, the set of parameters, rate constants, and initial conditions that best
fit the experimental data correspond to an approximate minimizer of the absolute
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value of the difference of the experimental data and the simulation data. However,
there is no reason to expect that there is a unique global minimum. To determine
the sensitivity of the parameters to perturbation, we computed the partial rank
correlation coefficient using the Latin Hypercube sampling method. Of the 22
rate constants, 16 in HEK environment (or 7 in ipRGC) had significant p-values,
and only 6 showed a strong correlation to number of open channels: the same
rate constants showed the same degree of correlation for both set of experimental
conditions.

Section 2 contains a description of the hypothesized melanopsin phototransduc-
tion cascade in terms of a sequence of chemical reactions. Section 3 contains the
parameters that represent the best fit results to both the calcium imaging data and
the ipRGC data, as well as graphs showing both the experimental data and the
simulated curve. The parameters from the calcium imaging data are fixed and initial
conditions are adjusted to match experimental results involving overexpressed
β -arrestin. Finally, Section 4 contains a parameter sensitivity analysis using the
Latin hypercube sampling algorithm. The results are discussed in Section 5.

2 The Phototransduction Cascade

The melanopsin phototransduction cascade consists of an activation phase and a
deactivation phase (see Figure 1). Figure 1A illustrates the activation phase and
the deactivation phase is depicted in Figure 1B. The vertebrate phototransduction
cascade of melanopsin is hypothesized to be similar to the Drosophila phototrans-
duction cascade. We detail the hypothesized pathway below, and indicate which
components of this pathway have been experimentally verified.

2.1 Activation

We begin with the activation portion of the cascade, illustrated by steps 1-7 in
Figure 1A. Melanopsin’s phototransduction cascade is initiated by a single flash
response, illustrated by the lightning bolt and step 1 in Figure 1A. Let M0 denote
inactivated, unphosphorylated melanopsin. Activated melanopsin will be denoted
by M∗

n , where the subscript n indicates the number of times the carboxy tail
has been phosphorylated. We assume that a light flash instantaneously activates
some melanopsin molecules, which isomerizes the 11-cis retinal to the all-trans
configuration, illustrated by step 2 in Figure 1. We also assume that previous to the
light flash all the melanopsin is inactivated and unphosphorylated:

M0
kL−→ M∗

0 . (1)
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Fig. 1 Figure 1A illustrates the activation phase of the melanopsin phototransduction cascade.
Initiated by a flash of light illustrated by the lightning bolt next to the number 1, light isomerizes
11-cis retinal to the all-trans configuration illustrated by the second step in the figure. In the
third step the G-protein binds to the activated melanopsin, and the fourth step exchanges GTP
for GDP on the α subunit of the cognite G-protein. The β and γ subunits of the G-protein
disassociate from the α subunit of the G-protein, which activates PLC. PLC cleaves PIP2, creating
a second messenger (step 6), which in turn opens the channels. The deactivation phase of the
melanopsin phototransduction cascade is illustrated in Figure 1B. A kinase binds to activated
melanopsin and phosphorylates the carboxy tail; step 8 in the figure. Our model allows for up
to three phosphorylations. Once the tail has been phosphorylated, arrestin binds, which completes
the deactivation phase. PLC deactivation described by reactions (10)–(12) is not shown.

Since this reaction happens once at the beginning of the experiment and the reaction
occurs instantaneously, we choose some nonzero initial condition for the amount of
activated Melanopsin (M∗

0) and start the simulation immediately after the flash. The
activated melanopsin then binds to a G-protein:

M∗
n +G·GDP

kG1y(n)−−−−⇀↽−−−−
kG2

M∗
n ·G·GDP, (2)

as seen in step 3 of Figure 1. Here GDP is guanosine-5’-diphosphate and the
function y(n), defined in Table 1, indicates the dependence of the rate constant on
the number of phosphorylated sites. The specific G-protein is unknown, however,
it is believed to be in the Gq family of G-proteins [10, 17, 38]. The reactions
corresponding to step 4 exchange GTP (guanosine-5’-triphosphate) for GDP :
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M∗
n ·G·GDP

kG3−−→ M∗
n ·G+GDP (3)

M∗
n ·G+GTP

kG4−−→ M∗
n ·G·GTP. (4)

Next, the β and γ subunits of the G-protein disassociate (step 5):

M∗
n ·G·GTP

kG5−−→ M∗
n +Gα ·GTP+Gβ γ . (5)

The α-subunit then binds to phospholipase-C (PLC):

PLC+Gα ·GTP
kP−→ PLC∗·Gα ·GTP, (6)

forming the PLC G-protein complex and activating PLC. The activated complex
PLC∗ ·Gα ·GTP hydrolyzes phosphatidylinositol 4,5-biphosphate (PIP2):

PIP2 +PLC∗·Gα ·GTP
kS−→ SecM+PLC∗·Gα ·GTP, (7)

creating second messenger SecM, which in turn opens the light-dependent channels:

SecM+Channel �=
kO−⇀↽−
kC

SecM·Channel=. (8)

Here, the activated open channel is considered as a complex of transient receptor
potential channel C6 and C7 [36, 38].

2.2 Deactivation

Next we describe the deactivation portion of the cascade, illustrated by steps 8-9
in Figure 1B. First, we discuss disassociation of the second messenger SecM from
the channel, and the degradation of SecM. Channels close as second messenger
disassociates, and SecM degrades according to Michaelis-Menten kinetics [30], with
rate

δ (SecM) = kmax
SecM

(SecM+KM)
, (9)

where KM is SecM at which δ is half of kmax. This model includes the dependence
of the degradation of SecM on the number of molecules of SecM. Also part of
the deactivation is the PLC and G-protein deactivation (not shown in Figure 1).
The PLC∗ ·Gα ·GTP complex involves not only the deactivation of PLC, but also
the reassociation of the β -γ subunits of the G-protein:
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PLC∗·Gα ·GTP
kI1−→ PLC·Gα ·GDP (10)

PLC·Gα ·GDP
kI2−→ PLC+Gα ·GDP (11)

Gα ·GDP+Gβ γ
kI3−→ G·GDP. (12)

Deactivation of the melanopsin involves phosphorylation of the carboxy tail, as
well as binding of β -arrestin. First a kinase binds to the melanopsin, forming a
melanopsin kinase complex:

M∗
n +K

kK1z(n)−−−−⇀↽−−−−
kK2

M∗
n ·K, (13)

where the function z(n), defined in Table 1, indicates the dependence of the rate
constant on the number of phosphorylated sites. Then the tail is phosphorylated by
a kinase using adenosine triphosphate (ATP):

M∗
n ·K+ATP

kK3−−→ M∗
n+1·K+ADP, (14)

transforming the ATP to ADP (adenosine diphosphate). In this step, the activated
melanopsin increases the subscript n to n+ 1 indicating an additional phosphoryla-
tion to the carboxy tail. Blasic et al. [2] showed that there are six phosphorylation
sites on the carboxy tail implicated in phototransduction cascade deactivation. Our
model includes three phosphorylation sites for simplicity. Once the carboxy tail
has been phosphorylated, arrestin can bind, quenching the cascade. There are two
different isoforms of arrestin expressed in ipRGCs: β -arrestin 1 and β -arrestin 2.
Our model allows for either to bind to the tail via the following chemical reactions:

M∗
n +Arrβ 1

kB1w(n)−−−−→ Mn·Arrβ 1 (15)

M∗
n +Arrβ 2

kB2w(n)−−−−→ Mn·Arrβ 2, (16)

where the function w(n) indicates the dependence of the rate constants on the
number of phosphorylated sites. We further model the unbinding of the arrestin
molecule, and the phosphorylated melanopsin returns to its unactivated state. Once
arrestin molecule unbinds from the phosphorylated melanopsin, we consider this
melanopsin to be all in the same class and denote this species by Mp. The subscript
p indicates that it is phosphorylated.

Mn·Arrβ 1
kUB1w(n)−−−−−→ Mp +Arrβ 1 (17)

Mn·Arrβ 2
kUB2w(n)−−−−−→ Mp +Arrβ 2 (18)

Mp
kDe−−→ M0. (19)



182 R.L. Brown et al.

Our hypothesized melanopsin phototransduction cascade involves 33 species and
52 reactions. Since the size of the cascade is large, species molecule numbers may
have different scales. If the number of molecules of all species is large, the cascade
can be modeled using differential equations governing species concentration due to
‘law of large numbers’ [22]. However, if there is a subset of species whose
number of molecules is small, fluctuations of small number of molecules may
be important and a stochastic model is needed. Due to the fluctuations in the
unscaled experimental data, we model melanopsin phototransduction cascade as
a continuous-time Markov jump process which describes evolution of species
molecule numbers in time.

A Markov-chain model is also expressed in terms of the chemical master
equation which governs evolution of probability density for species molecule
numbers. In general, the solution of the chemical master equation cannot be obtained
explicitly especially when the cascade involves nonlinear reactions. Instead of
solving the equation, stochastic simulation can produce one realization of the sample
path of the Markov-chain model. For stochastic simulation of the Markov-chain
model for melanopsin phototransduction, we use Gillespie’s Stochastic Simulation
Algorithm (SSA) [7, 8]. SSA gives one realization of an exact temporal trajectory
for the number of molecules of each species. We perform 4000 realizations of
simulation and obtain the mean value of the number of open channels by averaging
at each time point. We compare these mean values to experimentally measured
channel voltage in ipRGC cells and internal calcium levels in HEK cells, with
appropriate scaling. We also compute and scale standard deviations of the species
molecules numbers from the data obtained in stochastic simulation and compare
them to those of Ca2+ expression level in the experimental data. Therefore, the
mean of our stochastic model not only fits the average level of experimental data
but also fits their fluctuation level, as measured by the standard deviation in both
experimental and simulation data.

3 Results

We tested our model using two different types of experiments. First, electrophysio-
logical data collected from ipRGCs in response to a single flash of light illustrates
the fast activation and slower deactivation kinetics in the natural environment of
melanopsin. Second, we mimic the experimental conditions of calcium imaging
experiments in human embryonic kidney (HEK) cells that have been transfected
with mouse melanopsin. One advantage of the experiments using transfected
tissue culture cells as a model is that it is easier to experimentally manipulate
conditions. For instance, Cameron and Robinson [3] have shown that increased
expression of β -arrestin 1 and β -arrestin 2 in the HEK cell environment increases
the speed of deactivation. In this section, we show numerical simulations that
correspond to the natural environment of ipRGCs as well as the wild type calcium
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Table 1 Functions y, z, and w are used to modify the rate constants as
a function of the number of phosphorylations of the carboxy tail.

Function Reaction Modified

y(n) = e−n/1000 modifies G-protein binding rates in reaction (2)

z(n) = e−2n modifies kinase binding rates in reaction (13)

w(n) = 1− e−100n modifies rates of arrestin binding/unbinding

in reactions (15), (16), (17), (18)

imaging data. We further demonstrate that the overexpressed β -arrestin in the HEK
cell environment can be achieved using the stochastic model by only changing the
initial conditions and the scaling constant.

3.1 Model Parameters

The rate constants, initial conditions, and constants were fit to wild type data for
both the ipRGC cells and the HEK cells expressing melanopsin. There are several
model assumptions that were made in fitting the data. First, we assumed that the
rates of G-protein, kinase and β -arrestin binding depend on the number of sites
phosphorylated. This assumption is based on data from an analogous situation with
rhodopsin, the visual pigment expressed in rod photoreceptors [18, 20, 27, 35]. To
this end, we define three functions y, z, and w to model this dependence on number
of phosphorylations in Table 1. The functions y and z are decreasing functions of n,
the number of phosphorylations of the carboxy tail, indicating that as the number of
phosphorylations increases, the less likely it is for the G-protein and kinase to bind
to it. The function w is an increasing function of n, meaning that as the number of
phosphorylations of the carboxy tail increases the more likely it is for arrestin to
bind and inactivate the melanopsin. The functional forms of y, z, and w were chosen
to have features which are consistent with the known biological information, but
there are no experimental data that supports these specific functional forms. The
rate constants were fit to the wild type experimental data using initial conditions
inspired by a related deterministic model, and hand tuned to improve the fit. The
rate constants that were used to qualitatively fit the wild type data for both the
HEK cells and the ipRGCs are shown in Table 2. Rate constants that differ by more
than an order of magnitude are in bold. A comparison of the rate constants in both
environments can be found in Section 5.

Next, we assume that the numbers of molecules of GTP, PIP2, K, and ATP do not
vary significantly during the simulation due to their large quantity, therefore we can
choose them as constant. These constants can be embedded in the corresponding
reaction rate constants, and we thus treat each of kG4 ·GTP, kS ·PIP2, kK1 ·K, and
kK3 ·ATP as one reaction rate constant. We further assume that the total number of
channels is constant as well. We chose there to be 550 channels in both environments
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Table 2 The rate constants for the melanopsin phototransduction cascade for
both the HEK cell environment and the ipRGC environment are displayed below.
The rate constants whose differences between HEK cell environment and the
ipRGC environment are different by more than an order of magnitude are in bold.
The functions y, z, and w are defined in Table 1.

Params Rates HEK cells ipRGCs

kG1 y(n) G-protein binding for M∗
n 10.9091 y(n) 18.1818 y(n)

kG2 G-protein unbinding 0.8 2

kG3 GDP unbinding from G-protein 0.9 50
kG4 ·GTP GTP binding 1.0886 50
kG5 disassociation of subunits 3.5 50
kP G-protein binding to PLC 0.9091 9.0909
kI1 PLC deactivation 15 150
kI2 PLC disassociation 0.673 7
kI3 Reassociation of subunits 0.0018 0.0036

kS ·PIP2 (SecM) production 11.5 60

kmax maximum SecM degradation 6.05 38.5

KM half-life of SecM degradation 6.05 1.1

kO channel opening 0.0036 0.7273
kC channel closing 0.06 35
kK1 ·K z(n) kinase binding for M∗

n 8 z(n) 15 z(n)

kK2 kinase unbinding 8 15

kK3 ·ATP phosphorylation 10 15

kB1 w(n) β -arrestin 1 binding for M∗
n 2.7273 w(n) 90.9091 w(n)

kB2 w(n) β -arrestin 2 binding for M∗
n 2.7273 w(n) 90.9091 w(n)

kUB1 w(n) β -arrestin 1 unbinding for M∗
n 0.1 w(n) 0.01 w(n)

kUB2 w(n) β -arrestin 2 unbinding for M∗
n 0.1 w(n) 0.01 w(n)

kDe melanopsin deactivation 0.2 20

Table 3 The nonzero initial conditions used in the simulation are listed in this
table.

Variables Nonzero Initial Conditions HEK cells ipRGCs

M∗
0(0) number of M∗

0 molecules 86 86

G ·GDP(0) number of molecules of G ·GDP 33 33

PLC(0) number of PLC molecules 13 13

Channel �=(0) number of closed channels 550 550

Arrβ1(0) number of molecules of β -arrestin 1 22 22

Arrβ2(0) number of molecules of β -arrestin 2 22 22

with wild type of melanopsin [15], and initially we assume that they are all closed.
Finally, we have to initialize the number of molecules for each variable. The non-
zero initial conditions are displayed in Table 3.
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Comparison of Model and ipRGC data

Fig. 2 Fraction of open channels from the simulated model (black curve) is plotted as a function
of time on the same graph as the experimental data (gray-scale recordings) shown as reflected
normalized current.

3.1.1 Results for ipRGCs

The ipRGC data were collected from whole-cell currents from a mouse ipRGC in a
retinal flat (or whole) mount preparation using a patch clamp recording technique.
The cells were held at −60 mV in the presence of synaptic blockers and tetrodotoxin
(TTX), a neurotoxin that blocks action potentials by blocking voltage-gated sodium
channels. Light responses were elicited by 25ms pulses of 480nm light with a
maximum intensity of 3× 1013 photons cm−2 s−1. Experimental results are shown
by the light gray line in Figure 2. The electrophysiological data are from a voltage
clamp cell, so the inward current in Figure 2 represents the depolarization that is
observed in vivo. The current values are normalized so that the maximum value
of the centerline in time becomes 1. Then, they are reflected across the horizontal
axis to compare them to simulation data. We assume that the fluctuations in the
experimental data are due to inherent noise in the system as well as fluctuations
from the recording apparatus. Thus, we focus on matching the mean of the data, and
do not try to capture the fluctuations with our model.

The phototransduction cascade was simulated using the Gillespie’s SSA with the
rate constants, parameters, and initial conditions listed in the tables in Section 3.1.
The results of the simulation averaged over 4000 realizations of the simulation
are plotted with the experimental data in Figure 2. The averaged simulation is
represented by the solid black curve in the figure, and the experimental data are
given by the gray-scale recording for a timescale of approximately 5 seconds. The
simulation captures the deactivation part of the phototransduction cascade well.
The activation part of the simulation is not quite as fast as the experimental data,
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but still gives a reasonable representation of the data. The exceptional fit that we
get from simulation of the 52 reactions with 33 variables validates that our model
qualitatively captures the mean trend in the experimental data.

3.1.2 Results for Calcium Imaging Data

Data from calcium imaging experiments were collected using HEK cells. HEK-
293 cells were transfected with wild type mouse melanopsin (opn4m, accession
NP_038915). Cells were plated with 50000 cells in each of 8 wells of a 96 well plate.
Cells were loaded with a calcium indicator dye (4 μM Fluo-4 AM (Invitrogen)).
Melanopsin was regenerated with 20 μM 11-cis retinal. Cells were exposed to a flash
of light of wavelength 488nm once per second for 60 seconds, and the fluorescence
was measured ((wavelength 525nm) once per second for 60 seconds) using a Tecan
Infinite 200 microplate reader (Tecan Group Ltd.). The baseline fluorescence was
subtracted. The responses of all successfully transfected cells were averaged, and
both the mean and standard deviations of the responses were normalized by the
maximum mean value so that it can be compared with the mathematical model.

The wild type experimental data are shown by the gray curve in Figure 3. The
gray error bars represent one standard deviations from the mean of the experimental
data. Similarly, the averaged simulation of the phototransduction cascade in HEK
cells over 4000 realizations using Gillespie’s SSA is shown with the black line
in Figure 3. Black dotted lines represent one standard deviations from the mean
of the simulated data in the figure. We compute mean and standard deviations of
the number of open channels and scale those by the maximum value of the mean
open channel in time so that simulation result can be compared with the scaled
experimental data. The simulation of the phototransduction cascade in HEK cells fits
the experimental data almost exactly. When we fit the stochastic simulation result
to the experimental data, we fit both the scaled mean and the standard deviations of
the open channels. We first fit the scaled mean value. Since the scaled mean value
is the ratio between the mean number of open channels and its maximum value,
this value does not change if we change the number of molecules in the system
keeping the ratio between molecule numbers of species. Therefore, using standard
techniques in stochastic simulation, we change the system volume to fit the standard
deviations of the simulation to those of experimental data. When we change
the system volume, the number of molecules and reaction rate constants whose
reactions are not first order are changed. For more details about the relationship
between stochastic reaction rate constants and the system volume, see [22].

Calcium imaging data were also obtained from HEK293 cell lines that were
generated to overexpress either β -arrestin 1 or 2. Light activation of melanopsin
was measured using the calcium indicator assay as described for the wild type
cell line. Figure 4 shows fitting between overexpressed β -arrestin experimental
data and our simulation results. As in Figure 3, the gray curve and gray error bar
represent the scaled values of the mean and standard deviations from the mean
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Comparison of Model and Wild Type HEK Data

Fig. 3 Experimental data from calcium imaging experiments are plotted as a function of time.
Gray solid line and error bars are the mean and the standard deviations from the mean in the
experimental results represented as normalized fluorescence. On the same figure, black solid line
and dotted lines are the normalized mean and standard deviations from the mean of the number of
open channels in the stochastic simulation.

of the experimental data. The black line and the black dotted lines are the scaled
mean and standard deviations from the mean of the number of open channels. To
reproduce experimental data with overexpression of β -arrestin using the stochastic
model, we use the same set of the parameters used in the wild type simulation except
for the initial number of open channels and the initial number of molecules of β -
arrestin 1 or 2. Since fluctuations in overexpressed β -arrestin experimental data are
different from those in the wild type data, we use a scaling constant (0.8182 for
β -arrestin 1 and 7.2727 for β -arrestin 2) to increase or decrease fluctuation levels.
A scaling constant is multiplied to all initial conditions, kmax, and KM . All second-
order reaction constants with both reactants varying in time (kB1, kB2, kO, kI3, kP, and
kG1) were divided by the scaling constant. With the modification using the scaling
constant, we can keep the same value for scaled mean number of open channels
and change the scaled standard deviations. Fitting between experimental data and
simulation are exact with slight difference around the peaks. The fact that we can fit
the scaled mean value of the overexpressed β -arrestin data by slightly modifying
initial conditions of two species and incorporating the same set of parameters
values used in the wild type simulation before scaling validates our model and its
hypotheses.
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Comparison of Model and Overexpressed β−arrestin 1 HEK Data
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Comparison of Model and Overexpressed β−arrestin 2 HEK Data

Fig. 4 Experiments in HEK cells with increased values of β -arrestin 1 and β -arrestin 2 over
the wild type showed an increased speed of deactivation. Experimental results with error bars
representing the standard deviation are plotted along with simulated values. Parameters are exactly
as the wild type calcium imaging except for scaling, but with different initial conditions to simulate
the increased values of β -arrestin 1 and β -arrestin 2, respectively. In the top panel, the initial
number of open channels and that of molecules of β -arrestin 1 are set as 275 and 33. In the bottom
panel, the initial number of open channels and that of molecules of β -arrestin 2 are set as 385 and
33. In both cases, other initial conditions are set to be the same as the wild type simulation. Then,
all initial conditions and some rate constants are scaled by 0.8182 (top) and 7.2727 (bottom) to
match standard deviations of simulation and experimental data.
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4 Parameter Sensitivity Analysis

In order to perform sensitivity analysis of the model parameters, we employed a
method of partial rank correlation coefficient (PRCC) using techniques from [26]
for stochastic simulation. Each parameter was allowed to vary from half of the
estimated value to twice of the estimated value. Using Latin Hypercube sampling
method, each parameter was sampled from a uniformly distributed interval. A single
stochastic simulation was run using the sampled parameters, and the resulting
number of open channels at the ending time, 5 seconds for ipRGC and 60 seconds
for HEK cells, was calculated. We repeated this process for 20000 realizations and
each realization was computed with a set of newly sampled parameters. Sampled
parameters and the number of open channels are transformed into rank values
and we computed PRCCs of the parameters. PRCCs in two environments, ipRGC
and HEK, are given in Figure 5. Our null hypothesis is that PRCC between the
parameter and the number of open channels is not significantly different from zero.
If p-value of each parameter is less than 0.01, we strongly reject the null hypothesis,
which means that PRCC between the parameter and the number of open channels is
significantly different from zero. Therefore, we are only interested in the statistically
significant case with p-value less than 0.01. In Table 4, parameters with p-value less
than 0.01 in the ipRGC environment are given with their PRCCs and ranges of
the sampled parameters. Similarly in Table 5, parameters in the HEK environment
with p-value less than 0.01 are listed. The parameters with p-values close to zero
are statistically highly significant. The parameters kmax, KM , kI1, kI3, kS ·PIP2, kO,
and kC are statistically significant with p-values less than 0.01 in both environment.
Additionally, kG1, kG2, kG4 ·GTP, kI2, kK1 ·K, kK2, kK3 ·ATP, kUB1, and kUB2 are
statistically significant in the HEK environment.

PRCC is a correlation coefficient, so it is between ±1. The closer the PRCC is to
±1, the ranks of the number of open channels and the corresponding parameter have
strong linear correlation. If the PRCC is close to 0, the rank of the number of open
channels has no or weak correlation with the rank of the corresponding parameter.
In general, model parameters are more sensitive under the HEK environment than
under ipRGC environment comparing the ranges of PRCC in Figure 5. Interestingly,
statistically significant parameters with a certain amount of correlation with the
number of open channels are similar under two environment: kmax, KM , kI1, kI3,
kS ·PIP2, kO, and kC. In the ipRGC environment, KM , kI3, kS ·PIP2, and kO are
slightly positively correlated and kmax, kI1, and kC are slightly negatively correlated
with the number of open channels. In the HEK environment, KM , kS · PIP2, and
kO are strongly positively correlated and kmax, kI1, and kC are strongly negatively
correlated with the number of open channels. The rate constant kI3 is slightly
positively correlated with the number of open channels.

Surprisingly, the rate constants associated with the G-protein cascade kG1−5 and
the rate constant associated with PLC binding kP either were not sensitive or had
only a slight correlation in either environment. The rate constants associated with the
unbinding of β -arrestin kUB1 and kUB2 either were not sensitive or had only a slight
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Fig. 5 A method of partial rank correlation coefficient (PRCC) is used with stochastic simulation.
PRCCs of the rate constants with the number of open channels in the ipRGC environment are given
on the top and those in the HEK cells are given on the bottom. The dashed lines at ±0.1 represent
artificial thresholds to indicate sensitive parameters.

correlation on the number of open channels in both environments. The parameters
with the strongest correlation, positive or negative, were associated with either the
production (kS ·PIP2), degradation (kmax, KM), or binding or unbinding (kO, kC) of
SecM to the channels. The rate constants associated with deactivation of PLC kI1 and
kI3 had a strong negative correlation and a significant level of positive correlation,
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Table 4 PRCCs and p-values in ipRGC: p-values less than 10−100 are
reported as 0.

Params Ranges PRCC in ipRGC p-value in ipRGC

kmax [19.25,77] −0.3339 0

KM [0.55,2.2] 0.1800 0

kI1 [75,300] −0.2988 0

kI3 [0.0018,0.0073] 0.2774 0

kS ·PIP2 [30,120] 0.2652 0

kO [0.3636,1.4545] 0.2745 0

kC [17.5,70] −0.3114 0

Table 5 PRCCs and p-values in HEK cells. p-values less than 10−100 are
reported as 0.

Params Ranges PRCC in HEK cells p-value in HEK cells

kG1 [5.4545,21.8182] 0.0515 3.2×10−13

kG2 [0.4,1.6] −0.0499 1.7×10−12

kG4 ·GTP [0.5443,2.1772] −0.0522 1.5×10−13

kmax [3.0250,12.1] −0.5601 0

KM [3.0250,12.1] 0.4808 0

kI1 [7.5,30] −0.6061 0

kI2 [0.3365,1.3460] 0.0530 6.6×10−14

kI3 [0.0009,0.0036] 0.1799 0

kS ·PIP2 [5.75,23] 0.6035 0

kO [0.0018,0.0073] 0.5221 0

kC [0.03,0.12] −0.5609 0

kK1 ·K [4,16] −0.0533 4.6×10−14

kK2 [4,16] 0.0303 1.8×10−5

kK3 ·ATP [5,20] −0.0211 0.0028

kUB1 [0.05,0.2] −0.0952 1.7×10−41

kUB2 [0.05,0.2] −0.0865 1.6×10−34

respectively, on the number of open channels in both environments. The HEK cell
environment seemed more sensitive to the changes in these parameters than the
ipRGC environment based on the magnitude of the PRCC.

5 Discussion

Based on the hypothesized phototransduction pathway of melanopsin, a stochastic
model was developed that qualitatively reproduced experimental data from two
different experimental paradigms. First, we were able to produce a set of parameters,
rate constants, and initial conditions for the stochastic model so that the mean of
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4000 realizations of the phototransduction cascade corresponded to experimental
data collected using voltage clamp from ipRGCs. We were also able to find a
set of parameters, rate constants and initial conditions for the stochastic model
so that the mean and standard deviation of 4000 realizations of the hypothesized
phototransduction cascade matched mean and standard deviation of the wild type
data from calcium imaging experiments in HEK cells transfected with mouse
melanopsin. We were also able to match the mean and standard deviation of the
calcium imaging experiments on HEK cell lines that overexpressed β -arrestin by
only changing two initial conditions in the model, otherwise using the same rate
constants and parameters as found for the HEK wild type cell line, and scaling initial
conditions, rate constants, and parameters appropriately to match the fluctuation
levels. Our simulations provide strong evidence that melanopsin has a robust
phototransduction cascade that is similar with that of invertebrate (Drosophila)
photoreceptors.

Table 2 contains the best fit rate constants for the ipRGC and HEK cells.
Melanopsin is naturally expressed in ipRGCs, thus these rate constants more likely
correspond to those measured in ipRGCs. However, there is no reason to believe
that the rate constants in HEK cells are the same, and in fact, for our simulations,
the rate constants highlighted in Table 2 differ by more than an order of magnitude
between the ipRGC and HEK cell environments. There are several reasons to expect
differential rate constants. First, if ipRGCs are indeed similar to Drosophila photore-
ceptors where many of the key proteins involved in phototransduction are localized
in a “signalplex" [24, 34], then the key proteins involved in phototransduction
in ipRGCs may be localized in a similar molecular structure. This hypothesized
signalplex could speed up the phototransduction cascade in ipRGCs as compared
to the signaling observed in transfected HEK cells. Second, the ionic environment
and regulation of calcium may be different in HEK cells as compared to ipRGCs.
Calcium is a key ion involved in the regulation of many cytosolic enzymes. Thirdly,
the calcium released and measured in HEK cells is most likely being released from
internal stores and the actual channel being opened may differ from the channel in
ipRGCs. Finally, the lipids that make up the plasma membrane in ipRGCs and HEK
cells could be different. It has been demonstrated that lipids are important in the
regulation of TRP channels in Drosophila photoreceptors [13].

There are actually five morphological subtypes of melanopsin expressing retinal
ganglion cells [1, 32]. The simulations and experimental data shown here correspond
to M1 cells. The kinetics of the light response for the subtypes M2-M5 are known
to be different than those of the M1 subclass, yet the mechanisms underlying
these physiological differences have not yet been elucidated [16]. Our parameter
sensitivity analysis suggests that in order to significantly change the time course of
the light-activated response of M1 ipRGCs, the rate constants associated with the
production, degradation, or binding of SecM have the strongest correlation with the
number of open channels and have p-values that make them statistically significant.
Thus our work suggests experiments that altered the rate constants of the enzymes
involved in regulating second messenger concentration will alter the kinetics of the
light responses of M2-M5.
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The focus of both the simulations and experimental data presented here is the
biochemical response of dark-adapted cells to a single light flash. Light adaptation
is defined as the change in response of a photoreceptor to either a sustained
background light or to a series of light flashes. Like most photoreceptors, ipRGCs
adapt to background light of various intensities and exhibit adaptation when
responding to a series of light flashes [6, 37]. ipRGCs respond to a series of identical
light flashes by a decrease in the size of the response and acceleration of the kinetics
(results not shown). We used our model to simulate a series of light flashes and
our model was able to reproduce the decrease in amplitude but not the increase
in the response kinetics. Therefore, our model needs to be modified to incorporate
the biochemical mechanisms underlying adaptation in ipRGCs. These mechanisms
have yet to be elucidated but may include calcium regulation and phosphorylation
of melanopsin by both Protein Kinase A and a G-protein coupled receptor kinase.
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and the Spread of Drug Resistant Malaria
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Abstract Intermittent Preventive Treatment (IPT) is a malaria control strategy
in which vulnerable asymptomatic individuals are given a full curative dose of
an antimalarial medication at specified intervals, regardless of whether they are
infected with malaria or not. A mathematical model is developed to explore the
effect of IPT use on the malaria prevalence and control under different scenarios.
The model includes both drug-sensitive and drug-resistant strains of the parasite as
well as interactions between human hosts and mosquitoes. The basic reproduction
numbers for both strains and the invasion reproduction numbers are computed and
used to examine the role of IPT on the development of resistant infections. Numer-
ical simulations are performed to examine the effect of treatment of symptomatic
infections and IPT on the prevalence levels of both strains. The model results
suggest that the schedule of IPT may have an important influence on the prevalence
of resistant infections as well as the total infections of both strains. Moreover, the
extent to which IPT may influence the development of resistant strains depends also
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on the half-life of the drug used. A sensitivity and uncertainty analysis indicates
the model outcomes are most sensitive to several model parameters including the
reduction factor of transmission for the resistant strain, rate of immunity loss, and
the clearance rate of sensitive infections.

Keywords IPT • Resistance invasion • Reproduction numbers • Endemic
malaria regions • Population heterogeneity

1 Introduction

Malaria remains a major disease burden in many parts of the world, with half
of the world’s population, about 3.4 billion people, at risk for the disease [30].
The latest World Health Organization (WHO) report states that an estimated 207
million malaria cases with an estimated 627,000 deaths occurred in 2012, a decline
from previous years. This reduction can be attributed to increases in prevention
education, control, and funding [30, 31]. There has also been an increase in research,
and a global strategy proposed, not as a single solution, but as a broad approach,
to globally fight the disease (see [26]). In particular, a Global Malaria Control
Strategy aimed at preventing malaria mortality, reducing disease morbidity and
reducing the social and economic burden of the disease was proposed in 1993 [26],
with the following four technical elements: (1) provide early diagnosis and prompt
treatment; (2) plan and implement selective and sustainable preventive measures
which includes vector control; (3) early detection, containment, and prevention
of epidemics; and (4) strengthening of the basic and applied research of local
capacities in order to permit and promote the regular assessment of a country’s
malaria situation, particularly the ecological, social, and economic determinants
of the disease. The strategy was to be achieved by the progressive strengthening
and improvement of the capabilities of local and national sectors in the control
of malaria. However, the implementation of the strategies was nation specific,
governed by factors within each individual country such as the challenges the
countries face (drug resistance, etc.), their health systems, their current control
operations, their resources, the health and well-being of the nation, etc. (see [26]
for the details).

Although malaria mortality rates are dropping, malaria still kills many people,
predominantly children. In 2012, the disease killed about 482,000 African children
under five years of age. In addition, antimalarial drug resistance is spreading rapidly
[31]. Global strategies towards control of the disease have changed over time [7],
especially with earlier failed attempts at eradication. In the 1950s, the WHO’s
control strategy efforts were focused on eradication, but their campaign did not
formally include Africa [7], one of the regions most impacted by malaria. Later
strategies (beyond the 1960s) emphasized malaria control, with focus placed on the
most vulnerable individuals: pregnant women and children. With the increase seen
in funding and with renewed ambitious goals, the current global malaria strategy
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embodies three principal components: malaria control, malaria eradication, and
research into new approaches and tools [19]. These components seek to reduce the
disease burden in the short and long term, while striving for a long-term solution
for eradication. To eradicate or eliminate malaria, it is necessary to eliminate trans-
mission of the disease, which requires eliminating the malaria-causing parasite in
humans, while preventing contacts between humans and mosquitoes. To reduce the
disease burden, immediate treatment of clinically sick individuals is necessary, as
well as prevention of infections in vulnerable individuals. Intermittent Preventive
Treatment (IPT) is one approach that is currently being employed in some countries
to reduce disease burdens and parasite load in the most vulnerable individuals [7].

Intermittent Preventive Treatment (IPT) is a malaria control strategy in which
vulnerable asymptomatic individuals are given a full curative dose of an antimalarial
medication at specified intervals, regardless of whether they are infected with
malaria or not. Its use, with the drug sulfadoxine-pyrimethamine (SP), was first
investigated in pregnant women (IPTp) and has been shown to improve the health
and well-being of the pregnant mother and her fetus [7]1. Due to the benefits and
success of IPTp with the drug SP [14, 27], this protocol has been extended to
infants (IPTi) and children (IPTc). In infants, IPTi with the drug SP is currently
recommended by the WHO in areas of high to moderate and stable malaria
transmission [28], and is usually administered during routine immunization periods.
It has been shown to reduce clinical malaria, anemia, and severe malaria cases
during the first year of life [28]. IPTc, administered to children under 5 years of
age, has been shown to be highly effective in areas of seasonal malaria transmission.
The WHO recommended regimen for IPTc, renamed Seasonal Malaria Chemopre-
vention (SMC), is Sulfadoxine-pyrimethamine plus amodiaquine (SP+AQ) [17, 29].
Although IPT (IPTp, IPTi, IPTc) has been shown to positively impact certain aspects
of malaria transmission in vulnerable humans, this control strategy also faces the
problem of drug resistance [7].

Developing studies to understand how IPT impacts the spread of drug resistance
is essential. However, because the same drug is used for both IPT and the treatment
of symptomatic cases, determining which treatment protocol drives the spread of
drug resistance is challenging to investigate experimentally. O’Meara et al. [18]
introduced a mathematical model of malaria and used it to investigate the impact
of IPT in both a low transmission and a high transmission setting. They showed
that during IPT treatment IPTi is more likely to accelerate the spread of drug
resistance in higher transmission areas than is IPTp. Their model was extended to
include movement between neighboring high and low transmission regions that are
interacting [21]. In both [18] and [21], the IPT and treatment drugs utilized were:
sulfadoxine-pyrimethamine (SP)—a drug with a long half-life, and Chlorproguanil-
dapsone (CPG-DDS)—a drug with a short half-life. It was concluded that in

1In pregnant women, malaria infection can lead to maternal anemia, loss of the fetus, premature
delivery, intrauterine growth retardation, low birth-weight of the infant, a risk factor for death [3].
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choosing drugs for IPT, the half-life of the drug was important. In the models in
[18] and [21], mosquito transmission was modeled implicitly, as were the dynamics
of the resistant human populations.

In this paper, we develop a structured model to investigate the relationship
between IPTi and IPTc on the spread of drug resistance to malaria, with the
following goals: (1) determine the critical level of IPT treatment that would
minimize the spread of drug resistance and reduce disease prevalence and burden;
(2) determine the optimal timing for IPT drug administration; (3) determine IPT
dose that will lead to invasion of a resistant parasite strain, and (4) understand
the relative roles of symptomatic treatment and IPT in the establishment of drug
resistant strains of malaria. Our model differs from that of O’Meara et al. [18] in
that the transmission dynamics of the vector population is explicitly modeled, as
well as the dynamics of the resistant malaria strain. We found that although IPT
treatment can increase the levels and timing of resistant strain invasion, treatment of
symptomatic individuals plays a significant role in promoting resistance under our
assumptions and parameter values. We also found that the resistant strain is highly
sensitive to the half-life of the drug being administered. Successful establishment of
the resistant strain is more likely when the drug being used for IPT and treatment
has a long half-life.

The paper is divided as follows: In Sect. 2 we derive the model, giving the
associated variables and parameters, while in Sect. 3 we analyze the disease-free,
non-trivial boundary, and endemic equilibria of the model. In Sect. 4, we present the
model results and associated figures, with a parameter sensitivity analyses carried
out in Sect. 5. A discussion and conclusion is then given in Sect. 6.

2 The Model

2.1 Derivation of the Model

The malaria parasite life cycle involves three main components: the parasite that
causes the disease, the human host who can be infected by the parasite, and the
vector (mosquitoes) that hosts part of the parasite life cycle, and is the agent
responsible of transmitting the parasite from one human to another. Our focus is
on the transmission dynamics involving all three components, humans, mosquitoes
and parasite, when IPT and drug treatments are employed in the human population.
Humans can be infected with parasites that are either sensitive or refractory
(resistant) to drugs for treatment or as chemoprophylaxis via IPT. Here, we do not
assume partial resistance. Thus parasites are assumed to be either completely drug
sensitive or fully resistant. These parasites can be picked up by a mosquito during a
blood meal from an infected human, leading to a successful transmission.

We use a nonlinear deterministic constant population system of ordinary dif-
ferential equations to model the processes that govern the spread of the parasites
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Fig. 1 Transfer diagram for human infection. Dashed lines represent parasite transmission via
infected mosquitoes.

from one human to another by a mosquito, during IPT use, as illustrated in Fig. 1.
Our model is a compartmental model in which both the human and mosquito
populations are divided into mutually exclusive compartments representing their
strain infectiousness status. At any time t, we have a proportion of infectious
mosquitoes infected with a sensitive parasite, denoted by Ms, or the resistant
parasite, denoted by Mr. When an infectious mosquito takes a blood meal from a
susceptible human (represented by the variable S), it may succeed in transmitting the
malaria parasite to the human, at rate βh, causing the human to become infectious.
The susceptible human may become infected with a sensitive malaria parasite strain
(represented by the variable I) or a resistant strain (represented by J), depending on
whether contact was with a type Ms mosquito or a type Mr mosquito. In humans,
sensitive parasites can be cleared by a full therapeutic dose of an anti-malaria
medication, while resistant parasites are insensitive to drug treatment and can only
be cleared by a human’s immune system. Here, we do not explicitly differentiate
between hosts with naive (mostly the children) or mature immunity to malaria
(mostly the adults).

Here, we assume that the rate of transmission from mosquitoes infected with a
resistant parasite is less than the rate from mosquitoes infected with the sensitive
parasite [1], and thus βh for these individuals is discounted by the factor 0 ≤
kh < 1. This accounts for reduced fitness of the resistant strain. We note that the
relationship between resistance to malaria parasites and infectiousness of humans is
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more complex and not straightforward, likely because multiple factors are involved:
mosquito factor, human factor, drugs utilized, etc. Existing evidence suggests that
some combinations of mosquito species and drug-resistant parasites enhance the
spread and transmission of drug-resistance, while others inhibit it [2]. Additionally,
studies ([2, 9]) found that in Sri Lanka, patients infected with chloroquine-resistant
parasites had a higher probability of gametocytemia than the patients infected with
sensitive parasites and that the gametocytes from resistant infections were more
infective to mosquitoes. Other studies supported the reverse statement [2]. Thus,
if we assume a positive correlation between the presence of gametocytes in the
peripheral circulation (gametocytemia) and infectiousness, then the assumption
that 0 ≤ kh < 1 may not be true. However, such positive correlations have been
characterized as being loose (see [20]) with other field studies [8] showing evidence
of low gametocytemia and higher mosquito infectivity2.

A human infected with either the sensitive or the resistant malaria parasite
strain may be symptomatic (identified by the subscript s) or show no symptoms
(identified by the subscript a). We let λ be the fraction of infectious humans who
will exhibit symptoms, while the remainder, 1− λ , will be asymptomatic. Thus,
there are four categories of infectious humans, denoted by the variables Is, Ia, Js,
and Ja, where I represents infection with a sensitive parasite, and J infection with
a resistant parasite. Hence Is humans are symptomatic humans infected with the
sensitive malaria parasite, while Ia humans are asymptomatic humans infected with
the sensitive parasite. Similarly, Js and Ja, respectively, represent the symptomatic,
and asymptomatic humans infected with the resistant parasite.

Symptomatic infections are either cleared via treatment, or naturally by the
immune system. If a symptomatic human infected with sensitive parasites (type Is

humans) seek treatment, their parasites may be cleared at rate pa, where for p = 1,
1/a days is the average length of time from when the human is administered the
drug, to when the drug concentrations are at therapeutic levels, levels high enough
to clear the sensitive malaria parasites. After 1/a days, the Is humans move to class
Ts, the treated symptomatic infectious class. The parameter p ∈ [0,1] is a factor
that can be thought of as accounting for treatment efficacy. The case p = 1 depicts
a scenario in which the individual seeking treatment takes the WHO recommended
antimalarial drug in the right dosage and within the prescribed time frame, and when
p = 0 the only way of clearing a symptomatic infection is via the immune system.
Here, we’ve assumed that treatment has no effect on symptomatic humans infected
with the resistant parasite strain since resistant parasites are refractory to drugs.
Thus treating a human in class Js leads to no change in the human’s disease status.
However, type Is and Js humans can clear their parasites naturally at the rates σs

and φσs, respectively, to join the temporary immune human class (R). The factor φ
accounts for the effect that resistance may have on the natural clearance of parasites.

2With high gametocyte density in the blood, a feeding mosquito has a higher chance of being
infected during a blood meal. However, there is a significant bottleneck of parasite transformation
in the mosquito [24], and thus, high gametocyte density does not necessary imply high mosquito
infectivity [8] because the quality of the gametocytes need to be taken into consideration.
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As a preventive mechanism, susceptible and asymptomatic infectious humans in
at-risk regions are also treated via IPT, with IPT administered at a frequency or
rate c. Because IPT administration is targeted to the vulnerable populations, mostly
children (as IPTc) and infants (as IPTi), we have discounted the fractions of the
populations in these classes that receive IPT by a proportion q. We chose q to be
the proportion of humans in a population under five years of age. The fraction, q, of
susceptible humans that receive IPT treatment will move to the IPT treated class T.
Asymptomatic infectious humans that receive IPT treatment will move to the IPT
treated class of Ta, at that rate c. However, treatment of resistant infections does
not impact individuals in class Ja, and so only the fraction q of class Ia treated
individuals can move to class Ta. Those Ia humans who do not receive IPT follow
one of two possible paths: they eventually develop symptoms at rate ν to join class
Is; or together with humans in class Ja, clear their infection naturally at rate σa,
respectively rate φσa. A fraction, ξ , of these naturally cleared infections could lead
to the development of temporary immunity and hence movement into the R class,
with the remaining fraction, 1− ξ , returning to the susceptible class S.

All treated humans in classes T, Ts, and Ta have therapeutic drug levels in their
system that can clear sensitive parasites but have no effect on drug resistant para-
sites, because resistant parasites are refractory to drugs. As the drug concentrations
in the class of treated humans, T, declines to zero at an average period of 1/r days,
the treated humans become susceptible again. Meanwhile, as the drug concentration
in class Ts humans declines, falling to zero levels after an average of 1/rs days, the
humans join the temporary immune class, R. Here, we have considered the fact that
malaria symptoms can trigger an immune response to the disease and hence the
development of temporary immunity. In Ta humans, as the drug levels fall to zero
after an average of 1/ra days, a proportion b of these humans will develop temporary
immunity to join class R, while the remainder, 1 − b, will join the susceptible
class. The justification for this separation is that most adults in the population are
semi-immune, due to repetitive exposure to the malaria parasite. So, clearance of
their infection is via the immune system, leading to the development of temporary
immunity. However, there are other non-immune humans, mostly the children in the
population, with naive or undeveloped immunity, that are asymptomatic. Natural
clearance of their parasite may not lead to the development of temporary immunity.
These are the proportion of humans who move to the susceptible class. See more
in [18].

The development of immunity is as a result of repeated exposure to malaria
infections followed by clearance via treatment or the immune cells. Thus, IPT-
treated susceptible humans do not develop temporal immunity. When humans
are given prophylactic drugs due to a symptomatic infection, or as a preventive
mechanism via IPT, their drug concentration levels will remain at therapeutic
levels high enough to clear sensitive parasites, but will have no effect on resistant
parasites due to the parasite’s refractoriness to drugs. Thus, treated humans can be
infected with resistant parasites upon contact with an infected type Mr mosquito. If
such contact between treated humans and type Mr mosquitoes leads to successful
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transmission of a resistant parasite, the treated humans become infected type J
humans, where a proportion λ of the infections will lead to asymptomatic infectious
(type Ja humans), and the remaining 1−λ become symptomatic infections (type Js

humans). Transmission occurs at the reduced rates of τkhβh, if contact was with a
type T, human; the reduced rate of τskhβh or τakhβh, if contact was with a type Ts

or Ta human, respectively. The parameters τ,τs,τa account for the factors by which
IPT impacts transmissibility of resistant parasites on treated humans.

Temporarily immune humans lose their temporary immunity with immunity
waning at the rate of ω , so that after an average of 1/ω days, these individuals are
again susceptible to the malaria parasite. Thus, at any time t, the human population
is divided into mutually exclusive epidemiological classes representing disease and
parasite status. We note that the proportion of humans in the Ts class are receiving
treatment because of their clinical symptoms, and not due to the preventive IPT
action. In addition, humans that are being treated either for a symptomatic case of
malaria or with IPT are assumed to be susceptible to a resistant strain, although
potentially at a different rate from a person not currently in treatment. We assume
that asymptomatic cases can either develop into symptomatic cases or can be cleared
either by IPT treatment or the immune system. Figure 1 shows the direction and rate
of progression between disease states for humans in the model.

We also assume that natural death occurs from each human class at rate μh, and
that human birth and death rates are equal, an assumption that leads to constant
human population and allows for mathematical tractability in analyzing our model.
Thus the equations governing the human disease dynamics, in terms of proportions
of the total human population, are:

dS
dt

= μh − μhS−βh(Ms + khMr)S− qcS+

(1− ξ )σa(Ia +φJa)+ (1− b)raTa + rT +wR (1a)

dIs

dt
= λ βhMsS+νIa − (pa+σs)Is − μhIs, (1b)

dIa

dt
= (1−λ )βhMsS− qcIa−νIa −σaIa − μhIa, (1c)

dJs

dt
= λ khβhMr[S+ τsTs + τT + τaTa]+θνJa −φσsJs − μhJs, (1d)

dJa

dt
= (1−λ )khβhMr[S+ τsTs + τT + τaTa]−φσaJa −θνJa − μhJa, (1e)

dTs

dt
= paIs − rsTs − τskhβhMrTs − μhTs, (1f)

dT
dt

= qcS− rT − τkhβhTMr − μhT, (1g)
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dTa

dt
= qcIa − raTa − τakhβhTaMr − μhTa, (1h)

dR
dt

= rsTs + braTa + ξ σa(Ia +φJa)+σsIs +φσsJs −wR− μhR. (1i)

Thus S+ Is+ Ia + Js + Ja +T +Ts +Ta +R = 1.
When a susceptible mosquito takes a blood meal from an infectious human, the

mosquito may succeed in acquiring the malaria parasite from the human at rate βm,
causing the mosquito to become infectious. Infectious mosquitoes infected with the
sensitive parasite strain move to class Ms, while those infected with the resistant
parasite move to class Mr. Here, we also assume the following: the transmission
rate from humans infected with the resistant parasite is less than that from humans
infected with the sensitive parasite. Thus, βm for resistant mosquitoes is discounted
by the factor km, where 0 < km < 1; once infected with a particular strain of malaria,
the mosquitoes will not acquire nor successfully transmit a second distinct strain
of malaria. Thus there is no movement between the Ms and Mr compartments;
natural death occurs from each mosquito compartment at rate μm; and once a
mosquito is infected, it remains so until it dies. Transmission routes showing
spread between humans and mosquitoes are highlighted in Fig. 9 (Appendix 1),
while Fig. 10 highlights the particular parasite routes for both the sensitive and the
resistant parasite strains. Thus the equations governing the mosquito dynamics, with
mosquito variables defined in terms of proportions, are:

dMs

dt
= βm(1−Ms−Mr)(Ia + Is)− μmMs, (2a)

dMr

dt
= kmβm(1−Ms−Mr)(Ja + Js)− μmMr. (2b)

Table 1 summarizes the state variable descriptions. All parameters, as defined
in Table 2, are nonnegative. Details about their interpretation and values will be
presented in Sect. 2.2. With nonnegative initial conditions, it can be verified that the
solutions to the model equations remain nonnegative.

2.2 Parameters

Here, we present a brief description of some of the parameters not already
mentioned. The natural mosquito death rate, μm, is assumed to be the reciprocal
of the average lifetime of a mosquito. In the wild, mosquitoes are thought to live
for about two weeks, though other modeling efforts have used values ranging up
to 28 days [15, 16, 22–24]. The natural human death rate, μh, was measured as the
reciprocal of the average lifespan of a human in a malaria endemic region. The range
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Table 1 State variables and their descriptions

Variable Description of Variable

Ms Proportion of mosquitoes infected with the sensitive strain

Mr Proportion of mosquitoes infected with the resistant strain

S Proportion of susceptible humans

Is Proportion of symptomatic infectious humans infected with the sensitive strain

Ia Proportion of asymptomatic infectious humans infected with sensitive strain

Js Proportion of symptomatic infectious humans infected with the resistant strain

Ja Proportion of asymptomatic infectious humans infected with the resistant strain

Ts Treated symptomatic infectious humans

T IPT treated susceptible humans

Ta IPT treated asymptomatic infected humans

R Temporarily immune humans

chosen is based on data from the CIA website [4]. We assumed that both human and
mosquito populations are constant, which implies equal birth and death rates for
each species.

The transmission rates βm and βh are calculated from the equations βm = δψm

and βh =mδψh following [11]. Here m is the ratio of the total number of mosquitoes
to humans, δ is the mosquito biting rate on humans, ψh is the proportion of bites by
which one susceptible human becomes infected, and ψm is the proportion of bites
by which one susceptible mosquito becomes infected. Ranges for these parameter
values are in [11]. The calculated ranges for βh and βm used in this model are in
Table 3.

The rate of loss of temporary immunity, ω , was estimated by averaging the
rate of loss of temporary immunity in individuals with naive immunity and mature
immunity, weighted by the proportion of individuals in each group. The individuals
with a naive immunity are considered here to be mostly children aged 0 to 5.
We note, however, that the age group chosen may change depending on whether
we are in a high or low transmission area. The proportion of individuals with
naive immunity in endemic regions were estimated from demographic figures from
the CIA website [4] to be in the range of 15–20%, used as an estimate for q.
The ranges for the proportion of infectious humans that are symptomatic, λ , and
the rate of progression from asymptomatic to symptomatic, ν , were selected by
using the weighted average of the baseline parameters in [18] for immune naive and
immune mature individuals. The factor by which progression from asymptomatic to
symptomatic is affected by resistance is θ and the baseline value is assumed to be 1.

The parameters, 1/rs, 1/r and 1/ra, which give the respective average time
chemoprophylaxis lasts in symptomatic-treated, IPT-treated susceptible, and IPT-
treated asymptomatic humans, were estimated using information about the half-lives
of antimalarial drugs. For a drug with a long half-life such as sulfadoxine-
pyrimethamine (SP), it takes about 52 days [18] for the drug concentration to be
cleared from blood or more specifically, to drop below a threshold value that cannot
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Table 2 Parameters, descriptions, and dimensions

Quasi

Parameter Description Dimension

βm Transmission rate of sensitive parasites from humans to
mosquitoes

t−1

βh Transmission rate of sensitive parasites from mosquitoes to
humans

t−1

μm Mosquito death rate t−1

μh Human death rate t−1

km Reduction factor of mosquito transmission rate by the
resistant parasite strain

1

kh Reduction factor of human transmission rate by the resis-
tant parasite strain

1

ω Rate of loss of temporary immunity t−1

σa Rate of naturally clearing an asymptomatic infection t−1

ξ Proportion of naturally cleared asymptomatic infections
with development of temporary immunity

1

σs Rate of naturally clearing a symptomatic infection t−1

1/a Days to clear an infection t

p Factor to account for treatment effectiveness on symp-
tomatic infectious individuals

1

c Number of IPT treatments per person per day t−1

1/r Time chemoprophylaxis lasts in susceptible IPT treated
humans

t

1/rs Time chemoprophylaxis lasts in symptomatic treated
humans

t

1/ra Time chemoprophylaxis lasts in infectious asymptomatic
IPT treated humans

t

b Fraction of asymptomatic infectious treated humans who
become temporarily immune protected

1

λ Fraction of infected humans who are symptomatic 1

υ Rate of progression from asymptomatic to symptomatic
infections

t−1

θ Factor by which resistance affect the rate of progression of
asymptomatic infections to symptomatic infections

1

φ Factor by which resistance may affect the natural clearance
of parasites.

1

τ Factor by which IPT treatment of susceptibles impacts
transmissibility of resistant strains

1

τs Factor by which treatment of symptomatics impacts trans-
missibility of resistant strains

1

τa Factor by which IPT treatment of asymptomatics impacts
transmissibility of resistant strains

1

q Reduction factor of the population proportion of asymp-
tomatic humans to account for the fact that only children
under five receive IPTi

1
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Table 3 Parameter values, ranges, and references

Parameter Value Range Baseline Value Reference

βm (0.03,0.2) 0.08 [11]

βh (0.18,0.9) 0.4 [11]

μm (1/7,1/21) day−1 1/14 day−1 [24]

μh (1/45,1/60)× (1/365) day−1 1/(45×365) day−1 [4]

km (0,1) 0.5

kh (0,1) 0.5

1/ω (28,370) 111 day [18]

σa,σs (1/33-1/180) 1/100 day−1 [5],[18]

ξ varies 0.75 estimated

1/a (3,10) 5 days [18]

p (0.15,1] 0.2 estimated

c (0.005,0.1) 0.016 day−1 [18]

1/r,1/rs,1/ra constant 1/6, 1/52 day−1 ∗∗ [18]

b varies 0.5 [18]

λ (0.25,0.5) 0.35 [18]

υ (0.01,0.05) 0.04 [18]

θ 1 assumption

φ 1 assumption

τ ,τa,τs 0.5 assumption

q (0.15−0.2) 0.18 [4]

∗∗ The value 1/6 day−1 is the clearance rate for the short half-life drug, while 1/52
day−1 is the clearance rate for the long half-life drug.

clear malaria parasites, while for a drug with a short half-life, such as chlorproguanil
(CPG)-dapsone (DDS), this clearance time is about 6 days [18]. The number of IPT
treatments per person per day, c, may vary with treatment regimes and for different
countries and transmission areas. Because c is an important parameter for public
health purposes, we will consider a range of c values from 0.005 to 0.1 day−1,
where a c value of 0.1 day−1 translates to a dosing frequency of about 1 dose every
10 days. Because implementation of such a dosing frequency may be difficult to
achieve, a dosing frequency in which c ∈ (0.005,0.03)⊂ (0.005,0.1) day1 will be
considered in most of the numerical simulations. The baseline value for c will be
chosen to be 0.016 day−1 (which translates to a dosing frequency of about 1 dose
every 60 days) as in [18]. This rate c is then scaled by the factor q since usually only
children or pregnant women are given IPT treatment.

The value of the parameter b, the fraction of asymptomatic infectious humans
who are treated and gain temporary immunity, was obtained from the literature [18].
Here, we assumed that only infectious humans can infect mosquitoes. However,
in addition to being able to infect susceptible humans with the sensitive and
resistant malaria parasites, infectious mosquitoes can also infect treated humans
with resistant parasites at a lower rate compared to the natural rate of infection by
factors τ (susceptible), τa (asymptomatic), and τs (symptomatic). These values are
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chosen to be less than unity and in our model analyses will be taken to be equal. We
also assume that asymptomatic and symptomatic infections are naturally cleared at
the same rate, as in [18], where a value of 1/33 days−1 was used. Mean rates of
natural clearance of immunity of 1/180 days−1 have also been cited [5]. Here, we
chose a baseline value based on a weighted average. We also assumed that resistant
parasites may affect the rate of natural clearance of the parasites by a factor of φ .

The average number of days needed to clear an infection is 1/a. Assuming
that treatment is pursued immediately, and a WHO recommended dosage is taken
within the required dosage time frame, then 1/a is about 5 days [18]. If not, then
pa measures the rate of clearing an infection via treatment. We chose values for p
such that the probability, pa/(pa+σs+ μh), of a single symptomatic human being
cleared via treatment at some point during the symptomatic phase has a realistic
value. Notice that for the values of a, σs, and μh as shown in Table 3, this function
increases sharply with increasing values of p from 0, and begins saturating for p
between 0.1 and 0.15. Since we expect more symptomatic patients to actively seek
treatment (because of some of the discomforts and other factors associated with the
severe form of the malaria symptoms), a value of p for which pa/(pa+σs+ μh) is
above 75% is reasonable, and thus any p > 0.15 is reasonable.

Table 2 lists all parameters, their definitions, and their dimensions, while Table 3
gives parameter ranges, the baseline parameter value used in the simulations and the
references used to determine the parameter values.

3 Analysis

3.1 Stability of the Disease-Free Equilibrium

We begin by computing the disease-free equilibrium (DFE) and the basic reproduc-
tion numbers for each of the two strains independently. To determine how the levels
of IPT may reduce disease prevalence and burden while minimizing probability
of invasion by a resistant strain, we first compute the boundary equilibria and
determine conditions for their stability as well as the invasion reproduction numbers.
We then demonstrate that these reproduction numbers determine the existence and
stability of the nontrivial boundary equilibria (i.e., only one strain is present).

Let X = (Is, Ia,Js,Ja,Ms,Mr,S,Ts,T,Ta,R) denote an equilibrium of the system
described by equations (2.1a-2.1f) and (2.2a,b). The system always has the DFE
E0 = (0,0,0,0,0,0,S0,0,T0,0,0), where

S0 =
r+ μh

r+ μh + qc
and T0 =

qc
r+ μh + qc

.
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Note that T0 = 1− S0. Using the next generation matrix approach we obtain the
following expressions for the reproduction numbers for the sensitive and resistant
strains:

R2
s =

βmβhλ S0

μm(pa+σs+ μh)
+

βmβh(1−λ )S0

μm(qc+ν +σa + μh)

(

1+
ν

pa+σs+ μh

)

and R2
r =

kmβmkhβhλ (S0+τT0)

μm(φσs+μh)
+

kmβmkhβh(1−λ )(S0+τT0)

μm(φσa+θν+μh)

(

1+
θν

φσs+μh

)

,

respectively. We note that both Rs and Rr can also be derived using a biological
interpretation of the model (see Appendix 2).

Theorem 1 The disease-free equilibrium (E0) is locally asymptotically stable if
both reproduction numbers are less than unity and is unstable if at least one of
the reproduction numbers is greater than unity.

Proof. This proof follows the approach developed in [25]. Define Fi(X ) as
the vector representing the rate of new infections into compartment i, V +

i (X )
(V −

i (X )) as the rate of transfer of individuals into (out of) compartment i, and
V = V −−V +.

Consider the systems Ẋ =F (X )−V (X ) where

F (X ) =

⎡
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,

where η0 = S+ τsTs + τT + τaTa, η1 = μh +(1− ξ )σa(Ia + φJa)+ (1− b)raTa +
rT +ωR, and η2 = rsTs + braTa + ξ σs(Ia +φJa)+σsIs +φσsJs. We need to verify
the following conditions:

(A1) If X ≥ 0, then Fi, V −
i , V +

i ≥ 0, for i = 1, . . . ,11.
(A2) If Xi = 0, then V −

i (X ) = 0. In particular if the first 6 components of the
vector X are zero, then the first 6 components of the vector V −(X ) are also
zero.

(A3) Fi = 0 if i > 6.
(A4) Fi(E0) = 0 and V +

i (E0) = 0 for i = 1 . . .6.
(A5) If F (X ) is set to zero, then all eigenvalues of Df (E0) have negative real

parts, where Df (E0) represents the Jacobian matrix about E0.
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Conditions (A1)–(A4) are easily verified. For condition (A5), see Appendix 3.
With conditions (A1-A5) true, it follows from Theorem 2 in [25] that E0 is locally
asymptotically stable when max{Rs,Rr}< 1 and unstable when max{Rs,Rr}> 1.

	


From Theorem 1 we know that both strains will die out if max{Rs,Rr} <
1. When Rs > 1 (or Rr > 1) then the sensitive (resistant) strain can spread.
Our numerical results suggest that the infection level of the corresponding strain
stabilizes at an unique endemic steady state. Another interesting reproduction
number to consider is the invasion reproduction number that can provide threshold
conditions under which the resistant strain can invade into a population in which
the sensitive strain is at the endemic equilibrium. Let Rs

r denote the invasion
reproduction number of the resistant strain and we will examine how Rs

r depends
on the IPT treatment. Recall that the fraction of people in IPT treatment may not be
infected with the sensitive strain but are instead susceptible to the resistant strain.

3.2 Endemic Equilibrium and Invasion of Drug-Resistant
Malaria

Consider the case when Rs > 1 so that the sensitive strain can spread. Let Es denote
a boundary equilibrium at which only the sensitive strain is present. We derive the
invasion reproduction number Rs

r by considering the stability of Es and invasion
reproduction number Rr

s by the next generation method.

3.2.1 Sensitive Strain Only Boundary Equilibrium Es

At Es, all state variables corresponding to resistant infections, Ja,Js, and Mr, are
equal to zero. Let I = Ia + Is. From setting the ODES of Ms, Ia and Is, to zero yield

Ms =
βmI

βmI + μm
, Ia = g

βhβmI
βmI+ μm

S, Is = f
βhβmI

βmI+ μm
S,

where

g =
1−λ

Δa
, f =

λ + 1
Δa

ν(1−λ )
Δs

,Δa = qc+ν+σa+μh, Δs = pa+σs+μh. (3)

From the above expressions, and using I = Ia+ Is, assumed to be nonzero, we have:

I = (f + g)
βhβmI

βmI + μm
S and S =

βmI+ μm

βhβm(f + g)
.
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From the expression for S, Ia =
g

f+g I and Is =
f

f+g I. From the equilibrium equations
for Ts,T,Ta and R, we obtain

Ts =
pa

rs + μh

f
f + g

I, T =
T0

μmR2
s
(βmI+ μm), Ta =

qc
ra + μh

g
f + g

I

and

R =
I

ω + μh

[

(r̃spa+σs)
f

f + g
+(br̃aqc+ ξ σa)

g
f + g

]

,

where r̃i := ri
ri+μh

. Finally, substitute all variables determined in terms of I into the
equilibrium equation S′ = 0, which yields the equation G = G1 −G2 = 0, where

G1 = μh +(1−ξ )σaIa +(1−b)raTa + rT +ωR and G2 = (μh +βhMs +qc)S.

Then solving in terms of I leads to

G1(I) =μh +((1− ξ )σa +(1− b)r̃aqc)
g

f + g
I+

rT0

μmR2
s
(βmI+ μm)

+
ω

ω + μh
I

[

(r̃spa+σs)
f

f + g
+(br̃aqc+ ξ σa)

g
f + g

]

,

G2(I) =(μh + qc)
S0(βmI+ μm)

μmR2
s

+
I

f + g
.

Observe that G is linear in I, and hence can be written as G(I) = AI +B, where
A = G′

1(0)−G′
2(0) and B = G1(0)−G2(0). As qcS0 = (r+ μh)T0, we obtain:

A = − βmμh
μmR2

s
− 1

f+g

[

1− g((1− ξ )σa+(1− b)r̃aqc+ ξ σa)− ωf
ω+μh

(r̃spa+σs)

− ωg
ω+μh

(br̃aqc+(1− ξ )σa)
]

,

B = μh +
rT0
R2

s
− μh

S0
R2

s
− (r+μh)T0

R2
s

= μh

(

1− 1
R2

s

)

.

(4)

Therefore, the total level of infection at Es is I∗ = −B/A, where A and B are given
in eqn. (4). Note that B > 0 precisely when Rs > 1.

To determine conditions under which the resistant strain is able to invade
the sensitive strain’s boundary equilibrium, we must linearize the system at this
boundary equilibrium and determine conditions under which it is locally asymp-
totically stable. The Jacobian of the system (with variables arranged in the order:
{S,T,R,Ta,Ts, Ia, Is,Ms,Ja,Js,Mr}) evaluated at the sensitive-strain-only boundary
equilibrium Es is given below:

J =

[

Js J1,2

0 J2,2

]

,
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where Js is an 8× 8 matrix, J1,2 an 8× 3 matrix, both defined in Appendix 4, and
J2,2 a 3× 3 matrix defined as:

J2,2 =

⎡

⎣

−Δ̃a 0 (1−λ )khβh(S∗+ τT∗+ τsT∗
s + τaT∗

a )

θν −Δ̃s λ khβh(S∗+ τT∗+ τsT∗
s + τaT∗

a )

kmβm(1−M∗
s ) kmβm(1−M∗

s ) −μm

⎤

⎦ ,

where

Δ̃a = φσa+θν+μh, Δ̃s = φσs+μh,ha =
1

Δ̃a
(1−λ ), hs =

1

Δ̃s

(

λ+
θν
Δ̃a

(1−λ )
)

.

(5)

Observe that if J2,2 has an eigenvalue with positive real part, then J does as well,
and Es is unstable. Therefore, if we can determine conditions under which J2,2 has
an eigenvalue with positive real part, the resistant strain will be able to invade the
sensitive strain’s equilibrium Es under those conditions.

Applying the next generation approach to J2,2, and using the fact that

R2
r = (hs + ha)khβhkmβm(S0 + τT0)/μm,

we find that the spectral radius of the corresponding next generation matrix is

Rs
r =

√

(

Rr

Rs

)2

+
μmI∗

βmI∗+ μm
· R2

s

S0 + τT0

(

τspa
rs + μh

f
f + g

+
τaqc

ra + μh

g
f + g

)

. (6)

Thus, Rs
r > 1 is a sufficient condition for Es to be unstable.

To explore conditions for coexistence of both strains, we need also consider the
stability of the boundary equilibrium Er at which only the resistant strain is present,
and derive the invasion reproduction number Rr

s . Coexistence is expected if Rs
r > 1

and Rr
s > 1. We remark that Rs

r > 1 whenever Rr > Rs. We will demonstrate in
Sect. 4.2 that there are parameter values for which the aforementioned conditions
hold.

3.2.2 Resistant Strain Only Boundary Equilibrium Er

We now consider the system when only the resistant strain is present. This means
that Ia = Is = Ta = Ts = Ms = 0, and S,T,Ja,Js,Mr > 0. Let J = Ja + Js, then the
resulting equilibrium equations for Ja,Js,Mr yield

Mr =
kmβmJ

kmβmJ + μm
, Ja =

ha

ha + hs
J, Js =

hs

ha + hs
J,

so that J = (ha + hs)
khβhkmβmJ
kmβmJ+ μm

(S+ τT),
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where ha and hs are as in eqn. (5). Define f1(J) := kmβmJ+μm. For J �= 0, solve for
S+ τT to obtain

S+ τT =
f1(J)
μmR2

r
(S0 + τT0). (7)

On the other hand, solving the equilibrium equation T ′ = 0 implies that

S+ τT = S

(

1+
τqcf1(J)

f2(J)+ (r+ μh)f1(J)

)

(8)

where f2(J) := τkhβhkmβmJ. Combining equations (7) and (8), we can solve for S
in terms of J:

S =
f1(J)(S0 + τT0)(f2(J)+ (r+ μh)f1(J))

μmR2
r [f2(J)+ (r+ μh + τqc)f1(J)]

.

Next, from S′ = 0, we solve for R in terms of J, to get R = J
ω+μh

cR, where

the constant cR = ξ φσa
ha

ha + hs
+φσs

hs

ha + hs
. S′ = 0 also implies G(J) := G1(J)−

G2(J) = 0, where

G1(J) = μh+(1−ξ )σaφ
ha

ha+hs
J+

rqc
μmR2

r
· f 2

1 (J)(S0+τT0)

f2(J)+(r+μh+τqc)f1(J)
+

ω
ω+μh

cRJ

G2(J) = (μh+qc)S(J)+
f2(J)+(r+μh)f1(J)

(ha+hs)[f2(J)+(r+μh+τqc)f1(J)]
J.

If G(J) = 0 has a positive solution J∗, then J∗ is the number of infected humans
at the resistant-only boundary equilibrium. We will demonstrate in Sect. 4 that this
equation does indeed have a solution for certain model parameterizations.

Using the next generation method, we find the invasion number as

(Rr
s)

2 =
R2

s

R2
r

(

S0 + τT0

S0

)

·

⎛

⎝1+
τqc

f2(J∗)
f1(J∗)

+ r+ μh

⎞

⎠

−1

,

where f1(J) and f2(J) are as earlier defined. Since f2/f1 is an increasing function of
J, Rr

s is also an increasing function of J.

3.2.3 The Coexistence Equilibrium

To determine whether both the resistant and the sensitive strain of malaria can
coexist at equilibrium, we assume that I∗,J∗,M∗

s , and M∗
r are all nonzero, and
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derive a system of two equations in the unknowns I∗ and J∗. To begin, the system
M′

s = 0,M′
r = 0 can be written in matrix notation as Ax = b, where

A =

[

βmI+ μm βmI
kmβmJ kmβmJ+ μm

]

,x =

[

Ms

Mr

]

, and b =

[

βmI
kmβmJ.

]

Solving for x = A−1b, we find that Ms = βmIμm/|A| = βmI
K(I,J) and Mr =

kmβmJμm/|A|= kmβmJ
K(I,J) , where

K(I,J) =
|A|
μm

= βmI+ kmβmJ+ μm. (9)

Next, solving I′s = 0, I′a = 0 yield Is = f βhMsS and Ia = gβhMsS, where f and g
are as defined in eqn. (3). Using I = Ia+ Is and the expression Ms =

βmI
K(I,J) , we obtain

I = (g+ f )βhβmIS/K(I,J). By assumption, I �= 0, so 1 = (g+ f ) βhβm
K(I,J)S. Solving for

S and then Ia, Is yield

S =
K(I,J)

(g+ f )βhβm
, Ia =

g
g+ f

I, and Is =
f

g+ f
.

Next, J′a = 0 and J′s = 0 imply that J = (ha+hs)khβhMr(S+τT+τsTs+τaTa) where
ha and hs are as in eqn. (5) and Mr =

kmβmJ
K(I,J) . Because J �= 0 by assumption, we may

cancel J from both sides (implicit in S) and solve for K(I,J):

K(I,J) =
μmR2

r

S0 + τT0
(S+ τT + τsTs + τaTa).

Solve T ′
s = 0, T ′ = 0, and T ′

a = 0, to obtain expressions for Ts, T, and Ta in terms of
I and J:

Ts =
paf βhβmIS

K(I,J)(rs + μh)+ τskhβhkmβmJ
, T =

qcgβhβmIS
K(I,J)(ra + μh)+ τakhβhkmβmJ

,

Ta =
qcgβhβmIS

K(I,J)(ra + μh)+ τakhβhkmβmJ
, where S =

K(I,J)S0

μmR2
s

.

We can now write a second expression for K(I,J) entirely in terms of I and J:

K(I,J) =K(I,J)

(

Rr

Rs

)2 S0

S0 + τT0

[

1+
τqcgβhβmIS

K(I,J)(ra + μh)+ τakhβhkmβmJ
+ · · ·

τspaf βhβmIS
K(I,J)(rs + μh)+ τskhβhkmβmJ

+
τaqcgβhβmIS

K(I,J)(ra + μh)+ τakhβhkmβmJ

]

(10)
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Let F̄1(I,J) denote the right-hand side of eqn. (9) and F̄2(I,J) denote the right-
hand side of eqn. (10). Then, the coexistence equilibrium, if it exists, must satisfy

F̄(I,J) := F̄1(I,J)− F̄2(I,J) = 0. (11)

Finally, from the S′ = 0 equation, we have

Ḡ(I,J) := Ḡ1(I,J)− Ḡ2(I,J) = 0, (12)

where

Ḡ1(I,J) = μh +(1− ξ )σa(Ia +φJa)+ (1− b)raTa + rT +ω

Ḡ2(I,J) =
S0

μmR2
s
[K(I,J)(ω + μh + qc)+βhβmI+ khβhkmβmJ]

+ω(I+ J)+ω(T +Ts+Ta).

If there exists a pair (I∗,J∗) in the positive quadrant satisfying both F̄(I,J) = 0
and Ḡ(I,J) = 0, then a coexistence equilibrium exists. In Sect. 4, we will illustrate
that under some model parameterizations, such an equilibrium does exist.

4 Simulation Results

In this section, we present the results from the numerical simulations used to address
questions about the temporal spread of resistant infections and how both IPT and
the intensity of treatment of symptomatic individuals influences strain competition.
The results are presented for two antimalarial drugs: one with a long half-life (SP)
and the other with a short half-life (CPG-DDS). In our simulations, we assume
that the same drug (either SP or CPG-DDS) is used for both IPT and treatment of
symptomatic infections. The baseline parameter values listed in Table 3 were used
in all simulations, except where otherwise noted.

4.1 Temporal Spread of Resistance

Fig. 2 illustrates the temporal dynamics of sensitive (Figs. 2(a) and 2(b)) and
resistant (Figs. 2(c) and 2(d)) infections over a period of 1000 days, and the
dependence of these dynamics on the rate of IPT administration c, and drug half-life
1/r. For both treatment with long half-life drugs (Figs. 2(a) and 2(c)) and treatment
with short half-life drugs (Figs. 2(b) and 2(d)), we observe an outbreak of sensitive
cases, followed by an increase in resistant cases as the sensitive infections decline.
For the long half-life drug in particular, intense IPT reduces the number of cases
during the initial outbreak. However, the resistant strain is able to invade, with
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Fig. 2 Proportion of the population infected versus time for a varying rate of c (IPT given per day).
Temporal dynamics for the long half-life drug SP are presented in subfigures (a) and (c); subfigures
(b) and (d) illustrate the dynamics using the short half-life drug CPG-DDS. The dynamics of
sensitive infections, Ia + Is, are shown in subfigures (a) and (b); subfigures (c) and (d) illustrate
the dynamics of resistant infections, Ja + Js. Initial conditions are Ia = Is = 0.04, Ja = Js = 0.01,
Ms = Mr = Ta = Ts = T = R = 0, S = 0.9.

significant resistant infection proportions, much earlier in the presence of the long
half-life drugs. Although the short-term dynamics depend on initial conditions, the
pattern of sensitive decline and resistant invasion holds. Furthermore, the rate at
which IPT is administered plays a critical role in the emergence time of resistant
infections when the drug half-life is short.

We consider three malaria control strategies, each using either the long half-life
drug SP, or the short half-life drug CPG-DDS, and evaluated the percent reduction
in disease burden resulting from sensitive and resistant cases when compared with
the no malaria control case. We define disease burden due to the sensitive strain
to be

∫ T
0 (Ia(t) + Is(t))dt, and the disease burden due to the resistant strain to be

∫ T
0 (Ja(t) + Js(t))dt, where T = 2000 days. The three intervention strategies are:

(1) treating only symptomatic infections, (2) using only IPT, and (3) using both
symptomatic treatment and IPT. In each of the three strategies, we calculate the
percent reduction in disease burden for both SP and CPG-DDS. The results are
summarized in Table 4. Every intervention resulted in an increase in the resistant
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Table 4 Approximate percent change in disease burden for sensitive and resistant infections,
for three control strategies (treatment of symptomatic infections only, IPT treatment only, and
a combination of both), using either SP (long-half life) or CPG-DDS (short half-life), when
compared with the case with no treatment nor IPT. A reduction in disease burden is indicated by
− and an increase in burden is indicated by a +. Values were evaluated for t ∈ [0,2×103].

Symptomatic Treatment-only IPT-only Combined
Sensitive Resistant Sensitive Resistant Sensitive Resistant

SP −65 +292 −4 +5 −68 +365

CPG-DDS −50 +60 +4 +1 −53 +73

infection disease burden. With the exception of the IPT-only strategy using CPG-
DDS, the interventions resulted in a decrease in the sensitive infection disease
burden. IPT with CPG-DDS increased both the sensitive infection burden by 4%
and the resistant infection burden by 1%. The antimalarial drug, SP, always resulted
in a greater reduction in the number of sensitive cases, compared with CPG-DDS,
and, with the exception of the IPT-only strategy, resulted in a greater increase in
resistant cases compared with CPG-DDS.

A combined control strategy (symptomatic treatment and IPT) promoted resis-
tance to the greatest degree, regardless of the choice of drug. The combined strategy
with SP increased the total resistant infection burden by 365%, while with CPG-
DDS, the total resistant infection burden increased by 73%. When using a single
intervention, the greatest contributor to drug-resistant infections was treatment of
symptomatic individuals. The symptomatic treatment-only strategy with SP resulted
in a 292% increase in total resistant infection burden, compared with a 5% increase
caused by the IPT-only strategy. The disparity is less dramatic using CPG-DDS,
but still significant, with treatment of only symptomatic infection increasing the
resistant infection burden by 60%, and IPT-only strategy increasing the burden
by 1%. However, a combined symptomatic treatment and IPT treatment strategy
appear to enhance each strategies impact on the promotion of drug resistance. For
example, although symptomatic treatment alone increased the resistant infection
burden by 292% for the SP drug, combining treatment of symptomatic infections
with IPT for this drug increased the resistant burden 1.25 folds to 365%. A combine
strategy using CPG-DDS also increased the resistant burden by about 1.20 folds
from 60% (for symptomatic treatment alone) to 73% (for the combined strategy).
On the other hand, for the sensitive infection burden, which decreased, using
either a symptomatic treatment-only strategy or a combined (symptomatic and IPT)
treatment strategy had roughly the same reduction effect on the sensitive burden
(about 50% for the SP drug and about 65% for the CPG-DDS drug). From these
results, for our baseline parameter values, we conclude that using only IPT with the
long half-life drug (such as SP) is preferable to any strategy using a short half-life
drug such as CPG-DDS, in the long run. The percent reduction in sensitive disease
burden using SP is twice as great if treatment of symptomatic individuals is part
of the control strategy, but at the cost of increasing resistance in the population.
However, this is a more realistic control strategy. The increase-reduction patterns
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for the case in which SP (respectively CPG-DDS) is the drug choice for treatment
of symptomatic infections while CPG-DDS (respectively SP) is the drug choice for
IPT closely follow similar patterns as the case when SP (respectively CPG-DDS) is
used as both a chemoprophylactic and a prophylactic drug.

4.2 Strain Competition

In Sect. 3.2, we derived the invasion reproduction numbers, Rr
s and Rs

r, analytically.
Fig. 3 shows the contour plots of Rr

s = 1 and Rs
r = 1, as a function of the sensitive

and resistant strain reproduction numbers Rs and Rr. To generate the contours,
the transmission rate βh was varied across the interval [0,1], while all remaining
model parameters were assigned their baseline values listed in Table 3. The
boundaries formed by these curves delineate the competitive outcomes for the
sensitive and resistant strains. In the parameter space where Rr

s < 1 and Rs
r > 1,

the resistant strain is able to invade the sensitive-only equilibrium Es, but the
sensitive strain cannot invade the resistant-only equilibrium Er. Consequently, the
resistant strain outcompetes the sensitive strain when these inequalities hold. In
the region where both Rr

s > 1 and Rs
r > 1, the resistant and sensitive strains can

coexist. Finally, the sensitive strain is able to outcompete the resistant strain when
Rr

s > 1 and Rs
r < 1. Both strains will eventually become extinct when both Rs and

Rr are less than unity. The coexistence region is largest when the long half-life
antimalarial drug, SP, is used for IPT and treatment of symptomatic infections,
compared with the use of the short half-life drug CPG-DDS (Fig. 3). Similarly,
increasing the rate of IPT, c, increases the coexistence region. However, when long
half-life antimalarial drugs are employed, the invasion boundary determining the
resistant strain’s ability to invade the population (Rs

r = 1) is much more sensitive
to changes in the rate at which IPT is administered, compared with the invasion
boundary Rr

s = 1. On the other hand, when the short half-life drug is used,
increases in the IPT administration rate have essentially no effect on the invasion
boundaries, suggesting that when short half-life drugs are used, the prevalence
of drug resistance is nearly completely dependent upon the rate of treatment of
symptomatic individuals. We also observe that Rr can be much smaller than Rs

and still lead to persistence of resistant infections when long half-life drugs are
used, whereas the likelihood of persistent resistant infections is much smaller when
Rr < Rs when short half-life drugs are used. In fact, when using long half-life
drugs, Rr > 1 is not a necessary condition for persistence of resistant infections;
increases in sensitive parasite transmission intensity seem to promote coexistence
of sensitive and resistant parasites. This phenomenon can be explained by the fact
that sensitive infections can be successfully treated via either IPT, if asymptomatic,
or traditional treatment, if symptomatic. Consequently, individuals harboring drug-
sensitive infections recover, on average, at a faster rate than those with drug-resistant
infections, causing these fast-recovering individuals to be exposed to resistant
infections more frequently than without treatment.
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Figure 4 presents the invasion boundaries as functions of the rate of IPT
administration, c, and the symptomatic treatment factor, p, for long (Fig. 4(a)) and
short (Fig. 4(b)) half-life drugs. Consistent with our previous results, the long half-
life drug SP yields a much larger coexistence region than the short half-life drug
CPG-DDS. Surprisingly, the relationship between the invasion boundary Rs

r = 1 and
the rate of IPT, c, is non-monotone. In fact, when using SP, competitive exclusion
of the resistant strain by the sensitive strain is impossible when IPT is administered
infrequently (c < 0.015), whereas higher rates of IPT administration increase the
likelihood that the sensitive strain dominates. The non-monotonic relationship is
likely caused by the fact that IPT simultaneously reduces the population susceptible
to drug-sensitive parasites by treating fully susceptible individuals prophylactically,
and speeds up the recovery of sensitive infections. In other words, IPT administered
prophylactically to susceptible individuals decreases the susceptible pool, while IPT
administered to asymptomatic individuals with drug-sensitive parasites increases
the symptomatic pool. This balancing act may be the cause of the non-monotonic
relationship between Rs

r = 1 and c. The role that p plays in promoting drug
resistance is more straightforward: for any fixed value of c, increasing p increases
the likelihood that the resistant strain persists in a population.

Under our baseline parametrization of the model, using the expressions in
eqns. (11–12), we established the existence of a coexistence equilibrium numeri-
cally. Figure 5 consists of a contour plot of the two surfaces F̄(I,J) and Ḡ(I,J),
and their intersection with the zero plane is highlighted as bold, black lines. The
intersection of these two bold lines, consequently, is the solution to eqns. (11)–(12),
that is, a coexistence equilibrium. The reproduction numbers can also be computed
using the baseline parameter values, yielding the pair (Rs,Rr) = (3.20,3.23) for
SP and (Rs,Rr) = (3.40,3.32) for CPG-DDS. These values place the system very
closet to the invasion boundary Rr

s = 1: the boundary between coexistence and
resistant strain dominance. Consequently, a small change in the parameter values
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per day, and for various values of r−1, time chemoprophylaxis lasts in susceptible IPT treated
humans.

could switch the dynamics of the system from one where the strains coexist, to one
in which the resistant strain eventually outcompetes the sensitive strain.

Figures 6 and 7 demonstrate the relationship between the proportion of cases
that are resistant at equilibrium and IPT c, and the symptomatic infection treatment
factor p, respectively. In both figures, observe that increasing the rate of IPT, c,
increases the proportion of cases due to resistant infections. However, drug half-
life and symptomatic treatment rate are the dominant factors determining the ratio
of resistant cases to total number of cases. The effect of IPT on the promotion of
resistant infections is most prominent when using short-half-life drugs, consistent
with our observations in Sect. 4.1. For example, when the drug half-life is long
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(1/r = 52 days), Fig. 6 shows little change in the ratio J/(J + I) at steady-state,
whereas when 1/r = 7 days, this ratio is close to zero when there is no IPT (c = 0),
and more than 0.3 when c = 0.03 days−1.

Figure 7 illustrates that the ratio of resistant cases to total cases is a non-
decreasing function of the symptomatic treatment factor p. When the drug half-life
is long, the resistant strain is able to dominate even for relatively low symptomatic
treatment factor (Fig. 7(a)). However, p is the dominant factor determining which
strain dominates when the drugs in use have a short half-life of 1/r = 6 days. In
Fig. 7(b), the resistant strain is unable to persist at low p values until a threshold
p value, at which time the system rapidly transitions to a state where the resistant
strain dominates at steady-state. The fraction of cases due to the resistant strain at
equilibrium is highly sensitive to p when p lies in the interval [0.15,0.3]; for p> 0.3,
all infections are due to resistant parasites. The rapid transition from no resistance
to resistant dominance at a critical value of p suggests caution should be exercised,
even with short half-life drugs.

5 Parameter Sensitivity Tests

Following [6, 12] we employ partial rank correlation coefficient (PRCC) analysis
to determine the sensitivity of the model to each parameter. Correlation provides a
measure of the strength of a linear association between an input (parameters) and an
output (solution functions of Eqs. (1) and (2)). Partial correlation analysis reveals
hidden true correlations and false correlations explained by the effect of other
variables. The parameters, specified in Table 5, are sampled using Latin hypercube
sampling (LHS) [13]. We verified that the total sensitive infection, I = Ia + Is, and
total resistant infection, J = Ja + Js, proportions are monotonic with respect to each
parameter, a requirement for a valid PRCC analysis [12].
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The statistical significance test p-value is the probability of obtaining a test
statistic at least as extreme as the one actually observed. So if p < 0.01, the result
is highly unlikely. The magnitude of the PRCC value (> 0.5 or < -0.5) as well
as the statistical significance of the PRCC value, i.e. small p-value< 0.05, illustrates
that the model is sensitive to the parameter. The closer the PRCC value is to its
extremes of +1 or -1, the more strongly the parameter influences the outcomes
I and J. A negative sign indicates that the parameter is inversely proportional to
the outcome. The sensitivity analysis was performed at 1200 days at which point
the numerical solutions have reached an equilibrium with 3000 samples of each
parameter. We did not include μh as we had a documented value for this parameter
nor did we include a, θ , φ , and ξ which were shown to have very slight variance
to the solutions I and J. Additionally, sensitivity analyses in which the τ variables
were varied from 0.0001 to 1 were carried out and based on the PRCC analyses, the
model results were not sensitive to the τ variables. The results are shown in Fig. 8
and summarized in Table 5.

The proportion of sensitive cases at equilibrium, I∗ is most sensitive to changes in
the model parameters p,kh,km,ω ,σa = σs = σ , and ν . J∗, the proportion of resistant
cases at equilibrium, is most sensitive to kh,km,ω ,βh,βm, and σa = σs = σ . An
increase in ω , the rate at which individuals in stage R lose their immunity to malaria
results in an increase in both I∗ and J∗. The sensitivities to all remaining parameters
studied in this analysis were inversely related for I∗ and J∗ (Fig. 8). For example, an
increase in either km or kh results in a decrease in I∗ and an increase in J∗. These
terms, related to the infectivity of resistant human and mosquito infections, resulted
in the highest PRCC values, in magnitude. Thus, studies focused on determining the
relative infectivity of resistant and sensitive cases in different regions is essential
to informing mathematical models, and subsequently, region-specific public health
policies aimed at controlling the spread of resistant malaria.
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Table 5 PRCC values for infections at
1200 days, 3000 samples for each parameter.

Parameter PRCC for I PRCC for J

βm −0.086149∗ 0.52608∗

βh −0.10838∗ 0.58412∗

μm 0.03037 −0.33572∗

p −0.44613∗ 0.23724∗

kh −0.76613∗ 0.84405∗

km −0.76684∗ 0.83297∗

λ −0.20711∗ −0.093381∗

ω 0.61094∗ 0.61603∗

q −0.092878∗ 0.047251∗

c −0.21876∗ 0.12509∗

σa,σs 0.43423∗ −0.68348∗

ν −0.50579∗ 0.24863∗

∗ means significant p-value with p < 0.01

Because an increase in the waning immunity rate increases both sensitive and
resistant infections, a control measure targeting this quantity, such as a malaria
vaccine, could result in a decline in not only resistant infections, but total morbidity.
The global sensitivity analysis also indicates that increasing the treatment factor p
will decrease sensitive infections more substantially than it will increase resistant
infections. Likewise, decreasing the transmission rates βh and βm, via interventions
such as bed nets or vaccines, will decrease resistant infections to a greater extent
than it will increase sensitive infections. However, increasing p beyond some critical
threshold will be detrimental. Consequently, increasing ω by prolonging immunity,
and decreasing the transmission rates βh and βm using bed nets or vaccines, may
offer the best compromise between reducing the total number of infections and the
spread of drug resistant parasites.

6 Discussion and Conclusion

Antimalarial drugs can greatly reduce the time a person is infectious, as well
as reduce the dangerous symptoms often caused by infection with Plasmodium
falciparum. Furthermore, antimalarial drugs can be used as an effective prophylactic
via IPT to minimize the disease burden in the most vulnerable populations: children,
infants, and pregnant women. Despite the obvious benefits of antimalarial drugs,
used either prophylactically or for traditional treatment, their ability to promote
drug resistant parasites is a very real public health concern, motivating the need
to better understand this balancing act between these benefits and the risk for
drug resistance. Our novel mathematical model incorporating IPT and traditional
treatment of symptomatic individuals allowed us to tease apart the contribution of
each control strategy to the spread of parasite drug resistance.
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In our model, both IPT and traditional treatment of symptomatic infections
increased the burden on the spread of drug-resistant malaria (see Table 4 and Fig. 2).
The impact was magnified when using the long half-life drug SP, which not only
increased the number of resistant cases, but resulted in faster invasion of the resistant
parasites. Traditional treatment of symptomatic individuals promoted drug resistant
infections to a far greater degree than IPT-only treatment. When we compare the
symptomatic treatment-only strategy with the combined treatment strategy, we
see that the combined strategy substantially magnified the spread of drug resistance
for both the short (CPG-DDS) and long (SP) half-life drugs. In particular, when
compared to the combined treatment control strategy (see Table 4), the disease
burden associated with drug resistant parasites for the symptomatic treatment-only
strategy increased by about 5/4ths when the SP drug was used, and by about
6/5ths when the CPG-DDS drug was used. On the other hand, with our baseline
parameter values, control measures associated with the IPT-only strategy showed
that treatment with the short half-life drug CPG-DDS fared worse when compared
with treatment with the long half-life drug SP. Although IPT fared worse with CPG-
DDS than with SP for our baseline parametrization, our analysis of the invasion
boundaries delineating regions of competitive exclusion and coexistence suggested
that the long half-life drug significantly increases the likelihood of coexistence
between the two strains. If Rr < Rs, Fig. 3 indicates that treatment with CPG-DDS
will minimize the risk for drug resistance. However, if Rr >Rs, or if the reproduction
numbers are close in value, the choice of drug may do little to mitigate this risk.

In addition to drug half-life, the rate at which symptomatic individuals are treated
via the factor, p, plays a significant role in determining the resistant strain’s ability
to spread. Short half-life drugs, as previously discussed, decreased the likelihood
of resistant strain dominance. However, even with short half-life drugs, a small
increase in p beyond a critical threshold may very rapidly shift the regime from
one in which the sensitive strain dominates, to one in which the resistant strain
dominates. Our results suggest that we can treat more aggressively when using
short half-life drugs, but we should also be wary to keep treatment rates below the
threshold where the population suddenly shifts from sensitive-dominant to resistant-
dominant. This critical threshold decreases as the rate of IPT, c, increases.

A global sensitivity analysis of the number of sensitive and resistant infections
at equilibrium highlighted potential targets for malaria control, and parameters
whose values must be measured more accurately to reflect the conditions of a
particular region. Better estimation of the relative infectivity of sensitive and
resistant infections will allow models to better inform public health policy. The
analysis also revealed that low transmission regions may be more prone to the
spread of drug resistance. One way to mitigate the increased risk for resistance in
low transmission regions would be to vaccinate recovering individuals. Introducing
vaccination and increasing the use and maintenance of bed nets may also be an
effective strategy that balances the goals of reducing overall morbidity and reducing
spread of resistant parasites. It would be interesting to consider parameter regimes
which result in holoendemic malaria transmission and compare that with high and
low transmission endemic regions and regions with sporadic outbreaks.
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Our model results show the importance of the choice of drug utilized for IPT.
In particular, our results show that resistance emerges and spreads faster when an
antimalarial drug with a long half-life (such as SP) is used compared to one with
a short half-life (such as CPG-DDS) for increasing IPT treatment. The results on
faster rate of spread for drugs with long half-life agrees with similar results in
previous studies such as in Hasting et al. [10] and O’Meara et al. [18]. However,
with our model, we were able to investigate conditions when the resistant strain will
invade the human population, a result that could not be captured based on the linear
model and modeling methodology in [18], since in [18] the focus of the paper was
different and model results were achieved when the malaria disease was already at
endemic equilibrium, with both the sensitive and resistant parasites already present.
Moreover, as highlighted in Fig. 2, with our model, we showed how the transmission
profiles of the sensitive and resistant infections differ for the different half-life drugs.

In our model, death due to the malaria disease was not accounted for. Thus our
model does not quantify the impact of IPT in terms of deaths averted. Rather, it
highlighted the relative roles of symptomatic treatment and IPT in the establishment
of drug resistant strains of malaria. Because IPTi and IPTc are age specific, we
plan to explicitly model this age structure to investigate the relationship between
IPT and spread of drug resistance to malaria and compare our findings with the
current results. The goals will be to investigate the optimal drug half-life that
can produce maximal reduction in disease burden yet minimize spread of drug
resistance; investigate optimal IPT rates, as well as best strategies to administer
IPT—continuous versus pulsing. Furthermore, we plan to incorporate parasite
mutation, from sensitive to resistant parasites.

Appendix 1: Diagrams Showing Human–Mosquito Interaction
and Sensitive and Resistant Infection Pathways

Figures 9 and 10 illustrate portions of Fig. 1 showing interactions and the disease
transmission routes between humans and mosquitoes for sensitive and resistant
parasite infections.

Appendix 2: Biological Interpretation of R0

Both Rs and Rr can also be derived based on a biology interpretation of the model.
In particular, let Rasym

sen and Rsym
sen denote the reproduction numbers associated with

the asymptomatic and the symptomatic infections, respectively, for the sensitive
strain. At the beginning of an outbreak the proportion of the population susceptible
to the sensitive parasite is S0. A portion of this sensitive population will become
asymptomatically infected and either remain asymptomatic or transition to a
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symptomatic case (there is no transition from symptomatic to asymptomatic in this
model). The sensitive reproductive number for an asymptomatic case over the full
course of infection, i.e., the number of human cases resulting from one initially
asymptomatic case, is then given by
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Rasym
sen = (1−λ)

︸ ︷︷ ︸
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(βm)
︸︷︷︸

transmission rate of
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1
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v
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︸ ︷︷ ︸

duration of sym.
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︸︷︷︸
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(

1
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)
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︸ ︷︷ ︸
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The sensitive symptomatic reproductive number, or the number of human cases
resulting from one initial symptomatic individual, is given by

Rsym
sen = λ

︸︷︷︸

fraction

that are

sym.

(βm)
︸︷︷︸

transmission rate

of sens. parasites
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(

1
pa+σs+ μh

)
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duration of sym.

infection
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1
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)
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(S0) .
︸ ︷︷ ︸

proportion

susceptible

It is easy to check that R2
s =Rasym

sen +Rsym
sen .

Similarly, let Rasym
res and Rsym

res denote the reproduction numbers associated with
initially asymptomatically and symptomatically infected individuals, respectively,
with resistant strains. Let S0 and T0 denote the proportions of the population
that are susceptible and had IPT treatment, respectively. IPT treatment impacts
transmissibility by a factor of τ . Portions of each of these populations will become
asymptomatically infected. The resistant asymptomatic reproductive number is then
given by

Rasym
res = (1−λ )

︸ ︷︷ ︸

fraction that

are asym.

(kmβm)
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(
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1
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)

.

The remaining portion of the resistant infections will be initially symptomatic. This
includes those susceptible individuals who have had no treatment and those who
have had IPT treatment. The resistant symptomatic reproductive number is then
derived as
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Rsym
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Note that R2
r =Rasym

res +Rsym
res .

Appendix 3: Stability of the Disease-Free Equilibrium

Here, we verify condition (A5) of Sect. 3.1. Notice that the linearized systems is
Ẋ = Df (E0)(X −E0), where the Jacobian matrix takes the following form

Df (E0) =

[

J1 0
J3 J4

]

with

J1 =

⎡

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎣

−(pa+σs+μh) ν 0 0 0 0
0 −(ν+σa+μh) 0 0 0 0
0 0 −φσsμh θν 0 0
0 0 0 −(φσa+θν+μh) 0 0
0 0 0 0 −μr 0
0 0 0 0 0 −μs

⎤

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎦

,

J3 =

⎡

⎢

⎢

⎣

0 (1− ξ )σa 0 (1− ξ )φσa −βhS0 −βhκhS0

pa 0 0 0 0 0
0 0 0 0 0 0
σs ξ σa φσs ξ φσa 0 0

⎤

⎥

⎥

⎦
,

J4 =

⎡

⎢

⎢

⎢

⎢

⎢

⎣

−(μh + qc) 0 r ra(1− b) ω
0 −(rs + μh) 0 0 0
0 0 −(r+ μh) 0 0
0 0 0 −(ra + μh) 0
0 rs 0 bra −(ω + μh)

⎤

⎥

⎥

⎥

⎥

⎥

⎦

.
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The eigenvalues of Df (E0) are simply the diagonal elements in J1 and J4, all of
which have negative real parts.

Appendix 4: Matrices Defined in Sect. 3.2

The matrices Js and J1,1 are defined as

Js =

⎡

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎣

−d1,1 r ω (1−b)ra 0 (1−ξ )σa 0 −βhS∗

qc −d2,2 0 0 0 0 0 0
0 0 −d3,3 bra rs ξ σa σs 0
0 0 0 −d4,4 0 qc 0 0
0 0 0 0 −d5,5 0 pa 0

(1−λ )M∗
s 0 0 0 0 −Δa 0 (1−λ )βhS∗

λ βhM∗
s 0 0 0 0 ν −Δs λ βhS∗

0 0 0 0 0 βm(1−M∗
s ) βm(1−M∗

s ) −(μm +βmI)

⎤

⎥

⎥

⎥

⎥

⎥
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⎥
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⎢

⎢
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(1−ξ )σaφ 0 −βhkhS∗

0 0 −τkhβhT∗

ξ σaφ φσs 0
0 0 0
0 0 0
0 0 0
0 0 0
0 0 0

⎤

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎦

,

where d1,1 = μh +βhM∗
s + qc, d2,2 = rh + μh, d3,3 = ω + μh, d4,4 = ra + μh, d5,5 =

rs + μh, with Δa and Δs as defined in eqn. (3).
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