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1. THE COMPLEX HOMOGENEOUS
MONGE-AMPERE EQUATION

Notations. We shall adopt the following
notations throughout the article:

d=0+0, d=+—-1(0—0)/2

We have dd® = /=190, known as the Levi
operator. We shall write dz? for dzJ (in the
literature many authors write this as dz7).

Definition 1.1. A function u : M — R of
class C>* on a connected complex manifold
M of complex dimension n 1s said to be
a Monge-Ampére function if (ddu)" =

and that dd“u 1s of rank n — 1 at every
point. A Monge-Ampere function is said
to be pseudoconver if dd“u > 0. It is said
to be a Monge-Ampere exhaustion if every

level set {u = ¢} is compact.

It is clear that the condition that a function
be a Monge-Ampere function is invariant by
change of coordinates. Define the annihilator



of a Monge-Ampere function u by
ann, ddu ={v € T.M | 1,ddu = 0}

where ¢, is the interior product. The condi-
tion that dd“u is of rank n — 1 means that, at
each point z € M the annihilator ann, dd‘u
is one (complex) dimension.

Example. The usual Euclidean square norm
|z]|* on C" is a strictly pseudoconvex (in
fact strictly convex) exhaustion. The func-
tion u = log ||2||? is a pseudoconvex (plurisub-
harmonic) (in fact convex) function of class

C>® on M = C"\ {0}. It is well-known that
dd“u = ddlog ||2||* = [ ]*wrs

where [ ] : C"\ {0} — P" ! is the usual Hopf
fibration and wpg is the Fubini-Study metric
on P"~1 We have obviously wis = 0 and
that w" ! is a volume element on P"~!. This
implies that u = log||z]||? is a pseudoconvex
Monge-Ampere exhaustion (the level sets are
the spheres) on C" \ {0}. The differential
[ ] : T(C"\ {0} — TP" ! is a submersion
and the kernel is spanned by the radial vector
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field Z = 2'0/0%". Observe that Z is also
the gradient vector field (with respect to the
Euclidean metric) of the function |[|z||?. At
each point z € C" \ {0 the annihilator is
spanned by Z.

Suppose that p : C" — Ry is a (complex)
Finsler metric (the homogeneity is p(Az) =
A*p(2), A € C). We assume that p is of
class C*° on C" \ {0}. It is known p = ||z]|*

if it is smooth at the origin. In any case we
have, for z £ 0 and A # 0

[Az][2 []2]?
for all A # 0. This means that
p(z) = o([])[] |

for z # 0 and where ¢ is a smooth function
on P"!. Thus



-3 ()t 10500 (1" A (dlog 1)
_Z< ) ((dd“log ¢)" % A wig)

= 0.

In other words, for any Finsler metric p
smooth on C"\{0}, the function u, = logp
is a Monge-Ampere exhaustion. Observe
that the annihilator of dd“u is still spanned
by the radial vector field. Thus if p is strictly
pseudoconvex then ddlog p is positive defi-
nite when restricted to the holomorphic tan-
gent space of a level set p = ¢. This is equiv-
alent to the condition that wrg + dd®log ¢ is
positive definite on CP" !,

On the other hand, there are Monge-Ampere
exhaustions which do not come from Finsler
metrics. For instance we can take p(z) =
||z||** for any positive real number p. This
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is not a Finsler metric if © # 1 but logp =

wlog ||z||? is a Monge-Ampere exhaustion. We
may take p(z) = ¢([z])]|z]|** where ¢ is a

smooth positive function on CP" 1. A com-

putation shows that the Ricct curvature of
the Kahler metric dd°p vanishes if and only
if w = 1. As remarked earlier, the Monge-

Ampere condition is independent of choices

coordinates while the Finsler condition is de-

fined in terms of the standard linear coordi-

nates on C". Thus we can take any Finsler

metric p and any holomorphic automorphism

® of C" then the composite p o @ is still a

Monge-Ampere exhaustion but for general ®

the Finsler condition is destroyed.

2. UNIFORMIZATION VIA
MONGE-AMPERE FUNCTIONS

In the theory of Monge-Ampere equation there
is a famous result due to Stoll [10] (see also

Burns [4] and Wong [11]) known as the Uni-
formization Theorem:
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Theorem 2.1. Let M be a connected com-
plex manifold of complex dimensionn. As-
sume that there is a smooth and strictly
pseudoconvex exhaustion T : M — [0, R), R €
R-ooU{oo} and that v : M, = M\ {r =0}
is a pseudoconvexr Monge-Ampere exhaus-
tion. Then
(2) {7 = 0} consists of one point {o};

(77) the exponential map

exp, |pn(r) : B"(R) — M

is a holomorphic isometry where B"(R) is
the ball of radius R wn the tangent space
T, M equipped with the Fuclidean metric,
and M 1is equipped with the metric dd°T:

(231) the pull-back of T via the exponential
map is the standard square norm, i.e., T o

exp,(2) = ||][.

The assumption that the function T s smooth

on all of M (not merely on M, ) is crucial.
If M = C" the preceding theorem asserts
that, after a global biholomorphic change of
coordinates, a Monge-Ampére exhaustion p
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satisfying the condition of the theorem is the
standard Euclidean square norm.

Question. What can can be said about
a continuous exhaustion (all level sets are
compact) T : C" — R satisfying the fol-
lowing conditions

(a) {t =0} = {0},

(b) T is smooth and strictly pseudoconver
on C"\ {0},

(¢) u=logT is a Monge-Ampére exrhaus-
tion on C" \ {0}7

In other words, T satisfies all conditions in
Theorem 2.1 on C" except that it 1s only
continuous at the origin.

3. THE THEOREMS OF DEICKE AND
BRICKELL

Let F' be a (real) Finsler metric on R" (we
take the homogeneity condition to be F'(tx) =
tx fort > 0soitis the square of the definition
of Finsler metric of many other authors). We
assume that it is smooth and strictly convex



on R™\ {0}. Thus
(3.1) g=gr = gij(x)dz' ® da’
where )

1 O°F

9ij{x) = 201101 (=)

is a well-defined positive definite Riemannian
tensor (henceforth referred to as the funda-
mental tensor of F') on R"\ {0}. We shall
referred to the pair (R”, F) is referred to as
a Minkowski space. It is said to be a re-
versible Minkowsk: space if F' satisfies, in
addition F'(—tx) = F(tx),t > 0. The Car-
tan tensor C' of a Minkowski space is defined

by

C = Cip(z) dr' @ do’ ® da”,

where
10g;; 1 O°F?
Cz" = = Y = — - -
I 9 gk () 4 Qxt0xI Ok (=)
and the mean Cartan tensor I by
C = Cy(z) da', Cy(x) == ¢’*(x)Cyjp(x)

where (¢/%) := (g;x)'. It is clear that F is
the Euclidean square norm if and only if the
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Cartan tensor C' vanishes, namely, Cj, = 0
for all 7,7 and k.

The following theorem is due to Diecke [5]
(see also Brickell [3)):

Theorem 3.1. A Minkowsk: space (R", F%)
is the flat Euclidean space (R",||z||?) if
and only if the mean Cartan tensor C' van-
ishes.

The following result is due to Brickell [3]:

Theorem 3.2. Let (R", F) be an n(> 3)
dimenstonal reversible Minkowsk: space. If
the curvature of gr, as defined in (3.1), on
R™ {0} vanishes if and only if F is an Eu-
clidean norm.

We now consider the complex analogue. A
complex Minkowski space is a pair (C", F)
where F'is a complex Finsler metric which is
smooth and strictly pseudoconvex on C" \

{0}. Thus
O*F*?
021027

(2)

9 =gr=g;(2)dz' ®d, g;(z) =
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is a well-defined positive definite Kahlerian
tensor (henceforth referred to as the funda-
mental tensor of F') on C"\ {0}. We shall
referred to the pair (C", F) is referred to as
a complexr Minkowsk: space. The complex
Cartan tensor C' is defined to be

C(z) == Cip(2) d2' ® dz’ @ dz*,
where
. ({9923 83F2
Cijlz) = OzF (2) = 8zi(9z38zk<z)

and the mean Cartan tensor is defined by
O(2) = Cal2)dz*, Culz) = g (2)C(2),

where (¢/') = (g;5) "

The indicatrix Ir of a complex Minkowski
space (C", F') is by definition the unit sphere,
relative to the fundamental Kahler tensor gp,
in the (holomorphic) tangent space ToC" at
the origin:

Ir = {v € TiC" | [lo]], = 1}

Denote by ¢’ the Riemannian metric on Ip

induced by ¢ = gr. We shall examine the
curvature of g'. It is clear that if F' = ||z]|?
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then gp is the standard Euclidean metric on
ToC" = C" = C", Ir is the standard unit
sphere with ¢’ the standard metric on the
unit sphere. In this case the scalar curvature
re, = (2n —1)(2n —2).

The fundamental Kahler metric g = gp also
induces a Kahler metric gr on C"! via the
Hopf fibration. This is defined as follows. Re-
call that F'(2) = ¢([z])||z||* where ¢ is de-
fined on P!, hence

dd“log F = dd°log ||z||* + dd“log ¢([2])
= []"(wrs + dd"log ¢)
and that gr = wpgs + ddlog ¢ is a Kahler
metric on CP"~!. Note that in the case F =

||2]]? we have v = 1 and so the induced met-
ric is just the Fubini-Study metric.

We have the following analogue of Deicke and
Brickell type theorem:
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Theorem 3.3. Let (C", F) be a complex
Minkowsk: space. The following statements
are equivalent:

(1) The complex Minkowski space (C", F)
is a complex Euclidean space (C",[C||).
(2) The Cartan tensor vanishes identically,
namely, Ci, = 0,1, 7, k.

(3) The mean Cartan tensor vanishes iden-
tically, namely, C; = 0, V1.

(4) The Ricci curvature Ric g of the Kahler
metric g = G3d('d{?,G = F*, on C"\ {0}
is zero.

(5) The scalar curvature v, of the Kahler
metric g on C"\ {0} is either non-negative
(ry > 0) (resp. non-positive (r, < 0)).

(6) The scalar curvature r,1 of the metric
g', induced by g, on the indicatriz S =
{G = 1} satisfies rjp > (2n — 1)(2n — 2)
(resp. v, < (2n —1)(2n — 2)).

(7) The scalar curvature r; of the metric
g on CP" '\ {0}, induced by the Kdihler
metric g satisfies r; > 4n(n — 1) (resp.
r; < 4n(n —1)).
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Some special cases of the preceding result is
known. Yan [] showed that (1), (2) and (3)
are equivalent. Y. B. Shen showed that (1)
is equivalen to the condition that the Ricci
curvature of gr vanishes. If we replace the
strictly pseudoconvex Finsler metric by a strictly
pseudoconvex exhaustion such that u = log 7
is a pseudoconvex Monge-Ampere exhaustion

on C"\ {0} then

Theorem 3.4. Let 7 be a continuous ez-
haustion of C". Assume that T 1s strictly
pseudoconvex on C" \ {0} and that u =
log 7 is a Monge-Ampeére function. Then
the following statements are equivalent:
(1) The space (C", 1) is, up to global holo-
morphic change of coordinates, the com-
plex Euclidean space (C", ||z]]?).

(2) The Ricci curvature of the metric dd°t
vanishes.

4. PROOF OF THEOREM 3.3

Proof of Theorem 3.3. The proof are sepa-
rated into three parts.
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Part I. The implications (1)<=(2), (2)=(3)
and (4) =>(5) are trivial.

Part II. The implication (5) =>(2).

Part I11. the statements (5), (6) and (7) are

equivalent.

Proof of Part III. We begin with a lemma
in |[11]:

Lemma 4.1. Let (M, 1) be a strictly par-
abolic manifold. Denote by Z the complex
gradient vector field of T with respect to the
Kahler metric dd°t. If Z s holomorphic,
then

VwZ =W, VyZ=0,
for all W € T'VM, where V is the Levi-
Civita connection of the metric g = dd°G.
Consequently, for any constant c the level
set S. = {1 = ¢} is an umbilical CR hy-
persurface.

As was shown in section 1, for the case M =
C" and 7 = G = F? where F is a strictly
pseudoconvex Finsler metric the gradient vec-
tor field Z is the radial vector field and is a
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holomorphic vector field. Thus the indicatrix
I = I = {F = 1} is an umbilical hypersur-
face. Denote by

e g the Kahler metric dd°G on C"\ {0} (with
connection V, curvature R and Laplace-Beltrami
operator A),

e ¢/ the Riemannian metric on I¢ induced
by g (with connection V*, curvature R! and
Laplace-Beltrami operator A?),

e g the Kahler metric on (CIP)”_1~induced by g
(with connection V, curvature R and Laplace-
Beltrami operator A).

The almost complex structure on C" is de-
noted by J.
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Lemma 4.2. Let (C", F) be a Minkowsk:
space. Then the indicatrix I = I[p = {F =
1} is an umbilical hypersurface, that is

VxN =X

for all real vector field X where N 1s the

real part of the radial vector field. The vec-

tor field N is a unit normal to the indica-

triz, JIN s normal to the maximal com-

plex subbundle H = Irl N JIrI of TRrl.

The integral curves of JN are precisely

the circles L NI where L is a complex

line through the origin. These circles are

geodesics in I. Furthermore, we have

(1) R(X,N)N = R(X,JN)JN =0 for all
real vector field X on C"\ {0},

(2) VLY = VxY+g(X,Y)N, forall X, Y €
Tr1,

(3) (Gauss Equation) g(R!(X,Y)Y, X)
for all X, Y € Trl.

Let e = Jey, €3, ..., €9, € Trl be orthonor-
mal vector fields. We may complete this to
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an orthonormal basis of vector fields on C”
by adding the vector field e; = N. Then the
scalar curvature of the metric g is given by
(using Lemma 3.6 (a))

2n
re = E g( e;, e1)e1,€) + g g(R ez,e] )e;, €;)

1,]=2
T E g 627€j 6]762)

1,]=2
From this and the Gauss equation (Corollary
3.1) we get

Corollary 4.1. The scalar curvature of g
and g are related by the formula

rg =1g+ (2n —1)(2n — 2).
Consequently, assertions (5) and (6) of The-

orem 3.3 are equivalent.

Let []|; : I — CP" ! be the restriction of
the Hopf fibration.
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Lemma 4.3. The map []|; : I — CP"!
15 a totally geodesic Riemannian submer-
sion where the indicatriz s equipped with
the Riemannian metric g' and CP" ! s
equipped with the Kahler metric g. The
fibers of | ||1 are the geodesic circles I N L
where L are the complex lines through the
origin. The kernel of | |«|r.r ts spanned
by JN and | l.l3 : H — TCP"' is an
1somorphism.

A Riemannian submersion is said to totally
geodesic if every fiber is totally geodesic. We
use O'Neill’s formula for submersions (see [§]
and also [3], p.241) to relate the curvature
of the metric g’ on I and the curvature of
the metric § on CP"!. In the theory of Rie-
mannian submersions there are two operators

T and A defined as follows:

TEl E'2 _ (vEfer Eger)hor 4+ <VE¥GY E%mr)ver7
AEl E2 _ <VE£1or Eger)hor i <VE§101" E%lor>ver
(4.1)
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where Fq, E5 € Irl. The superscript ‘ver’
and ‘hor” indicate the vertical (the direction
of JN) and horizontal component (in the
subbundle H) respectively. It is known (see
1] 9.26, p.240) that T vanishes identically if
and only if the submersion is totally geodesic.
This implies (keeping in mind that g = ¢ on
TrI) the next two identities (see [1] p. 241
formulas (2.29b) and (2.29¢))

g(R'(X,JN)JN,X) = |AxJN|*

g(R'(X,Y)Y, X)

= §(R([L.X, [JY)[]Y, [J.X) — 3JAxY

for all X,Y € H. Since (JN)'' = 0 and
XV = 0for X € 'H, the formula (4.1) yields:

AxJN = (Vx JN)™
— (JVxN)"" = JX =0,
and

AyY = (VyY)™
= ¢(VxY, JN)JN = g(X, JY)JN,
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for all X,Y € 'H. Thus, the identities reduce
to
g(R'(X,JN)JN,X) =0
and
g(R' (X, Y)Y, X) = g(R([ .X, [ .Y)[ .Y, [ 1.X)
—3|g(X,JY)JN|:
for all X, Y € H. Choosing an orthogonal J-
basis e9, Jeg, - -+ ,e,, Je, for H and ey = N
(so Je; = JN is tangent to the fibers of the

submersion | ||;). A direct computation using
the formulas established above yields

Corollary 4.2. The scalar curvature rr

of the metric ¢ on the indicatriz I and
the scalar curvature r; of g on CP" ! are
related by the formula

r; =1+ 4n(n —1).
Consequently, the assertions (6) and (7) of
Theorem 3.3 are equivalent.
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