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Abstract. Recently, for a self-map of a metric space, the two first-named authors
defined its coarse entropy. The definition uses pseudoorbits instead of true orbits
of the map. As a result, there are spaces in which the coarse entropy of the iden-
tity—which we call the coarse entropy of the space—is positive. Unlike some related
notions like volume growth, it is defined for an arbitrary metric space. We investi-
gate its connections with other properties of the space. We show that it can only be
either zero or infinity, and although for sufficiently nice spaces the dichotomy zero–
infinite coarse entropy coincides with the dichotomy subexponential–exponential
growth, there is no relation between coarse entropy and volume growth more gener-
ally. We completely characterise this dichotomy for spaces with bounded geometry
and for quasi-geodesic spaces.

Though thy beginning was small,
yet thy end should greatly increase.

Job 8:7

1. Introduction

In [2], for a metric space X and a map f : X → X, the two first-named authors
defined the coarse entropy of f . The definition mimics one of the standard definitions
of topological entropy for continuous maps of compact metric spaces. However, it is
adapted to the ideas of coarse geometry, so instead of observing our dynamical system
through a better and better microscope, we use better and better binoculars, looking
from the other end. Moreover, in coarse geometry one observes only approximate po-
sitions of points, so instead of orbits we consider approximate orbits, or pseudoorbits.
We measure the exponential growth (in the length of the pseudoorbit) of the number
of pseudoorbits that we can distinguish.

This replacement of orbits by pseudoorbits has an unexpected effect. It turns out
that there are spaces in which the coarse entropy of the identity is positive. In this
paper we want to investigate this phenomenon thoroughly. We define the coarse
entropy of a metric space as the coarse entropy of the identity map in this space.
Then we investigate connections between the value of the coarse entropy of the space
(which turns out to be either zero or infinity) and other properties of the space.

The coarse entropy of a space is an invariant of coarse equivalence. Therefore, we
can choose which of the spaces coarsely equivalent to a given one is best suited to
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our investigations. As is typical in coarse geometry, it turns out that such a space is
usually discrete, often a graph (in a broad meaning of this term).

On the other hand, an advantage of coarse entropy is that it is defined for an
arbitrary metric space. In particular, we do not need a measure in our definition
(cf. [4]). Furthermore, as opposed to some other invariants of metric spaces like
Hilbert-space compression, coarse entropy is not merely an invariant of quasi-isometry,
but an invariant of coarse equivalence.

As a consequence, coarse entropy can serve as an obstruction for coarse embeddings.
For example, Example 4.8 provides a graph that might be considered as small as
possible because its volume growth is linear. On the other hand, Example 4.7 provides
a weighted graph that does not have bounded geometry, so it might be considered
large. Surprisingly, we prove that the coarse entropy is infinite for the former and
zero for the latter, so the former does not admit a coarse embedding into the latter.

The paper is organized as follows. In Section 2 we define the coarse entropy of
a metric space and prove some basic facts. Section 3 recalls certain definitions of
metric geometry and proves alternative characterisations, which will be useful in
subsequent sections. In Section 4, we provide our main examples, demonstrating that
spaces of exponential growth may have vanishing coarse entropy (Section 4.1), spaces
without bounded geometry may have vanishing coarse entropy as well (Section 4.2),
while spaces of linear volume growth may have infinite coarse entropy (Section 4.3).
Despite the existence of such examples, in Section 5 we manage to prove theorems
establishing the value of coarse entropy for large classes of spaces. In particular,
in Section 5.1 we completely characterise the dichotomy between zero and infinite
coarse entropy for metric spaces with bounded geometry. In Section 5.2, we treat
metric spaces without bounded geometry at the price of the additional assumption
that they are quasi-geodesic. As a corollary, we obtain a complete characterisation of
coarse entropy for all quasi-geodesic spaces (with and without bounded geometry).

2. The coarse entropy of a metric space

Let us start with the definition of the coarse entropy [2] of a map f : X → X, where
(X, d) is a metric space. It is defined as

(1) h∞(f) = lim
δ→∞

lim
R→∞

lim sup
n→∞

1

n
log s(f, n,R, δ, x0),

where s(f, n,R, δ, x0) is the supremum of cardinalities of R-separated subsets of the
set P (f, n, δ, x0) of δ-pseudoorbits of f of length n starting at x0. As usual, a δ-
pseudoorbit of f of length n starting at x0 is a sequence (x0, x1, . . . , xn) such that
d(f(xi), xi+1) ≤ δ for i = 0, 1, . . . , n − 1. A set is R-separated if the distance be-
tween each two distinct elements of this set is at least R, and the distance between
two pseudoorbits (x0, x1, . . . , xn) and (y0, y1, . . . , yn) is the maximum of the distances
d(xi, yi) over i = 0, 1, . . . , n. The value of h∞(f) in the above definition does not
depend on the choice of x0 ∈ X.

Since our map will always be the identity, we can simplify terminology and notation.
We will call δ-pseudoorbits of the identity δ-paths and skip f in the notation for s(·)
and P (·). Moreover, we will call the coarse entropy of the identity on the space X
the coarse entropy of X and denote it by h∞(X). After these simplifications, formula
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(1) boils down to the following:

h∞(X) = lim
δ→∞

lim
R→∞

lim sup
n→∞

1

n
log s(n,R, δ, x0), where

s(n,R, δ, x0) = sup{|O| : O ⊆ P (n, δ, x0) is an R-separated subset}.
(2)

Let A ≥ 0, X be a metric space, and Z ⊆ X be a subset. The subset Z is A-
dense (also known as A-spanning) in X if for every x ∈ X there is z ∈ Z with
d(x, z) < A. When the constant A is not important, we will also say that Z is
coarsely dense in X. It was proved in [2] that in the definition of the coarse entropy
of a map, R-separated sets can be replaced with R-dense sets. Namely, instead of
the supremum s(f, n,R, δ, x0) of the cardinalities of R-separated sets of δ-pseudo-
orbits of f of length n starting at x0, in formula (1) one can take the minimum
r(f, n,R, δ, x0) of the cardinalities of R-dense sets of δ-pseudoorbits of f of length n
starting at x0. In the special case of coarse entropy of spaces, we obtain

h∞(X) = lim
δ→∞

lim
R→∞

lim sup
n→∞

1

n
log r(n,R, δ, x0), where

r(n,R, δ, x0) = min{|O| : O ⊆ P (n, δ, x0) is an R-dense subset}
(3)

Let us make three simple observations.

Lemma 2.1. If X ⊆ Y are metric spaces, then h∞(X) ≤ h∞(Y ).

Proof. Let x0 ∈ X, and let n ∈ N, R > 0, and δ > 0. Clearly, P (idX , n, R, δ, x0) ⊆
P (idY , n, R, δ, x0), so if O is an R-separated subset of P (idX , n, R, δ, x0), then it is an
R-separated subset of P (idY , n, R, δ, x0). Hence, s(idX , n, R, δ, x0) ≤ s(idY , n, R, δ, x0),
and thus h∞(X) ≤ h∞(Y ). �

Lemma 2.2. The coarse entropy of any metric space is either zero or infinity.

Proof. Clearly, the identity is a controlled map (in the sense of [2]), so by Theorem 3.6
of [2], the coarse entropy of its k-th iterate is equal to k times the coarse entropy of
the identity. However, any iterate of the identity is the identity itself, so its coarse
entropy must be zero or infinity. �

Lemma 2.3. If two spaces are coarsely equivalent, then they have the same coarse
entropy.

Proof. Clearly, if two spaces are coarsely equivalent (we recall the definition of coarse
equivalence in Definition 3.7), then their identities are coarsely conjugate in the sense
of [2], so by Corollary 3.2 of [2], they have the same coarse entropy. �

We will always assume that isometries are bijective. Not necessarily surjective
distance-preserving maps will be called isometric embeddings. The following result
shows that by determining the coarse entropy of a space X, we already determine the
coarse entropy of all of its isometric embeddings into itself.

If for δ-paths u = (z0, . . . zn) and u′ = (z′0, . . . z
′
n′) we have zn = z′0, then by u ∗ u′

we will denote their concatenation (z0, . . . zn, z
′
1, . . . z

′
n′).

Proposition 2.4. The coarse entropy of any isometric embedding f : X → X equals
the coarse entropy of X.
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Proof. Note that the value of s(f, n,R, δ, x0) depends only on R and the metric prop-
erties of the set P (f, n, δ, x0). Let f : X → X be any isometric embedding and

consider the map f̃ : P (n, δ, x0)→ P (f, n, δ, x0) given by

f̃(x0, . . . , xn) = (x0, f(x1), . . . , f
n(xn)).

The map f̃ indeed maps δ-paths to δ-pseudoorbits because for any i = 0, . . . , n − 1
we have

d(xi, xi+1) ≤ δ ⇐⇒ d
(
f
(
f i(xi)

)
, f i+1(xi+1)

)
≤ δ,

and f̃ is an isometric embedding because

max
i≤n

d(xi, yi) = max
i≤n

d
(
f i(xi), f

i(yi)
)
.

Hence, P (n, δ, x0) embeds isometrically into P (f, n, δ, x0), and thus s(n,R, δ, x0) is
at most s(f, n,R, δ, x0), so h∞(X) ≤ h∞(f). (It can be observed that when f is an

isometry, then f̃ is an isometry, which yields the desired equality h∞(X) = h∞(f) in
this special case.)

It remains to show that h∞(X) ≥ h∞(f). If h∞(f) = 0, there is nothing to prove,
so let us assume that h∞(f) > 0. Then, there is C > 1 and δ > 0, such that for every
R > 0 there is a sequence (nk) such that P (f, nk, δ, x0) contains an R-separated subset
Sk of cardinality at least Cnk . Consider the map F : P (f, nk, δ, x0)→ P (nk, δ, f

nk(x0))
given by

F (x0, . . . , xn) = (fnk(x0), f
nk−1(x1), . . . , xn).

Similarly as above, it is easy to see that F is a well-defined isometric embedding.
Now let D = d(x0, f(x0)). We can assume that δ ≥ D. Since f is an isometric

embedding, we have D = d(f i(x0), f
i+1(x0)), and hence p = (x0, f(x0), . . . , f

nk(x0)) is
a D-path. Consequently, the set {p∗q | q ∈ F (Sk)} of concatenations of p with δ-paths
in F (Sk) is a subset of P (2nk, δ, x0). Clearly, it is R-separated and has cardinality at
least Cnk . It follows that h∞(X) ≥ 1

2
logC, and hence h∞(X) must be infinite, so in

particular h∞(X) ≥ h∞(f). �

When combined with Lemma 2.2, Proposition 2.4 shows in particular that the
coarse entropy of any isometric self-embedding is either zero or infinity.

It follows from [2, Lemma 4.2] that the coarse entropy of any finite-dimensional
normed vector space over R equals zero. Infinite-dimensional vector spaces provide
the simplest class of examples of spaces with infinite coarse entropy. We prove that
their coarse entropy is infinite in Proposition 2.6 using the following lemma.

Lemma 2.5. Let X be a normed vector space over R of infinite dimension. Then
the unit sphere in X contains an infinite 1-separated set.

Lemma 2.5 is a well-known fact in functional analysis. We provide an elementary
proof for convenience.

Proof of Lemma 2.5. We will use induction. Fix n ≥ 0. Suppose that En is a 1-
separated subset of the unit sphere, consisting of n elements. Let H be the linear
subspace of X spanned by En. For any x ∈ X define a function ξx : H → R by
ξx(y) = ‖x − y‖. Fix x ∈ X \ H. Since H is finite dimensional, closed bounded
subsets of H are compact. Moreover, ξx is continuous and ξx(y) goes to infinity as
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‖y‖ goes to infinity. Therefore, ξx attains its infimum at some point y′ ∈ H. Set
x′ = x − y′. Then ξx′ attains its infimum at 0. Set x′′ = x′/‖x′‖. Then for every
y ∈ H

ξx′′(y) =
ξx′(‖x′‖y)

‖x′‖
,

so ξx′′ attains its infimum at 0. Since ξx′′(0) = ‖x′′‖ = 1, we get ‖x′′−y‖ = ξx′′(y) ≥ 1
for every y ∈ En. Therefore, the set En+1 = En∪{x′′} is 1-separated. Hence,

⋃∞
n=1En

is an infinite 1-separated subset of the unit sphere in X. �

Proposition 2.6. Let X be a normed vector space over R of infinite dimension.
Then its coarse entropy is infinite.

Proof. Fix δ, R > 0, and assume that n ∈ N is sufficiently large that nδ > R. By
Lemma 2.5, the R-ball in X contains an infinite R-separated subset A. For every
a ∈ A, the sequence pa ..= (0, a

n
, 2a
n
, . . . , a) is a δ-path, and the family {pa | a ∈ A} is

clearly R-separated. Therefore the coarse entropy of X is infinite. �

3. Metric spaces

We hope that the paper will be read by people for whom some definitions in this
section will be new, although an expert in coarse geometry can only skim it in order
to learn our notation and conventions.

Throughout, the symbol N will denote the set of positive integers {1, 2, 3, . . .}.

Definition 3.1. A graph is a pair (V,E), where V is any set, called the set of vertices,
and E is a set of two-element subsets (called edges) {v, w} of V .

A sequence (v0, . . . , vn) of elements of V is called a path if {vi−1, vi} is an edge for
every i ∈ {1, . . . , n}. The integer n is then called the length of the path. We will say
that a path (v0, . . . , vn) connects v0 and vn. If for every pair of vertices v 6= w ∈ V
there is a path connecting them, we say that the graph (V,E) is connected.

When (V,E) is a connected graph, the distance d(v, w) between v, w ∈ V is the
minimal length of a path connecting them. This is a metric called the path metric.

Note that the set of edges can be reconstructed from the metric by the identity
E = {{v, w} | d(v, w) = 1}. We will often neglect the distinction between the graph
(V,E) and the corresponding metric space (V, d).

Since we are interested in metric spaces, all graphs that we will consider will be
connected, although sometimes we will need to prove it. Usually, the degree of every
vertex v (that is, the number of edges containing this vertex) will be finite, and often
in fact bounded uniformly in v.

Definition 3.2. A weighted graph is a graph (V,E) together with a function ω : E →
(0,∞), called the weight function.

The weight of a path (v0, . . . , vn) in a weighted graph (V,E, ω) is the sum
∑n

i=1 ω({vi−1, vi}).
When (V,E) is connected, the weighted distance d(v, w) between v, w ∈ V is the

infimum of the weights of paths connecting them.

Remark 3.3. The function d : V ×V → [0,∞) given by weighted distances is a metric
in many cases of interest (and a pseudometric in general), for example if one assumes
that ω(e) ≥ 1 for every e ∈ E or that the degree of every vertex is finite. When we
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write about the metric on a weighted graph without further comments, we mean this
metric (rather than the path metric of the underlying graph).

Let (X, d) be a metric space and A,B ⊆ X be nonempty. By slightly abusing
notation, we will denote

d(A,B) ..= inf
a∈A, b∈B

d(a, b).

For x ∈ X andB ⊆ X, the notations d(x,B) and d(B, x) are shorthands for d({x}, B).
We will often briefly write that X is a metric space, and then it should be inferred

that the metric on X is denoted by d. In particular, we will often use the same
letter d to denote metrics on different metric spaces. In cases when this could lead to
confusion, we will temporarily add the subscript and write dX .

Throughout, a ball B(x, r) centred at x ∈ X of radius r > 0 in a metric space X
will mean the closed ball, that is, B(x, r) = {x′ ∈ X | d(x, x′) ≤ r}. Occasionally,
when the space X is not obvious from the context, we will include it in the notation
by writing BX(x, r). In Definition 4.6, for a number δ > 0 and r ∈ N, we will define a
set that will similarly be denoted by Bδ(x, r), but this should not lead to confusion.

Definition 3.4. Given two maps f, g : S → X from any set S to a metric space
(X, d), we will say that f and g are close if their supremum distance is finite, namely
sups∈S d(f(s), g(s)) <∞.

Definition 3.5. Let C ≥ 1 and A ≥ 0. A map f : X → Y between metric spaces is
called a (C,A)-quasi-isometric embedding if the following inequality holds for every
x, x′ ∈ X:

C−1d(x, x′)− A ≤ d(f(x), f(x′)) ≤ Cd(x, x′) + A.

Additionally, if for every y ∈ Y , there is x ∈ X with d(y, f(x)) ≤ A, then f is called
a (C,A)-quasi-isometry1.

When the constants C and A are not important, we will refer more briefly to a
quasi-isometric embedding or a quasi-isometry, respectively. If there exists a quasi-
isometry f : X → Y , we will say that X and Y are quasi-isometric. It is easy to
see that the composition of two quasi-isometries is a quasi-isometry (and accordingly
for quasi-isometric embeddings), and it is a standard exercise to show that when
f : X → Y is a quasi-isometry, then there exists a quasi-isometry g : Y → X. One
can moreover require that f ◦ g is close to idY and g ◦ f is close to idX .

Example 3.6. Let Γ be a group and let S be a generating set for Γ. The vertex set
of the Cayley graph Cay(Γ, S) is Γ, and two vertices γ, γ′ form an edge if γ = γ′s
or γ′ = γs for some s ∈ S. Because S is a generating set, Cay(Γ, S) is a connected
graph, so we can consider the path metric d on its set of vertices as in Definition 3.1.
This is known as the (left-invariant) word metric on Γ associated with S.

If S is finite and S ′ is another finite generating set for Γ, it induces a possibly
different word metric d′, but the identity map (Γ, d) → (Γ, d′) is always a quasi-
isometry (in fact, it is a bi-Lipschitz map). Hence, finitely generated groups have
metrics that are canonical up to quasi-isometry.

1Note that this additional condition follows if f(X) is A-dense in Y . We use this condition
instead of referring to coarse density because we prefer the strict inequality in the definition of
coarse density, and the nonstrict inequality in the definition of quasi-isometry, so that an isometry
is a (1, 0)-quasi-isometry rather that a (1, ε)-quasi-isometry.
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We have the following more general definition.

Definition 3.7. A map f : X → Y between metric spaces is called a coarse em-
bedding if there exist two nondecreasing functions ρ−, ρ+ : [0,∞) → R such that
limr→∞ ρ−(r) =∞ and the following inequality holds for every x, x′ ∈ X:

ρ−(d(x, x′)) ≤ d(f(x), f(x′)) ≤ ρ+(d(x, x′)).

Additionally, if the image f(X) is coarsely dense in Y , then f is called a coarse
equivalence.

In particular, if f is a (C,A)-quasi-isometric embedding, then we can put ρ−(r) =
C−1r−A and ρ+(r) = Cr+A to see that indeed f is a coarse embedding. Similarly as
in the special case of quasi-isometries, the composition of coarse embeddings (respec-
tively: coarse equivalences) is a coarse embedding (respectively: a coarse equivalence),
and every coarse equivalence f : X → Y admits a map g : Y → X such that f ◦ g is
close to idY and g ◦ f is close to idX . Such a map g is uniquely defined up to close-
ness of maps, and it is necessarily a coarse equivalence. Hence, if there is a coarse
equivalence f : X → Y , it makes sense to call X and Y coarsely equivalent.

Remark 3.8. By definition, if f : X → Y is a coarse embedding, then for Z = f(X)
the map f : X → Z is a coarse equivalence. Hence, by combining Lemmata 2.1
and 2.3 we get that coarse entropy is monotone under coarse embeddings.

Definition 3.9. A metric space X is called locally finite if the cardinality of every
ball in X is finite.

Definition 3.10. A metric space X has bounded geometry if for every positive r
there is a constant C(r) ∈ N such that the cardinality of the ball B(x, r) is bounded
by C(r) for all x ∈ X.

Note that having bounded geometry in the sense of Definition 3.10 is not invariant
under coarse equivalences or even quasi-isometries: for example, the inclusion Z ⊆ R
is a quasi-isometry, yet Z has bounded geometry (one can take C(r) = 2r + 1) and
R does not (every ball is uncountable). Moreover, this property is not invariant
under quasi-isometries even if we restrict to graphs: consider for example two trees,
T1 consisting only of an infinite trunk (i.e. N with the usual graph structure), and T2
consisting of the trunk together with 2k leaves (i.e. degree-one vertices) attached at
k, for all integers k ∈ N. Then T1 and T2 are coarsely equivalent, but the cardinalities
of balls of radius r are bounded by 2r + 1 in T1 and unbounded in T2.

However, it is possible (see Proposition 3.11) to internally characterise the property
of being coarsely equivalent to a metric space with bounded geometry. Nonetheless,
Definition 3.10 is commonly used in the literature because it may be more convenient
to replace the considered space by a space satisfying Definition 3.10 than to deal with
the original space throughout a proof.

Proposition 3.11. The following conditions are equivalent for a metric space X:

(i) there exists s > 0 such that for every D > 0 there exists a constant C ′(D) ∈ N
such that the cardinality of any s-separated subset of X of diameter at most
D is bounded by C ′(D),

(ii) X contains a coarsely dense subset with bounded geometry,
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(iii) X is quasi-isometric to a space with bounded geometry,
(iv) X is coarsely equivalent to a space with bounded geometry.

Proof. (i)⇒ (ii). Let Z be a maximal s-separated subset of X (such sets exist by the
Kuratowski–Zorn lemma). By maximality, Z is s-dense in X. We put C(r) = C ′(2r)
for all positive r. Now, for any z ∈ Z and any r the ball BZ(z, r) has diameter at
most 2r and is s-separated as a subset of Z, and hence its cardinality is at most
C ′(2r) by the assumption: this shows that Z has bounded geometry.

The implications (ii)⇒ (iii) and (iii)⇒ (iv) are immediate.
(iv) ⇒ (i). By the assumption, there is a space Z with bounded geometry and a

coarse equivalence f : X → Z. Let C(r) be the constants from Definition 3.10 for Z
and let ρ± be the functions from Definition 3.7 for f . Since limt→∞ ρ−(t) =∞, we can
pick s > 0 such that ρ−(s) > 0. Define C ′(D) = C(ρ+(D)) for every positive D. Now,
fix a positive D and let Y ⊆ X be any s-separated subset of diameter at most D.
Since ρ−(s) > 0, f is injective on Y , and hence the cardinality of Y equals the
cardinality of f(Y ). However, the diameter of f(Y ) is bounded by ρ+(D), and hence
f(Y ) is contained in the ball B(z, ρ+(D)) for any z ∈ f(Y ). By the assumption, the
cardinality of such balls is at most C(ρ+(D)). �

Definition 3.12. For a metric space X and a basepoint x ∈ X, the volume growth
is the function

N 3 r 7→ |B(x, r)| ∈ N ∪ {∞},
where |A| denotes the cardinality of a set A.

Clearly, the above function may depend on x and is sensitive to a change of d,
so it is customary to consider the equivalence class of this function, where two non-
decreasing functions f, g : N→ N∪{∞} are identified if there exists a constant D ∈ N
such that

f(r) ≤ Dg(Dr) and g(r) ≤ Df(Dr)

for all r ∈ N. In particular, one says that X has exponential growth if its volume
growth is equivalent to r 7→ exp(r).

Definition 3.13. Recall that a finite sequence (x0, . . . , xn) in a metric space X is
called a δ-path for δ > 0 if d(xi−1, xi) ≤ δ for every i ∈ {1, . . . , n}. We say that such
a δ-path connects x0 and xn, and we call the number n the length of the δ-path.

Definition 3.14. Let X be a metric space. The binary relation on X consisting of
those pairs (x, x′) ∈ X2 for which there is a δ-path connecting x and x′ is an equiv-
alence relation, and the equivalence classes of this relation are called δ-components
of X. For x ∈ X, the component containing x will be denoted by [x]δ.

Recall that a metric space X is geodesic if for every two points x, x′ ∈ X there
is an isometric embedding p : [0, d(x, x′)] → X of the interval [0, d(x, x′)] such that
p(0) = x and p(d(x, x′)) = x′. Quasigeodesic spaces are defined similarly as follows.

Definition 3.15. A metric space X is quasigeodesic if there exist constants C ≥ 1 and
A ≥ 0 such that for every two points x, x′ ∈ X there exists a (C,A)-quasi-isometric
embedding p : [0, d(x, x′)] → X with p(0) = x and p(d(x, x′)) = x′. We will briefly
say that p connects x and x′. The map p will also be called a (C,A)-quasigeodesic.
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In many applications, one is interested only in quasigeodesic spaces. In particular,
every connected graph is quasigeodesic, and hence every finitely generated group is
quasigeodesic when equipped with the word metric (see Example 3.6).

Proposition 3.16. The following conditions are equivalent for a metric space (X, dX):

(i) X is quasigeodesic,
(ii) there exists δ > 0 such that for every points x, x′ ∈ X there is a δ-path

connecting them of length at most ddX(x, x′)e,
(iii) X is quasi-isometric to a connected graph.

Moreover, if X is locally finite, then in (iii) we can assume the degrees of vertices to
be finite. Similarly, if X is coarsely equivalent to a space of bounded geometry, then
we can assume the degrees of vertices to be uniformly bounded.

The equivalence of (i) and (iii) is well-known among experts, and the character-
isation from (ii) appears in the third author’s thesis [7]. We provide a proof for
self-containment.

Proof of Proposition 3.16. (i)⇒ (ii). Let C,A be the constants from Definition 3.15
and define δ = C + A. Let x, x′ ∈ X be distinct and let p : [0, dX(x, x′)] → X be a
(C,A)-quasigeodesic connecting x and x′. Let c = dX(x, x′)/ddX(x, x′)e ≤ 1. Then
the sequence (

p(0), p(c), . . . , p(ddX(x, x′)e · c)
)

is a δ-path connecting p(0) = x and p(ddX(x, x′)e · c) = x′.

(ii)⇒ (iii). Let a graph (V,E) be defined as follows: V = X and

E = {{x, x′} | x, x′ ∈ X and 0 < dX(x, x′) ≤ δ}.
It follows from the assumption and the definition of E that the graph (V,E) is con-
nected, so let us consider the path metric d(V,E) on V . We will show that the identity
map f : (X, dX) → (V, d(V,E)) is a quasi-isometry. Since f is surjective, it is obvious
that f(X) is coarsely dense in V . For any x, x′ ∈ X, there is a δ-path p in X of
length at most ddX(x, x′)e. However, by the definition of E, the sequence p is a path
in (V,E), and hence

(4) d(V,E)(f(x), f(x′)) ≤ ddX(x, x′)e ≤ dX(x, x′) + 1.

In the other direction, by the definition of path metric, for any x, x′ ∈ X there is a path
q = (q0, . . . , qn) in (V,E) of length d(V,E)(f(x), f(x′)) =.. n connecting q0 = f(x) = x
and qn = f(x′) = x′. Hence we get

(5)
1

δ
dX(x, x′) ≤ 1

δ

∑n
i=1 dX(qi−1, qi) ≤ n = d(V,E)(f(x), f(x′)),

so by combining inequalities (4) and (5) we conclude that f is a (max(1, δ), 1)-quasi-
isometry.

(iii)⇒ (i). By the assumption, there exist a graph (V,E), constants C and A, and
a (C,A)-quasi-isometry f : V → X. Let x, x′ ∈ X be distinct. Since f(V ) is A-dense
in X, there exist vertices v, v′ ∈ V such that dX(x, f(v)) ≤ A and dX(x′, f(v′)) ≤ A.

Note that the map px,x′ : [0, dX(x, x′)] → X given by px,x′(r) = x for r < d(x, x′)
and px,x′(d(x, x′)) = x′ is a (1, d(x, x′))-quasigeodesic. Hence, we will further assume
that d(x, x′) ≥ 1. Similarly, if v = v′, then d(x, x′) ≤ 2A, and the map px,x′ is
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a (1, 2A)-quasigeodesic, so we will also assume that v and v′ are distinct, that is,
d(v, v′) ≥ 1.

Let (v0, . . . , vd(V,E)(v,v
′)) be a path of minimal length connecting v0 = v and vd(V,E)(v,v

′) =

v′. Note that the map p : [0, d(V,E)(v, v
′)] → V given by p(r) = vbrc is a (1, 1)-

quasigeodesic. Consequently, the composition f ◦p : [0, d(V,E)(v, v
′)]→ X is a (C,C+

A)-quasi-isometric embedding.
Since dX(x, f(v)) ≤ A and dX(x′, f(v′)) ≤ A, we conclude that

dX(x, x′)

d(V,E)(v, v′)
≤ dX(f(v), f(v′)) + 2A

d(V,E)(v, v′)
≤
Cd(V,E)(v, v

′) + 3A

d(V,E)(v, v′)
≤ C + 3A,

and similarly

d(V,E)(v, v
′)

dX(x, x′)
≤ CdX(f(v), f(v′)) + CA

dX(x, x′)

≤ C(dX(x, x′) + 2A) + CA

dX(x, x′)
≤ 3CA+ C.

In particular, the homothety h mapping [0, dX(x, x′)] onto [0, d(V,E)(v, v
′)] is a (D, 0)-

quasi-isometry for D = max(C + 3A, 3CA + C). Consequently, the composition
f ◦ p ◦ h : [0, dX(x, x′)] → X is a (CD,C + A)-quasi-isometric embedding. Define
q : [0, dX(x, x′)]→ X by

q(r) =


x if r = 0,

f ◦ p ◦ h(r) if r ∈ (0, dX(x, x′)),

x′ if r = dX(x, x′).

Then, q is a desired (CD,C + 3A)-quasigeodesic connecting x and x′.

For the “moreover” part, note that if X is locally finite, then the graph (V,E)
constructed in the proof of the implication (ii)⇒ (iii) has finite degrees of vertices.
Indeed, this is because the set of neighbours of any vertex v ∈ V = X is contained in
the ball of radius δ around v ∈ X.

Similarly, if X has bounded geometry, then (V,E) has a uniform bound on the
degree of vertices. More generally, by the implication (iv)⇒ (iii) in Proposition 3.11,
when X is coarsely equivalent to a space with bounded geometry, there is a space Y
with bounded geometry that is quasi-isometric to X. It follows from the equivalence of
(i) and (iii) that a space quasi-isometric to a quasigeodesic space is itself quasigeodesic,
and hence Y is quasi-geodesic. Applying the first sentence of this paragraph to Y
gives a graph (V,E) quasi-isometric to X with a uniform bound on the degrees of
vertices. �

In the realm of quasigeodesic spaces, every coarse equivalence is a quasi-isometry
(see e.g. Corollary 1.4.14 in [6]), although many naturally occurring coarse embeddings
are not quasi-isometric. For example, if groups Γ,Γ′ are generated by finite sets S, S ′

respectively, and Γ′ is isomorphic to a subgroup Λ ≤ Γ, then Λ is called distorted if
the corresponding embedding Γ′ ' Λ ≤ Γ is not quasi-isometric (see for instance [5]).
Given a finitely generated group Γ, one can consider the set of its coarse embeddings
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into the Hilbert space `2 and quantify how much each of them fails to be a quasi-
isometry: the infimal degree of this failure is an invariant of Γ known as the Hilbert-
space compression [3].

In fact, even without embedding it into any other space, it is very easy to obtain a
space which is not quasigeodesic: for example, the real line R with the metric d′ given
by d′(x, x′) =

√
|x− x′| is not quasigeodesic. Nonetheless, it satisfies the equivalent

conditions of the following Proposition 3.17.

Proposition 3.17. The following conditions are equivalent for a metric space (X, dX):

(i) X is coarsely equivalent to a quasigeodesic space,
(ii) there exists a nondecreasing function ρ : [0,∞) → N and a constant δ > 0

such that for every x, x′ ∈ X there is a δ-path connecting them of length at
most ρ(dX(x, x′)),

(iii) X is coarsely equivalent to a connected graph.

Proposition 3.17 is mentioned for comparison with Proposition 3.16, but it will
not be used later, so we omit the proof. The details can be found in [7], where the
characterisation from item (ii) was introduced and used in the construction of the
first counterexamples to the coarse Baum–Connes conjecture not coarsely equivalent
to a family of graphs.

4. Examples

Before we pass to our main results, we want to present some examples that will
show what properties we cannot expect. More specifically, Sections 4.1 and 4.3 contain
examples of spaces of bounded geometry such that

— the volume growth is exponential, and the coarse entropy is zero (Proposi-
tion 4.1 and Examples 4.3 and 4.5),

— the volume growth is linear, and the coarse entropy is infinite (Example 4.8).

In the first case, the reason why exponential growth is insufficient to imply infinite
coarse entropy is that the spaces considered are far from being geodesic. In the second
case, the example is a graph and demonstrates that for spaces that are not sufficiently
homogeneous (e.g. graphs that are not vertex-transitive2), the usual notion of volume
growth is not adequate for coarse entropy.

Furthermore, Section 4.2 provides an example of

— a space that does not have bounded geometry, and its coarse entropy is zero
(Example 4.7).

The reason is similar to that in the first case above. Quite interestingly, the example
is 1-connected, but it is not quasi-geodesic.

4.1. Zero coarse entropy of exponentially growing spaces.

Proposition 4.1. Let X be a metric space and assume that for every δ > 0 every
δ-component of X is bounded. Then, the coarse entropy of X is zero.

2A graph (V,E) is vertex-transitive if for every v, v′ ∈ V , there is an automorphism f of (V,E)
such that f(v) = v′.



12 WILLIAM GELLER, MICHA L MISIUREWICZ, AND DAMIAN SAWICKI

Proof. Fix x ∈ X and δ > 0, and let D be the diameter of the δ-component [x]δ of x.
By the definition of δ-components, any δ-path starting at x cannot leave [x]δ, and
hence for all R > D any R-separated set of δ-paths starting at x contains at most 1
point. Thus, the coarse entropy of X vanishes. �

A metric d on a metric space X is called an ultrametric if it satisfies the following
strong form of the triangle inequality:

∀x, y, z ∈ X d(x, z) ≤ max(d(x, y), d(y, z)).

A metric space whose metric is an ultrametric is called an ultrametric space.

Corollary 4.2. The coarse entropy of ultrametric spaces is zero.

Proof. If X is an ultrametric space, then the diameter of any δ-component is bounded
by δ. �

Example 4.3. Consider the space X of sequences in
∏

k∈N{0, k} with finitely many
non-zero entries, and equip X with the supremum metric:

d((xk), (yk)) = max
k
|xk − yk|.

Claim. The metric d on X from Example 4.3 is an ultrametric, and hence Corol-
lary 4.2 applies giving h∞(X) = 0. However, the volume growth of X is exponential,
and X has bounded geometry.

Proof. To show that d is an ultrametric, it suffices to notice that when the last
coordinate such that (xk) differs from (yk) is m, and the last coordinate such that
(yk) differs from (zk) is m′, then (xk) and (zk) agree on coordinates larger than
max(m,m′).

We will now show that the volume growth of X is exponential, and X has bounded
geometry. Let x ∈ X. The map ιx : X → X given by (ιx(y))k = |xk− yk| maps x to 0
and is an isometry because for y, z ∈ X one has

|(ιx(y))k − (ιx(z))k| = ||xk − yk| − |xk − zk|| = |yk − zk|.

This means that X is homogeneous: any point can be mapped by an isometry to 0.
Consequently, in order to show that it has bounded geometry it suffices to show that
it is locally finite.

Now observe that the n-ball around x = 0 is the product
∏

k≤n{0, k} ×
∏

k>n{0},
which contains 2n elements. This shows that X is locally finite (and hence, by the
above, has bounded geometry), and that its volume growth is exponential. �

Apart from ultrametric spaces, the following two important classes of metric spaces
satisfy the assumption of Proposition 4.1, i.e. that their δ-components are bounded
for every δ > 0:

— metric spaces of asymptotic dimension zero (this is equivalent to the fact that
for every fixed δ the diameters of all δ-components are uniformly bounded),

— spaces
⊔
nXn obtained as coarse disjoint unions of a sequence of bounded

spaces Xn.
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Recall that a coarse disjoint union of bounded metric spaces (Xn, dn) is the set-
theoretic disjoint union

⊔
nXn equipped with any metric d (all such metrics will be

coarsely equivalent) such that

(6) ∀n d|Xn×Xn = dn and lim
n→∞

d(Xn,
⋃
m6=nXm) =∞.

One can check that the metric d given by d(x, y) = dn(x, y) for x, y ∈ Xn and
d(x, y) = max(n,m, diamXn, diamXm) for x ∈ Xn 6= Xm 3 y always satisfies (6).

In particular, δ-components are bounded for the following important examples:

— Countable locally finite groups (that is, countable groups whose finitely gen-
erated subgroups are finite) equipped with any proper3 translation-invariant
metric have asymptotic dimension zero. Note that all such metrics are coarsely
equivalent, and the standard way to obtain one is to fix an infinite generat-
ing set S and take the “weighted” word-length metric with the lengths of
generators increasing to infinity.

— Box spaces, i.e. coarse disjoint unions
⊔
nXn, where Xn = Γ/Γn are finite

quotients of a finitely generated group Γ.

In fact, in a somehow artificial way locally finite groups are also coarse disjoint
unions as one can define X0 = {e} and Xn = 〈s1, . . . , sn〉 \ 〈s1, . . . , sn−1〉, where
S = {s1, s2, . . .}.

Remark 4.4. The notion of volume growth is a quasi-isometry invariant, while the
metric on an countably-generated group is canonical only up to coarse equivalence
(recall that quasi-isometry is a strictly finer notion of equivalence of metric spaces
than coarse equivalence). For example, X in Example 4.3 can be equipped with the
group structure of the locally finite group

⊕
k Z/2Z. The metric from Example 4.3

is proper and translation invariant, but there are other such metrics on X yielding
essentially different volume growth functions.

Indeed, on the one hand, X is coarsely equivalent to a subspace of
∏

k∈N{0,
√
k}, for

which the cardinality of the n-ball is 2n
2
, so the volume growth is super-exponential.

On the other hand, it is also coarsely equivalent to a subspace of
∏

k∈N{0, 22k} for

which the cardinality of the n-ball for n ≥ 2 is 2blog2 log2 nc ≤ log2(n), which is sublin-
ear.

Proposition 4.1 provides a sufficient condition for the coarse entropy to vanish even
for exponentially growing spaces, but this condition is by no means a necessary one.
In Example 4.5 below, we provide an example of a space which is 1-connected (in
particular, it does not satisfy the assumptions of Proposition 4.1), and its coarse
entropy vanishes despite the exponential growth of balls.

Example 4.5. Recall that, as opposed to volume growth, the coarse entropy is a
coarse invariant. Hence, if we consider Z with the metric given by d(m,n) = log2(1 +
|m−n|), then its coarse entropy is the same as for the usual metric, namely it vanishes
(by [2, Theorem 4.3]). However, the cardinality of the n-ball equals 2n+1 − 1, so the
volume growth is exponential.

3Properness of a discrete metric is the same as local finiteness (finiteness of the cardinality of any
ball). We used the word proper to avoid possible confusion resulting from talking about a “locally
finite metric on a locally finite group”.
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4.2. Zero coarse entropy of spaces without bounded geometry.

Definition 4.6. Let (X, d) be a metric space and δ > 0. For x0 ∈ X and n ∈ N
denote

Bδ(x0, n) ..= {xn ∈ X | ∃ δ-path (x0, x1, . . . , xn)}.

The notation of Definition 4.6 comes from the fact that Bδ(x0, n) is the ball of
radius n around x0 with respect to the metric (possibly assuming infinite values)

dδ(x, y) = min{n | ∃ δ-path (x, x1 . . . , xn−1, y)}
(the topology induced by the metric dδ is always discrete; we do not claim that (X, d)
and (X, dδ) are homeomorphic or coarsely equivalent). We will sometimes refer to
Bδ(x0, n) as the δ-ball of radius n around x0.

Example 4.7. Let X be a weighted graph obtained as follows. Start with N with
the usual graph structure. Now, to every prime power pk ∈ N attach the cycle Gk

p

on pk vertices, and, finally, between any two distinct vertices v, w ∈ Gk
p add an edge

with weight p.

Claim. The space X from Example 4.7 is 1-connected and not coarsely equivalent
to a space with bounded geometry, and its coarse entropy is zero.

Proof. The fact that X is 1-connected is obvious.
We will now prove that X is not coarsely equivalent to a space with bounded

geometry, that is, for every s > 0 there is D > 0 such that cardinalities of s-separated
subsets of diameter at most D are unbounded. Indeed, for a fixed s > 0 let p be the
smallest prime larger than s. Let k ∈ N and consider the set Gk

p. By picking every

pth vertex on the cycle Gk
p, one obtains an s-separated subset (in fact p-separated) of

diameter p and cardinality k. Letting k go to infinity finishes the argument.
We will now prove that the coarse entropy vanishes. Fix δ > 1 and R > 8δ. Define

r = R/4 and q = br/δc ≥ 2. Without loss of generality we can assume that n is a
multiple of q, namely that n = mq for some m ∈ N. Pick a maximal r-separated
subset A of X and any associated Voronoi partition {Pa : a ∈ A} of X, i.e. a partition
satisfying the condition that x ∈ Pa implies that d(x, a) = mina′∈A d(x, a′). Consider
the set P (δ, n, 0) (where 0 ∈ N ⊆ X) and define a map e : P (δ, n, 0) → Am+1 by
requiring that

e ((xi)
n
i=0) = (aj)

m
j=0, where xjq ∈ Paj for all 0 ≤ j ≤ m.

First, note that e is injective on R-separated subsets of P (δ, n, 0). Indeed, let us
assume that t, t′ ∈ P (δ, n, 0) and e(t) = e(t′), and we will show that the distance
between t and t′ is less than R. The assumption implies that for every 0 ≤ j ≤ m we
have d(tjq, t

′
jq) ≤ 2r. Since t, t′ are δ-paths, it follows that for every j ≥ 0 and every

0 ≤ i ≤ q − 1 such that jq + i ≤ n we have

d(tjq+i, t
′
jq+i) ≤ 2r + 2(q − 1)δ < 4r = R,

so indeed e is injective on R-separated subsets.
Hence, in order to obtain an upper bound on the cardinality of R-separated subsets

of P (δ, n, 0), it suffices to bound the cardinality of the image of e. If (xi) is a δ-path,
e((xi)) = (aj)

m
j=0, and 0 ≤ j ≤ m− 1, then aj+1 lies inside the (δ+ r)-ball Bδ+r(aj, q)
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of radius q (because d(xjq, aj) ≤ r and d(x(j+1)q, aj+1) ≤ r). For any x ∈ X, the
(δ + r)-ball Bδ+r(x, q) is contained in the union of

(a) an interval I ⊆ N ⊆ X of at most 2q(δ + r) + 1 points,
(b) the sets Gk

p for p, k such that pk ∈ I and p ≤ δ, and

(c) intervals of at most 2q(δ+ r) + 1 points on every cycle Gk
p such that pk ∈ I or

x ∈ Gk
p.

The cardinalities of the inverval I in item (a) and of intervals in item (c) are at
most Q ..= 2q(δ + r) + 1, and the number of intervals in item (c) is at most Q, so
the cardinality of the union of all these intervals is at most Q + Q2. However, the
cardinalities of the sets Gk

p occurring in item (b) grow to infinity with k (but we also
know that there are at most Q of them).

However, every set Gk
p has diameter p, so the intersection of the r-separated set A

with every Gk
p for p ≤ δ (this is the crucial inequality in item (b) above) consists of

at most one point as r ≥ δ ≥ p. Consequently, the intersection of any (δ + r)-ball
Bδ+r(x, q) with A contains at most 2Q + Q2 points. This means that there are no
more than 2Q + Q2 possible values of aj+1 for a fixed aj. Therefore, the cardinality
of the image of e is at most (2Q+Q2)m.

We conclude

h∞(X) ≤ lim
δ→∞

lim
R→∞

lim sup
m→∞

m log(2Q+Q2)

mq

= lim
δ→∞

lim
R→∞

log(2(2q(δ + r) + 1) + (2q(δ + r) + 1)2)

q

≤ lim
δ→∞

lim
R→∞

log(2(4R2 + 1) + (4R2 + 1)2)

bR/4δc
= 0

where the last inequality uses the fact that R is larger than each of q, δ, and r. �

4.3. Infinite coarse entropy of slowly growing spaces. For a δ-path u = (z0, . . . zn),
let us denote by u−1 the same δ-path traversed backwards: u−1 = (zn, . . . z0).

Example 4.8. Let (xn) be a quickly growing sequence in N. Let X consist of N
with the usual graph structure together with the full binary tree Tn of height n
attached with the root at every xn. It is clear that X has bounded geometry. By an
appropriate choice of (xn), we can require the volume growth to be linear, for example

that limR→∞
|B(0,R)|

R
= 1.

Claim. Let X be the space from Example 4.8. Then h∞(X) =∞.

Proof. Fix δ, R ∈ N. Fix a δ-path o of length dx2R/δe connecting the origin to x2R.
Let M2R denote the set of vertices at level R of the tree attached at x2R. Clearly, the
cardinality of M2R is 2R. For every y ∈ M2R pick a leaf z ∈ Tn that is a descendant
of y and choose a δ-path oy of length d2R/δe connecting x2R with z. Observe that
the endpoints of δ-paths oy, oy′ for y 6= y′ ∈M2R are (2R+ 2)-separated, in particular
R-separated.
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Let p ∈ N. By concatenating o∗ (oy1 ∗o−1y1 )∗ (oy2 ∗o−1y2 )∗ . . .∗ (oyp ∗o−1yp ) for yi ∈M2R

we obtain (2R)p R-separated δ-paths of length dx2R/δe+ 2pd2R/δe. Thus we get

h∞(X) ≥ lim
δ→∞

lim
R→∞

lim
p→∞

log(2Rp)

dx2R/δe+ 2pd2R/δe

= lim
δ→∞

lim
R→∞

lim
p→∞

Rp log 2

2pd2R/δe

= lim
δ→∞

lim
R→∞

R log 2

2d2R/δe

= lim
δ→∞

δ log 2

4
=∞ �

Remark 4.9. Recall that the space from Example 4.7 is not coarsely equivalent to
a space with bounded geometry and note that its volume growth is at least linear
because it contains N. That is, from the perspective of having bounded geometry
and from the perspective of volume growth, the space from Example 4.7 should be
considered at least as large as the space from Example 4.8. However, the coarse
entropy vanishes for the space from Example 4.7 and is infinite for the space from
Example 4.8, so from the perspective of coarse entropy it is the latter that is larger.
In particular, we can easily conclude that there is no coarse embedding of the latter
in the former (see Remark 3.8).

Similarly, one can reprove many coarse non-embeddability results using coarse en-
tropy. For example, the hyperbolic n-spaces Hn (see Example 5.3) for n ≥ 2 do not
admit a coarse embedding into the space from Example 4.5 despite the fact that all
these spaces have exponential volume growth.

5. Theorems

5.1. Bounded geometry. Now we investigate the connections between the coarse
entropy of a space and the “sizes” of balls in this space.

Definition 5.1. If (X, d, µ) is a metric measure space (i.e. a metric space (X, d) with
a Borel measure µ) and x ∈ X, define Volxδ : N→ [0,∞] by

Volxδ (l)
..= sup

x0∈[x]δ
µ (Bδ(x0, l)) .

In particular, if µ is the counting measure on X, we will denote Volxδ by V x
δ . The

superscript in V x
δ will often be omitted when x is fixed.

The notation of Definition 5.1 comes from the fact that Volxδ resembles the usual
volume growth function r 7→ µ(B(x0, r)).

Note that by the triangle inequality Bδ(x0, n) ⊆ B(x0, nδ), so V x
δ takes only finite

values when X has bounded geometry. Note further that for δ ∈ N the above inclusion
is an equality for example when X is a graph, which enables a simpler formulation of
Theorem 5.4 in this case, namely Theorem 5.8.

Theorem 5.2. Let (X, d, µ) be a metric measure space. Fix a basepoint x ∈ X. If
Volxδ (l) is finite for every δ > 0 and l ∈ N, and there exists δ0 > 0 such that

lim sup
l→∞

1

l
log Volxδ0(l) > 0,
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then the coarse entropy is infinite.

Proof. By the assumption, there is δ0 > 0 such that lim supl→∞
1
l

log Vδ0(l) equals
logC0 for some C0 ∈ (1,∞] (where log(∞) = ∞). Fix C1, C > 1 such that C <
C1 < C0. By the assumption, there are sequences (xk) in [x]δ0 and (lk) in N such that

µ (Bδ0(xk, lk)) > C lk
1 . Since Volxδ (l) is always finite, for every δ ≥ δ0 the measure of

balls B(y, δ) of radius δ is bounded uniformly in y ∈ [x]δ0 , namely by Volxδ (1). Since
C < C1, by taking a subsequence we can assume that

µ (Bδ0(xk, lk)) /Volxk(1) ≥ C lk .

Fix δ ≥ δ0, and denote m ..= bδ/δ0c. Observe that for any r ∈ N
(7) Bδ0(xk, r) ⊆ Bδ (xk, dr/me) .

Now fix R ∈ N with R ≥ δ0. Consider the set Bδ0(xR, lR) and pick a maximal R-
separated subset A of it. By maximality,

⋃
a∈AB(a,R) contains Bδ0(xR, lR). Hence

|A| · VolxR(1) ≥ µ
(⋃

a∈AB(a,R)
)
≥ µ (Bδ0(xR, lR)) ≥ C lR · VolxR(1),

and thus the cardinality of A is at least C lR .
By (7) and the definition of Bδ(xR, dlR/me), for every a ∈ A there is a δ-path oa of

length dlR/me connecting xR and a. Since A is R-separated, so is the set O = {oa :
a ∈ A} of these paths, and clearly its cardinality equals the cardinality of A.

By the definition of [x]δ0 and the fact that δ ≥ δ0, there is a δ-path o connecting x
and xR of some finite length LR. Now let p ∈ N be arbitrary and consider the following
set of δ-paths starting at x:

O(p) =
{
o ∗ oa1 ∗ o−1a1 ∗ . . . ∗ oap ∗ o

−1
ap : ∀i ∈ {1, . . . , p} ai ∈ A

}
.

By construction, the cardinality of O(p) equals |A|p ≥ CplR , and it consists of δ-paths
of length np ..= LR + 2p · dlR/me. We have

lim sup
p→∞

1

np
log |O(p)| ≥ lim

p→∞

plR logC

LR + 2pdlR/me
=

lR logC

2dlR/me
.

Since in (2) we are interested in lim sup as n→∞, it suffices to obtain a lower bound
on a sequence (np) as above. Thus, by recalling that m = bδ/δ0c and unfixing δ
and R, we conclude that

h∞(X) ≥ lim
δ→∞

lim
R→∞

lR logC

2dlR/me
= lim

δ→∞

m logC

2
=∞. �

Example 5.3. Consider the hyperbolic n-space Hn for any n ≥ 2. For the Riemann-
ian metric on Hn, we have Bδ(x0, l) = B(x0, δl) for all δ > 0, l ∈ N, and x0 ∈ Hn,
and the Riemannian volume of B(x0, δl) does not depend on x0 by homogeneity. It is

well known that this volume is proportional to
∫ δl
0

sinhn−1 dr, so in particular Volxδ (l)

is finite for all δ > 0 and l ∈ N, and liml→∞
1
l

log Volxδ (l) = log(e(n−1)δ) > 0 for all
x ∈ Hn. Hence, we can apply Theorem 5.2 to conclude that h∞(Hn) =∞.

Out main result in this section is the following Theorem 5.4. Item (ii) in Theo-
rem 5.4 is a special case of Theorem 5.2.

Theorem 5.4. Let (X, d) be a metric space. Assume that X has bounded geometry.
Fix a basepoint x ∈ X and put Vδ = V x

δ . We have the following dichotomy:
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(i) if for all δ > 0

lim
l→∞

1

l
log Vδ(l) = 0,

then the coarse entropy of X is zero,
(ii) if there exists δ > 0 such that

lim sup
l→∞

1

l
log Vδ(l) > 0,

then the coarse entropy of X is infinite.

Proof. We begin with the proof of item (i), for which we will use formula (3). Fix
δ > 0. Without loss of generality we can assume that R > 0 is of the form R = (k+1)δ
for some k ∈ N. Fix n ∈ N. For every m ∈ {1, 2, . . . , k} and every pair of points
y, y′ ∈ Bδ(x, n) such that there exists a δ-path from y to y′ of length m, fix one such
δ-path, and denote it by p(y, y′,m). Let P be the set of the paths p(y, y′,m) over all
such triples (y, y′,m). Observe that if we fix y and m, then the number of choices
of y′ equals |Bδ(y,m)| ≤ |Bδ(y, k)| ≤ Vδ(k).

We have n = rk + s, where 0 ≤ s < k and r = bn/kc. Let Fn be the set of all
δ-paths of length n starting at x that are concatenations of δ-paths from P with the
following lengths: first, take r δ-paths of length k and then one δ-path of length s.

Then the set Fn is R-dense in the set of all δ-paths of length n originating at x.
Indeed, if (xi) is a δ-path originating at x, then there exists a δ-path p = (p0, . . . , pn)
in Fn such that pi = xi for all i ∈ {0, k, . . . , rk, n}. Thus for any other index j ∈
{0, . . . , n} there exists i as above such that |j − i| ≤ k/2, and hence d(xj, xi) ≤ δk/2
and d(pj, pi) ≤ δk/2, so indeed d(xj, pj) ≤ δk < R.

By construction, the cardinality of Fn is at most Vδ(k)r+1. Therefore, the minimal
cardinality r(n,R, δ, x) of an R-dense subset of δ-paths of length n is bounded by

Vδ(k)
n
k
+1 ≤ Vδ(k)

2n
k+1

+1 = Vδ(R/δ)
2nδ
R

+1. Hence,

lim sup
n→∞

1

n
log |Fn| = lim sup

n→∞

(
2n
R/δ

+ 1
)

log Vδ (R/δ)

n
=

2 log Vδ (R/δ)

R/δ

and by the assumption the last expression goes to zero as R tends to infinity, which
by (3) shows that the coarse entropy of X is zero, and finishes the proof of item (i).

Item (ii) is a special case of Theorem 5.2. To see that, it suffices to observe that for
µ being the counting measure the functions Volxδ and V x

δ coincide, and that under the
assumptions of Theorem 5.4 the value of Volxδ (l) is finite for every δ, l ∈ N because

Volxδ (l) = sup
x0∈[x]δ

µ(Bδ(x, l)) ≤ sup
x0∈X

µ(B(x, δ · l)) <∞,

where the last inequality is the definition of bounded geometry. �

Remark 5.5. Note that the proof of item (i) in Theorem 5.4 does not use the assump-
tion that X has bounded geometry. However, it deduces from the vanishing of the
limit that Vδ(k) is finite for every δ > 0 and k ∈ N, which is equivalent to bounded
geometry in many cases of interest, so we preferred to make it an explicit common
assumption for both items of Theorem 5.4.

The following provides an example of a space that comes under the purview of
Theorem 5.2 but not Theorem 5.4.



COARSE ENTROPY OF METRIC SPACES 19

Example 5.6. Let the rooted tree T be defined as follows. The root has 2 children,
each child of the root has 3 children, each grand-child of the root has 4 children, and
so on.

Clearly, T from Example 5.6 does not have bounded geometry itself, and by Propo-
sition 3.11 it is easy to see that it is not coarsely equivalent to a space with bounded
geometry. Hence, its coarse entropy cannot be calculated with Theorem 5.4.(i).

Claim. The tree T from Example 5.6 satisfies the assumptions of Theorem 5.2.

Proof. Define a measure µ on T by assigning to every vertex of T at distance n
from the root the measure 2n

(n+1)!
. To see that the assumptions of Theorem 5.2 are

satisfied, first note that the measure of every singleton is bounded by one. When v is
at distance n from the root and Cv = {v1, . . . , vn+2} is the set of children of v, then

2µ({v}) = 2 · 2n

(n+ 1)!
= (n+ 2) · 2n+1

(n+ 2)!
= µ(Cv).

It follows that for any vertex v the measure of the subtree Tv(l) consisting of
descendants of v at distance at most l ∈ N ∪ {0} from v has measure (2l+1 − 1)µ(v).
In particular, if we take v as the root, we see that

lim sup
l→∞

1

l
log Volv1(l) ≥ lim

l→∞

1

l
log µ(B(v, l)) = lim

l→∞

1

l
log µ(Tv(l)) = log 2.

For every vertex v that is not the root, denote by p(v) its parent. Then, we

see that B(v, l) =
⋃min(l,n)
i=0 Tpi(v)(l − i), where n is the distance of v from the root.

Consequently, we get

µ(B(v, l)) ≤
min(l,n)∑
i=0

(2l−i+1 − 1) · 2n−i

(n− i+ 1)!
≤ 2l+2,

and since for every δ > 0 we have Bδ(v, l) = B(v, bδcl), we conclude that Volxδ (l) ≤
2δl+2, so it is finite for every δ > 0 and l ∈ N. This shows that the space T satisfies
the assumptions of Theorem 5.2. �

The space T from Example 5.6 is also covered by Theorem 5.11 from the next
section. However, Theorem 5.11 requires the space to be quasigeodesic, which is not
necessary for Theorem 5.2.

Example 5.6 suggests that it may be fruitful to generalise Theorem 5.4.(i) using
Volxδ (l), analogous to Theorem 5.2 generalising Theorem 5.4.(ii). However, such a
generalisation requires an additional assumption on the measure µ: without any
such additional assumption, for every separable X we can arrange µ(X) to be finite,
and then the naive analogues of the assumptions of Theorem 5.4.(i) are trivially
satisfied. In Theorem 5.7, we propose the following additional assumption: there
exists r > 0 such that µ(B(x, r)) is bounded away from zero uniformly in x ∈ X.
Although Theorem 5.7 is formally more general than Theorem 5.4.(i), we derive below
Theorem 5.7 from Theorem 5.4.(i).

Theorem 5.7. Let (X, d, µ) be a metric measure space. Assume that there exists
r > 0 such that infx∈X µ(B(x, r)) > 0. Fix a basepoint x0 ∈ X. If for all δ > 0

lim
l→∞

1

l
log Volx0δ (l) = 0,
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then the coarse entropy is zero.

Proof. Let Z ⊆ X be a maximal 3r-separated subset containing x0. By Lemma 2.3, it
suffices to prove that the coarse entropy of Z is zero. Let δ > 0 and consider the ball
BZ(x0, δ) in Z. Note that

⋃
z∈BZ(x0,δ)BX(z, r) is contained in the ball BX(x0, δ + r),

whose measure is bounded by Volx0δ+r(1). Consequently,

|BZ(x0, δ)| ≤
Volx0δ+r(1)

infx∈X µ(B(x, r))
.

In particular, BZ(x0, δ) is finite for every δ > 0, and hence Z is countable. Let
p : X → Z be any measurable closest-point retraction. (To construct it, first arrange
the elements of Z in a sequence (z1, z2, . . .). By the finiteness of balls, for every x ∈ X
there is a finite set Cx ⊆ Z such that every z ∈ Cx minimises the distance between x
and Z (in particular, the infimum of distances is acquired). Define p(x) as z ∈ Cx
with the smallest index in the sequence (z1, z2, . . .).)

Consider the pushforward measure p∗(µ). By 3r-disjointness of Z, the inverse
image p−1(z) contains the ball B(z, r) (in fact it contains the open ball of radius
3r/2). Consequently, p∗(µ)({z}) ≥ infx∈X µ(B(x, r)). We will also later use that by
the 3r-density of Z the inverse image p−1(z) is contained in B(z, 3r).

For z ∈ Z, δ > 0, and l ∈ N, denote by [z]Z,δ the δ-component of z in Z, and by
BZ,δ(z, l) the δ-ball in Z of radius l around z. Clearly, these are contained in the
corresponding δ-component and δ-ball in X. Hence

sup
z∈[x0]Z,δ

|BZ,δ(z, l)| ≤
supz∈[x0]Z,δ

(
p∗(µ)

)(
BZ,δ(z, l)

)
infz∈Z p∗(µ)({z})

≤
supx∈[x0]δ µ

(
Bδ+3r(x, l)

)
infx∈X µ(B(x, r))

≤
Volx0δ+3r(l)

infx∈X µ(B(x, r))
,

and thus the assumption on X that liml→∞
1
l

log Volx0δ (l) vanishes for all δ implies the
main and only (in the light of Remark 5.5) assumption of item (i) in Theorem 5.4
for Z, namely that liml→∞

1
l

log V x0
δ (l) vanishes for all δ. Hence, the coarse entropy

of Z vanishes. �

Recall from Proposition 3.16 that any quasigeodesic metric space (in particular
any geodesic space, like a Riemannian manifold, for instance the hyperbolic plane)
is coarsely equivalent to (even quasi-isometric to) a connected graph. In these cases,
Theorem 5.4 boils down to the following.

Theorem 5.8. Let X be a quasigeodesic metric space of bounded geometry, for ex-
ample a connected graph with the degrees of vertices uniformly bounded. We have the
following dichotomy:

(i) if liml→∞
1
l

log (supx∈X |B(x, l)|) = 0, then the coarse entropy of X is zero,

(ii) if lim supl→∞
1
l

log (supx∈X |B(x, l)|) > 0, then the coarse entropy is infinite.

Proof. Note that if X is a graph such that the degree of vertices is bounded by d ∈ N,
then the cardinality of any ball of radius n ∈ N is at most 1 + d

∑n
i=i(d− 1)i−1 (this
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upper bound is attained for the infinite d-regular tree), in particular X has bounded
geometry.

Now, if X is quasigeodesic, by Proposition 3.16 there exists δ > 0 such that any two
points within distance n from each other can be connected by a δ-path of length n.
In particular, the δ-component [x]δ of any x ∈ X is the whole of X.

Item (ii). Consequently, for any δ′ ≥ max(δ, 1) and l ∈ N we have

V x
δ′ (l) = sup

x0∈[x]δ′
|Bδ′(x0, l)| = sup

x0∈X
|Bδ′(x0, l)| ≥ sup

x0∈X
|B(x0, l)|.

Hence, if lim supl→∞
1
l

log (supx∈X |B(x, l)|) > 0, then the assumption from Theo-
rem 5.4.(ii) holds, and thus the coarse entropy is infinite.

Item (i). Now, for an arbitrary δ > 0, using the inclusion Bδ(x, l) ⊆ B(x, lδ), we
obtain

V x
δ (l) = sup

x0∈[x]δ
|Bδ(x0, l)| ≤ sup

x0∈X
|Bδ(x0, l)| ≤ sup

x0∈X
|B(x0, δl)|,

so

lim sup
l→∞

1

l
log V x

δ (l) ≤ lim sup
l→∞

1

l
log

(
sup
x0∈X

|B(x0, δl)|
)

= δ lim sup
l→∞

1

δl
log

(
sup
x0∈X

|B(x0, δl)|
)

≤ δ lim sup
L→∞

1

L
log

(
sup
x0∈X

|B(x0, L)|
)
.

Hence, if liml→∞
1
l

log (supx∈X |B(x, l)|) = 0, then the assumption from Theorem 5.4.(i)
holds, and thus the coarse entropy vanishes. �

For a connected vertex-transitive graph of finite degree—e.g. the Cayley graph of a
finitely generated group with respect to a finite generating set—the dichotomy from
Theorem 5.8 distinguishes between subexponential and exponential growth.

Corollary 5.9. Let X be a connected vertex-transitive graph with vertices of finite
degree. Fix any vertex x ∈ X. We have the following dichotomy:

(i) if liml→∞
1
l

log (|B(x, l)|) = 0, then the coarse entropy of X is zero,

(ii) if lim supl→∞
1
l

log (|B(x, l)|) > 0, then the coarse entropy is infinite.

Corollary 5.10. A finitely generated group has exponential growth if and only if it
has infinite coarse entropy as a metric space with the word length distance.

Results parallel to some of those in this section for other entropy notions have
appeared in [1, 8].

5.2. Unbounded geometry. In this section, we consider the less tame case of met-
ric spaces without bounded geometry. One expects that such spaces would have
infinite coarse entropy, which is indeed usually true as shown in Theorem 5.11. To-
gether with the results of the previous section, this yields a complete understanding
(Corollary 5.12) of coarse entropy for quasigeodesic spaces.

Interestingly, in general there exist spaces without bounded geometry whose coarse
entropy vanishes, and in Example 4.7 we even provided a 1-connected example of
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this kind. This shows that the assumption that X is quasi-geodesic in Theorem 5.11
cannot be relaxed to the assumption that X is C-connected for some C > 0.

Theorem 5.11. Let X be a quasigeodesic space, e.g. a connected graph, and as-
sume that it is not coarsely equivalent to a metric space of bounded geometry. Then
h∞(X) =∞.

Proof. By Proposition 3.11, for every s > 0 there is Ds > 0 and a sequence (Ask)
∞
k=1 of

s-separated sets in X of diameter at most Ds such that limk |Ask| =∞. For every Ask
pick a basepoint xsk ∈ Ask.

Fix a “global” basepoint x0 ∈ X, R > 0, and δ > 0 sufficiently large that item (ii)
of Proposition 3.16 holds. Let k ∈ N. Let o be any δ-path between x0 and xRk and
let l denote its length. For every a ∈ ARk there is a δ-path oa connecting xRk and a
with length at most DR, and by repeating its entries if necessary it can be lengthened
to a δ-path oa of length exactly DR connecting xRk and a . For any p ∈ N consider
the following set of δ-paths:

O(p) =
{
o ∗ oa1 ∗ o−1a1 ∗ . . . ∗ oap ∗ o

−1
ap : ∀i ∈ {1, . . . , p} ai ∈ ARk

}
.

The cardinality of O(p) equals |ARk |p, it consists of paths of length l+ 2pDR, and it is
R-separated because ARk is R-separated. Thus we get

h∞(X) ≥ lim
δ→∞

lim
R→∞

lim sup
p→∞

log |O(p)|
l + 2pDR

= lim
δ→∞

lim
R→∞

lim sup
p→∞

p log |ARk |
l + 2pDR

= lim
δ→∞

lim
R→∞

log |ARk |
2DR

,

and since k was arbitrary and limk→∞ |Ask| =∞ for every s ∈ N, we conclude

h∞(X) ≥ lim
δ→∞

lim
R→∞

lim
k→∞

log |ARk |
2DR

=∞. �

Theorem 5.11 together with Theorem 5.4 yields a complete classification for quasi-
geodesic spaces.

Corollary 5.12. Let X be a quasigeodesic space, e.g. a connected graph.

(a) If X is not coarsely equivalent to a space with bounded geometry, then the
coarse entropy of X is infinite.

(b) Otherwise, there exists a connected bounded-degree graph G quasi-isometric to
X, and the usual dichotomy holds:
(i) if liml→∞

1
l

log (supx∈G |B(x, l)|) = 0, then the coarse entropy of X is
zero,

(ii) if lim supl→∞
1
l

log (supx∈G |B(x, l)|) > 0, then the coarse entropy of X is
infinite.

Proof. If X is not coarsely equivalent to a space of bounded geometry, then Theo-
rem 5.11 applies, so h∞(X) =∞.

If X is coarsely equivalent to a space of bounded geometry, then it follows from
Proposition 3.16 that there exists a bounded degree graph that is quasi-isometric toX.
By Lemma 2.3, the rest of the claim follows immediately from Theorem 5.8. �
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