REAL SADDLE-NODE BIFURCATION FROM A COMPLEX
VIEWPOINT

MICHAL MISIUREWICZ AND RODRIGO A. P EREZ

Abstract. During a saddle-node bifurcation for real analytic interval maps, a pair
of xed points, attracting and repelling, collide and disappear. From the complex
point of view, they do not disappear, but just become complexconjugate. The
question is whether those new complex xed points are attrating or repelling. We
prove that this depends on the Schwarzian derivativeS at the bifurcating xed
point. If S is positive, both xed points are attracting, if it is negati ve, they are
repelling.

1. Introduction

For the family of double standard maps
(2) fap(X) =2x+ a+ b sin(2x) (mod 1)

(a is taken modulo 1 andb varies from 0 to 1) introduced in [3], the values of the
parameters with an attracting periodic orbit are grouped ito cusp-like sets, called
tongues Let T be the tongue of parameters for which there is an attractingxed
point. When the parametera varies, the graph off .., moves up or down, so starting
inside T, we leave via a classical saddle-node bifurcation. This nmsathat a pair
of xed points, an attracting one and a repelling one, collid and disappear (see
Figure 2). But do they indeed disappear? From the complex weoint they simply
go o the real line.

Complexi cation of the family of double standard maps was sidied by Fagella
and Garijo [1]. It turns out that when we take into account conplex attracting xed
points, T develops a big bulb at the end of the tongue. Similar shapesveabeen
reported by many authors in other families (see for instanc§?] or [4]).

Figure 1 illustrates the bulb at the tip of T. The real tongue is not shaded in black
in order to distinguish it from the bulb, yet it is clear from the picture that they
touch each other. In particular, stepping o the tip of T makes both complex xed
points attracting. See Example 1.4 for a computationally saple family of this type.

On the other hand, for quadratic maps such behavior is impabte (see Exam-
ple 1.3), since for a real quadratic polynomial any attractig xed point must be real
in order to attract the orbit of the unique critical point.
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Figure 1. The parameter plane of complex double standard maps,
with horizontal a-axis, and vertical b-axis.

The aim of this paper is to investigate the distinction betwen these two cases.

Throughout the paper, f will be a real analytic map de ned in a neighborhood
of 0, with f(0) = 0, f40) = 1, and f°0) > 0, so 0 is a parabolic xed point of
multiplicity 2. For r > 0, let D, be the open disk of radiug, centered at 0, and let
C; be its boundary. Abusing notation, we denote the complexiation of f also by
f. Then, if its power series expansion at O is

b3
f(z)= a2

n=1

we havea; = 1, a, > 0, anda, 2 R for all n. Fix a positive number R, smaller
than the radius of convergence df. Then f belongs to the spacéy of all analytic
functions de ned in a neighborhood oDg, taking real values onDg \ R.

Becausef : R'! R is convex, a small perturbationf 2 with real 6 0 has
two real xed points, one attracting and one repelling. Forf + 2, the xed point
at 0 vanishes instead of bifurcating; see Figure 2. This is &aadard saddle-node
bifurcation, except that we use parameter 2 rather than

In C on the other hand,f := f + 2 still has a pair of xed points near 0. Since
the coe cients a, are real, the xed points are complex conjugate and have thase
type (attracting - neutral - repelling). The following proposition gives an analytical
condition to determine this type in the family f , and will serve as a model for our
main result, Theorem 1.2.
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y=f()+?
y=x

Figure 2. A saddle-node bifurcation.

Proposition 1.1. Let z be the conjugate xed points of (for real and small)
near 0. The absolute values of the multipliers & are
2 (F)4z) =1+2 a £ 2+0(°%:

az

If is suciently small, z are both attracting or both repelling according to
the sign ofa, (az=a&). Note that the Schwarzian derivative off at 0 is Sf(0) =
6(az @3) = 6ax(az as=a). Thus, the sign of Sf(0) rules the xed point type
for small constant perturbations. Connections between the sign of the Schwaan at
a bifurcating xed point and the type of bifurcation have be@ described for some
other types of bifurcations. See for example [5], where themod doubling bifurcation
is considered. To generalize Proposition 1.1 to as large aasp of perturbations as
possible, we need some de nitions.

Forallr> 0 andh 2 A, we denote bykhk,  the supremum ofjhj on the closure of
the disk D,. Clearly, khk, < 1 . For a given" > 0, let P-g (f) be the space of all

functions©2 Ak such that f f€ . <"

If " is small enough, and® 2 P.r (f), there is a small real numberc 2 Dr such
that ©Yc) = 1. Precise conditions on" will be given in Section 4. Then, if{c) > c,
the map € has no real xed points near 0. We say in this case thd® has complex
nature.

Our main result characterizes the type of the bifurcated xd points of anarbitrary
perturbation € of f with complex nature.

Theorem 1.2. There existr 2 (0;R) and" > 0 such that every functionf€2 P.g (f)
with complex nature has exactly two xed points iD,. If Sf(0) > 0, they are both
attracting, and if Sf (0) < 0O, they are both repelling.

Example 1.3. Setf (z) = z?+ z, and consider the familyf.(z) = f(z) + " ("> 0).
The xed points of f. are ", and sincefdz) = 2z + 1, both xed points are
repelling. In this case,Sf(0) = 6(as a3) = 6.

Example 1.4. Now letf(z) =223+ 2?2+ z, andf.(2) =223+ 22+ 2+ (1 + 2 2)".
As " increases, the xed point at O bifurcates again into the pail5 "I. This time
however,f(z) = 6z2+2z+(1+2"), so the multipliers are 1 4" 2 ™, and the xed
points are attracting for small enough' > 0. In this case,Sf (0) = 6(az a3) = 6.
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2. Preliminaries

For ease of reference, we collect here the basic facts andrdgons that are used
in the proof. In this section,” and are functions fromA, for somer > 0, and

b3
()= Gz
n=0
2.1. Cauchy estimates. If k' k, ", the derivatives satisfyj' (M (0)j r,'—'n It
follows that the power series coe cients of satisfy
(3) jCa

r_n.
If 0 <r%<r, the same estimate, applied in all disks of radius r°centered at points
of Do, shows that

n!"
4 +(n) S
( ) r0 (r r(bn
2.2. Tail estimates. De ne the n™ order'tail of ' as the function' " that satis es
X 1
'(2) = oz +2z" '[Nz
k=0

Lemma 2.1. Assume thatk' k. <". Then for all n we have

n
(5) R
Proof. The disk D, contains 0, soj' (0)j] < ". Together with " (z)j = j' (0) + z
' B(z)j <, this impliesjz ' M(2)j < 2", soj' H(z)j < 127] for all z 6 0. However,' 1

attains its maximum on the boundary of the disk, so ' M < 2". Since ( M =
* I*1 it follows by induction that ' [ < 2 ™

2.3. Bound on the di erence of square roots. If * (0) 80, then' has two well
de ned square root branches around 0 and their radius of coergence is mifj zj :
"(z)=0g> 0.

Lemma 2.2. Let " 2 A,. Assume that therepis > 0 such thatk’ k. <

andj' (2)j > ,j (2j> Oforall z2 D,. Let be a branch of the square root

of inD,. Thﬁn there is a branch™ ™ of the square root of in D,, such that
- =

—

r

Proof. Fix a branch of the square root of in D,. For everyz 2 D, we have
p— P — ., .
(2) (2) (@~ (2 =" (@ @i< ;

soeither () P <" or @+P (@ <"
The sets of the points where each of those inequalities haldse open. If both sets

were nonempty, there would be a poing 2 D, at which both inequalities hold. Then

2@ @ " @+ @+ @<2
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which contradicts ' (z)j > . Thus, one of the inequalities holds for everyz 2 D,,
and we choose ag'_ either , if the rst inequality holds, or , iIf the second
inequality holds.

2.4. Bound on the di erence of inverses.

Lemma 2.3. Suppose that °is bounded away fromD in the sense that there is a
complex number 6 0 such thatj' 4z) aj < jaj=2 for everyz 2 D,. Then for every
distinct w;z 2 D, we have

., , . ja . y

@ " wj> ’7] iz wj
Proof. Consider the segment joiningv with z, parametrized by (t) = w+ t(z w)
(0 t 1). By the chain rule,

Zl Zl
@ W= ()= ¢ )W (o) @ wd
SO
Z, .
@ W oa@ w=  (Y® ad iz w<jz w
0
Thus’ .. ..
F@ wizia @ wi Doz owi= iz w

Now assume that' and satisfy the conditions of Lemma 2.3 with the sama.
In particular, this implies that ' and are univalent. The following result gives a
bound on the di erence of the inverses !; !when' and are close.

Lemma 2.4. If ' and satisfy the conditions of Lemma 2.3 with the sam& and
k' k., < jajr=4, then' (D=>) (Dy). Moreover, if the radiuss > 0 is such that
Ds ' (D), thenk' 1 kg r=2.

Proof. Fix a point z 2 D,-, and denote byC D, the circle of radiusr=2 centered

at z. Then the winding number of' (C) around ' (z) is 1. By Lemma 2.3 and the
bound on' , all points w 2 C satisfy

@ wi> T e wi= s )

so the winding number of (C) around' (z) is also 1. Hence, there exists a pointin
the disk bounded byC, such that ( ) = ' (z). This proves that' (D,=») (Dy).
Moreover, j zj < r=2, so taking the supremum over alk such that' (z) 2 D,
yields

vl toor=2

3. Proof of the Proposition

The idea of the proof is to compute an expansion of the xed putis of f as power
series of . The resulting formula (8) can then be inserted in the expain of f © to
express the multipliers, and then their absolute values, gsower series in .
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Proof of Proposition 1.1. The xed points of f satisfy the equation

X
(6) 2= 72 flA(z) = anz":
n=2
Sincea, > 0, the square root off 2! has a well de ned branch in a neighborhood
of 0, see Subsection 2.3:
P— p_
fl="2a,+ O(2):
Thus, the xed points of f are roots of the equation

=( iPa)z+ o))

and since the right hand side is an analytic function with vale 0 at 0 and non-zero
derivative at O, it can be solved forz in terms of in a neighborhood of O:

(7) z =A +B 2+ 0(3:
The coe cients A and B can be determined by substituting (7) into (6):
)4 n
2= a, A +B ?+0(7)
n=2

= A% 2+ 2a,AB  asA® 3+ O( 4):
Comparing the corresponding coe cients, we nd that

| az
A = X B=—"- :
p?z 2a5
and thus, the two xed points of f are
(8) Z :Z(): pi?_z +%§2+O( 3):

We substitute (8) into the formula for f ° to nd the xed point multipliers:
0 — i 2 3
fz ()=1+2a »g +§T3g +0
2
i 2 3 3
+3a ek + 2 7+0 7 40

=1 2Pz @m 240 3.

By the triangle inequality
it°z) 1 2Pz m 2 <o 3

az

so the absolute yalues of the multipliers at the xed points g approximated to third

orderby 1 (2i" &) %2 2. Since

2 2
©) 1 2Pz m 2T 1 w2 Py

ap az

2 — 2
=1 m2% Pz ?-1448 = 240 4

the absolute value of the multipliers is approximated by thesquare root of (9) up to
order three:
f%2) =1+2 a & 2+0 3:

az
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4. Smallness Conditions

Theorem 1.2 claims the existence of \small enoughi"andr for which the conclusion
holds. In this section we describe a su cient set of smallnesconditions on" and r
that make the result true. Each condition is expressed in ters of the original map
f . Moreover, conditions on" may depend on the value of, but not the other way.
This prevents a logical loop.

The rst condition is needed to characterize those perturti@ons of f that have a
bifurcated pair of complex xed points.

Lemma 4.1. There existsrq 2 (0; R) such that for everyr 2 (0O; ro] there exists" > 0
such that if€2 P.g (f) then

(@) &z) z has exactly two zeros (counting multiplicities) irD,,

(b) ¥ 1 has exactly one zera 2 D,, and this zero is real,

(c) ©¢c) > 0.

Proof. Seth(z) = f(z) z. Then h(0) = h%0) = 0 and h°¢0) > 0. Therefore, there
existsrg 2 (0; R) such that for everyr 2 (0;ro] the winding number ofh(C,) around

0 is 2 and the winding number ofhYC,) around 0 is 1. Iff€ 2 P.g (f) then for
f(z) = ®z) z we have

(10) 8 h <™
R

Thus, if " is su ciently small, then the winding number of f(C,) around 0 is 2, and
thus B has exactly two zeros irD,. This proves (a). By (4) and (10), 8° h° <
;

"=(R r), so if" is su ciently small, the winding number of 8YC,) around O is 1.
Sincec is also a zero ofi® ¢ must be real. This proves (b). Finally, by (4) and (10),

RO h% < 2'=(R r)?, soif" is su ciently small, then Re({z)) = Re(R%z)) > 0
r
forall z2 D,. Sincecis real and belongs tdD,, we get (c).
Now, the rst condition for r and " is:
(C1 ro; r and" are as in Lemma 4.1.

Note that for a givenr we can make' smaller without violating this condition.
Let fand cbe asin Lemma 4.1. Iff(c) ¢ > 0, we say thatf® hascomplex nature
and set q

= o c
Set
(11) ("):=2 sup jg:
2P % ()

By Lemma 4.1 (b), for everyr > 0 there is" > 0 such that if £ 2 P.g (f) then
jg <r. Therefore is a nite monotone function of " with

(12) lim (")=0:
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We require
R
(C2) (") <r< S
2
Set
(13) =2 (") (kf%g+2"=R+1)+ " :
Note that by (12), = (") goesto O when'! O.

Now we list several conditions that tell us how small should be. Sincea, 6 0,
the radiusr can be chosen small enough that

i [2] .
(C3) leanr fé(z) > 0

Then thereoare two well de ned branches of the square root ¢f2l. Notice that
z Bz = P a,, where the sign depends on the choice of a branch. Let

o Jz=0
f 21 be the branch that makes the derivative equal & a,. Let r be small enough

that

q 0 P_—
(C4) sup z flA(z) P a, < ﬁ:
22D, 2

- P _ .
Similarly, since” f[&(0) = P a;, we may assume that is small enough, so that

o p_
(C5) @ Py <
r

We also may assume that is small enough, so that
p_o Pz
(C 6) r f - < =

r

Now that r is xed, we list several conditions that tell us how small' should be.
Remember that if" is small, is also small.

Using Lemmas 2.1 and 2.2, we see that we can requiréo be small enough, so
that

L L p
C7) P @ Pz < Tfm Py o+ 2
r r 8

and 0
(C8) r p@O <r pfﬂo +%

P __
for everyg 2 P..r (f) and one of the branches of gl4.
Condition (C 3) can be strengthened by lettind' be small enough, so that

. fE(2) 4
(C9) inf —=>




REAL SADDLE-NODE BIFURCATION FROM A COMPLEX VIEWPOINT 9

The coe cient a, is xed beforehand. We require" to be small enough, so that
Y &l
4

(C 10) 2p <

P
Finally, we require” to be small enough, so that ig(z) = ,1]=1 C,z" stands for an

arbitrary function in P- (f ), then
az

(C 11) C > E:

5. Proof of the Theorem

Let ";r satisfy conditions € 1) { (C 11), and select a function€ 2 P.r (f) with
complex nature (i.e., 2= fc) c> 0).

Consider the functionsg (z) ;= 2+ ©z+ ¢) &c) with 2 [0; ]. We will show
that the elements of this family are uniformly close td .

Lemma 5.1. Regardless of the choice df 2 P.r (), the family fg g 20,7 is con-
tained in P, (f), where is as in (13).

Proof. First we estimate g € . By Lemma 2.1 we have
r

2"
0 0 <
£ f r £ f <R

Moreover,g (z) = &z + ¢) c. Therefore,

g © sup®z+co &z +ig

r 22D,

jd © +jg< (") (kf%g+2"=R+1):

Then we obtain a uniform bound forg :
kg fk, g f + f f < (") (kf%kg +2"=R+1)+ "
r

In particular, the right-hand expression above is a bound fo 2 = g (0), since
f(0) = 0. The uniform bound for all g follows now from the above inequality
sincekg gk = 2 2 2;

(14) kg fk kg gk+kg fk 2 (") (kfkg+2"=R+1)+" = :

r

Note that depends on", but not on the choice off€. Moreover, is uniformly
bounded.

Observe thatgy(0) = 0, gJ(0) = 1, ¢g¢0) > 0, andg = g+ 2. In particular,
g has complex nature for all 2 (0; ]. Thus, Proposition 1.1 applies to the family
fg g 2p0;) - Note also thatg (z) = z+ ¢) ¢ i.e., g is smoothly conjugate tof®
This implies that the xed point multipliers are the same for both maps.

Write 2

g(2= *+ cz"

n=1
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Our next goal is to estimate how close the xed points of and g are to each
other. Those xed points satisfy the equations
q

= iz fR@2)= Q(2)
and q
iz gA(2)= Q)

respectively. The subindex is omitted from f [l and g since the tails do not depend
on the constant term.
By Lemma 5.1,kf gk, < . Thus, by Lemma 2.1,

4
(15) féd g4 < 3

From (15) and Condition (C 9) we get

(16) 9“(2) > f—z

forall z2 D,. Now, inequalities (15) and (16), together with Condition C 3), allow

us to apply Lemma 2.2 togl, and we obtain a branch g2l of the square root ofg?!
such that
P p_ P
f 2] g[2] < -
r r
Therefore, using Condition C 10), we get

P - ar _jajr.
where
a = ipa_z:
With this notation, Condition ( C 4) states that
(18) Qs ° a < Ja—J:
r 2

In particular, Lemma 2.3 applies toQ; .
On the other hand, conditions C 5) { (C 8) together imply
q q 0 o S
19 Q° a =sp gAH+z gA) P 22l
r

& <2 2=2121.
22D, 2 4 2

Thus, by (17), (18) and (19), we can apply Lemma 2.4 to obtain &ound on the
inverses ofQ; and Q,; i.e., on the functions ;; , that represent the xed points
off ;g interms of . Namely, if we x somes > 0 such thatDs Q; (D=2) (note
that such s exists and it does not depend og ), then
r

(20) ¢ g s E:

In particular, the functions ; and , belong toAs. As in the proof of Proposi-
tion 1.1 (compare (8)), we get

i 3
(21) HOERNIES SR ®
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and

(22) g()= pl?z +2cTag 2, 3 9[3]( ):

Inserting the right hand side of (22) as the argument in the fonula for the deriv-
ative
°(2)=1+2cz+3c22+ z* gH(z)
yields the multipliers
p

gO( g()):]- 2 & %%124. 3 ()’

where is an analytic function with a rather complicated formula irvolving ¢,; cs; ¢, %,
the functions g ¥; ), and their rst derivatives.

Now, Cauchy's estimate (3), together with Lemma 5.1, gives aniform bound on
¢, and ¢z, and Condition (C 11) does a similar job withc,*. Moreover, Lemma 5.1
and formula (20), together with the tail estimate (5), give wmiform bounds for the

functions g ¥ and g Bl Then, the global Cauchy estimate (4) gives uniform bounds
for the derivatives g ¥ “and ;™ ° Allin all, these bounds imply that
k k,<C
for some constantC independent ofg and
By the triangle inequality
(23) P, () 1 2°g =2 <c?
forall 2 [0;s]andg2 P, (f). We have

2
1 2aPg =2

C2

2 2
— 2c3 2 p 2 _ c3 2 4c5 4
= 1+ = +2 ¢ ) =1+4 o o + £l

2
= 1+2 ¢ & ? +4Q2c¢ ) *

C2
As before, all coe cients in this formula are bounded (in abslute value) by con-
stants independent ofg2 P ., (f), so

p_ 2c3 2 C3 2
1 2 ¢ oy + 1+2 ¢ =

is bounded away from 0 by such a constant. Similarly, 42 ¢3) is also bounded by
such a constant, so

1 26 =2 142 ¢ @ 2 <c 4

C2 C2
for some constantC, independent ofg 2 P ., (f ). Together with (23), this gives

C
P (g()  1¥2 ¢ 2 * <Cp 7
for some constantC, independent ofg 2 P .. (f). Again, ¢, ¢3=G is bounded (in
absolute value) by a constant independent af 2 P .. (f), so there is > 0 such that
if 2(0; Jandg2P ., (f) then the sign of g% ¢( ) 1isthe same as the sign



12 MICHAL MISIUREWICZ AND RODRIGO A. P  EREZ

of c; C3=G. Moreover, the sign ofc, =G is the same as the sign o, az=&
forallg2P ., (f).

To apply this result to g , we need . However, in view of Lemma 4.1 and the
de nition of , this can be achieved by taking " su ciently small (and independent

of 1©).
Sinceg is conjugate tof€, the multipliers of their xed points coincide, and the
result follows.

References

[1] N. Fagella and A. Garijo, The parameter planes ofz ™ exp(z) for m 2, Comm. Math. Phys.
273 (2007), 755{783.

[2] J. Milnor, Remarks on iterated cubic mapsExperiment. Math. 1 (1992), 5{24.

[3] M. Misiurewicz and A. Rodrigues, Double standard mapsComm. Math. Phys. 273 (2007), 37{65.

[4] S. Nakane and D. SchleicherOn multicorns and unicorns I. Antiholomorphic dynamics, hy-
perbolic components and real cubic polynomialsinternat. J. Bifur. Chaos Appl. Sci. Engrg. 13
(2003), 2825{2844.

[5] D. Singer, Stable orbits and bifurcation of maps of the interval SIAM J. Appl. Math. 35 (1978),
260{267.

Department of Mathematical Sciences, IUPUI. 402 N. Blackfo rd Street, Indi-
anapolis, IN 46202-3216, USA

E-mail address mmisiure@math.iupui.edu

E-mail address rperez@math.iupui.edu



