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Abstract

Randers metrics form a rich class of Finsler metrics. In the paper
we find a sufficient and necessary condition that characterizes Randers
metrics of scalar flag curvature. We also discuss Randers metrics of weakly
isotropic flag curvature.

1 Introduction

The flag curvature in Finsler geometry is a natural extension of the sectional
curvature in Riemannian geometry. The flag curvature on a Finsler manifold
(M, F) is a function K = K(P,y), where P C T, M is a two-dimensional plane
and y € P\ {0}. F is said to be of scalar flag curvature if K = o(x,y) is
independent of P containing y € T, M. It is said to be of weakly isotropic flag
curvature if K = 30/F + o(x), where 0 is a 1-form on M, and it is said to be of
isotropic if K = o(x) (= constant in dimension n > 3 by the Schur lemma).

It is well-known that a Riemannian metric is of scalar flag curvature if and
only if it is of isotropic sectional curvature ( = constant in dimension n > 3 by
the Schur lemma). By Beltrami Theorem, a Riemannian metric is of constant
sectional curvature if and only if it is locally projectively flat. Every locally
projectively flat Finsler metric is of scalar flag curvature. There are Finsler
metrics of scalar flag curvature, but not locally projectively flat, nor of weakly
isotropic flag curvature [4]. There are Finsler metrics of weakly isotropic flag
curvature, but not locally projectively flat, nor of isotropic flag curvature (see
Example 1.1 below). Many known examples are of Randers type.

A Randers metric on a manifold M is a Finsler metric in the form F' = a+ [,
where o = \/a;;(z)y’y/ is a Riemannian metric and 3 = b;(z)y" is a 1-form on
M with b := ||Bz]|la < 1 everywhere. Many known Finsler metrics of constant
flag curvature are Randers metrics [17]. The problem to classify Randers metrics
of constant flag curvature was first studied by Yasuda—Shimada [19] and Mat-
sumoto [10]. In 2002, Bao-Robles [1] found a system of PDEs that characterize
Randers metrics of constant flag curvature. The same result was simultaneously
obtained by Matsumoto-Shimada [11] by a different method. Recently, using
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the results in [1], and motivated by Zermelo’s navigation idea [17], Bao-Robles-
Shen [3] have classified Randers metrics of constant flag curvature. However,
one can not use the navigation idea to find a sufficient and necessary condition
for a Randers metric to be of scalar curvature. In this paper, we take a different
approach and give an affirmative answer to this problem.

Before we state our main theorems, let us introduce some notations. Let
F = a + 3 be a Randers metric on an n-dimensional manifold, where o« =
Vaij(z)y'yl is a Riemannian metric and 3 = b;(z)y’ is a 1-form on M. Let
V3 = b;;y'dx? denote the covariant derivative of § with respect to a. Let

1 1 -
rij = (g +bja), sy = gy = bjn)s s = sy,
qij = Tims“}, tij = sims“}, tj = blt”
Here and thereafter, we use a;; to raise and lower the indices of tensors defined
by b; and b;;. We shall also denote y; := a;;y’. The index “0” means the

contraction with y?. For example, tzo := tklyl and tgg := tklykyl, and etc. We
prove the following

Theorem 1.1 Let F' = a+ [ be a Randers metric on an n-dimensional mani-
fold M. F is of scalar flag curvature, K = o(x,y), if and only if the Riemann
curvature R',, of a and the covariant derivatives of 3 satisfy the following equa-
tions

R, = n{a25,i — ykyl} + a2tik + t005,iC — troy' — tioyk - 3si05k0, (1)

1 m m
n— 1{aiks j|1n_ajkS 1|m} (2)

Sijlk

where k = K(x) is a scalar function on M.

There are non-Riemannian quantities, the S-curvature S ([14]) and the H-
curvature, H ([12]). For a Finsler metric F = F(z,y) on an n-dimensional
manifold, the S-curvature is isotropic S = (n+1)c(x)F, then H = £(n?—1)0/F,
where 0 = cym(z)y™. It is shown that for a Finsler metric F' of scalar flag
curvature, it is of weakly isotropic flag curvature K = 30/F + o(z) if and
only if H = 1(n? — 1)0/F ([12]). In particular, if a Finsler metric F of scalar
flag curvature has isotropic S-curvature, then it must be of weakly isotropic flag
curvature [7]. Therefore it is necessary to study and characterize Finsler metrics
of weakly isotropic flag curvature.

Theorem 1.2 Let F' = a+ 3 be a Randers metric on an n-dimensional mani-
fold M. F is of weakly isotropic flag curvature

K:F_Faa (3)



where 0 = \i(x)y" is a 1-form and o = o(x) is a scalar function on M if and
only if the Riemann curvature R*; of o and the covariant derivatives of B satisfy
the following equations

Ry = Fv{az&i - ykyi}
+a?t') + toobs — troy' — tioyk - 35i05k0a (4)
Sijlk = aik{(a+c2)bj + 2cs;j + t; +2ij}
—ajk{(a + )b + 2cs; + i + 2cx1} (5)
rij = —bis; —bjs; + 2¢(ai; — bibj), (6)

where ¢ = ¢(x) is a scalar function on M and
k=0—2c+ (04 A)b* + t,,b™ + 2cmb™. (7)
In this case 0 = cymy™.

Theorem 1.2 in the case when 6§ = 0 and ¢ = 0 is obtained in [1].

Note that (4) is same as (1) and (5) implies (2).

The local metric structure of Randers metrics of scalar flag curvature with
isotropic S-curvature has been determined using the navigation idea [6]. It
is known that (6) is equivalent to that the S-curvature is isotropic ([5]). By
Theorem 1.2, Randers metrics of weakly isotropic flag curvature must have
isotropic S-curvature. Thus the local metric structure of Randers metrics of
weakly isotropic flag curvature can be completely determined. Below is a special
example.

Example 1.1 ([16]) Let a € R™ be a non-zero constant vector. Define F' =
a + 3 on an open ball B*(1/4/]al) in R™ by

VU= [T + (aa y) — 2{a, 2) (&, 3))°
1= [aPa]®

=¥, y) — 2{a, 7){x, )
1— [af?[x]*

F:.: =

F is of weakly isotropic flag curvature. More precisely, the flag curvature is
given by K = 30/F + o, where 0 = (a,y) and o = 3(a, z)? — 2|a|?|z|?. See more
examples in [6].

The remaining problem is to classify Randers metrics of scalar flag curvature.

2 Preliminaries

A spray on a manifold M is a vector field on T'M which is locally expressed in
the following form

0 e 0

Y o oy’



where G* = G*(z, y) are local functions with the positive homogeneity: G*(z, \y) =
A2Gi(z,y), VA > 0. Every Finsler metric F' induces a spray by

il

G (,y) = L{ [Py = [F)s .
9

on a manifold M determines a local basis

Every spray G = 3’ ,921‘ -2G" Y

{%, %}, for T(TM\{0}), where % = 621‘ — ac; aiyj. The Riemann curvature
R =R, 52 ®da* of G is defined by
oG" PG ; PG lexxilel

R, =2— — - + - - =5
b ok Y i oy Oyioyk Oyl Oyk
The Ricci curvature is the trace of the Riemann curvature,

Ric:= R™ .

Let

A'y =R', - RS, R:=-—"".

Then the Weyl curvature W = W, aii ® dx* of G is defined by

) ) 1 0A™ .
Wh =AY, — —— kgt
k Fon 1 oym 4
A spray G =y - —2G" B‘Zi is projectively equivalent to G = y' 22; —2G" B‘Zi
if their spray coeflicients are related by
G' =G+ Py

An important fact is that the Weyl curvature W = W¢, aii ® da* of G is equal

to the Weyl curvature W= Wik aii ® dz* of G. Thus the Weyl curvature is a
projective invariant. See [15] for more details.

Let F' = F(x,y) be a Finsler metric on an n-dimensional manifold M and

G =1y 621‘ - 2G¢ 621‘ the induced spray. For a tanglent plane II C T, M and a

vector y € I1, the flag curvature K = K(II, y) is defined by

gi; R\ pyFu?

KL, y) := — . ,
ILy) = i T lgedul] — Gy

where u € II such that II = span{y, u}. It is easy to verify that K = o(z,y) if
R, = o(z, y){F25,§ - FFyky} (8)

Moreover, (8) is equivalent to that W = 0 [9] [18].



Denote the Hausdorff-Busemann volume form of F' by
dVp = op(z)dx' - --dz",

where Vol(B"(1))
fo) n
op(x) = - .
Vol ()| F(, y) < 1}
The S-curvature of F' is given by

oG™ 0
S=——-y"—1 .
aygm 7 ggm N OF
A Finsler metric is of isotropic S-curvature if
S = (n+1)cF,

where ¢ = ¢(z) is a scalar function. We have the following

Lemma 2.1 ([5]) For a Randers metric F = a+ 8 on an n-dimensional man-
ifold, the S-curvature is isotropic, S = (n + 1)cF if and only if roo + 2508 =
2c(a? — 3?).

For Finsler metrics of scalar flag curvature and isotropic S-curvature, we
have following

Theorem 2.2 ([7]) Let F' be a Finsler metric on an n-dimensional manifold.
Suppose that F is of scalar flag curvature with isotropic S-curvature S = (n +
1)cF for some scalar function ¢ = c¢(x). Then the flag curvature takes the
following form:

3cgmy™

F

K= + o,

where o = o(x) is a scalar function.

3 A Formula for the Weyl Curvature

For a Randers metric F' = « + 3, in order to find equations on o« and [ that
characterize Randers metrics of scalar flag curvature, we shall first compute the
Weyl curvature.

Lemma 3.1 For a Randers metric F = a+ (3,

Wi = Wi+ 2a5i0|k - asiklo - oflsiomyk + 3si05k0 + tioyk — ot
1 .
— 1 {2asné|m — 2t — ont“Zn}(S}c
1 _ .
+n — {a 15“8|myk + s’y — 2tk — tmmyk}yl,

where W, denote the Weyl curvature of o.



Proof: The spray coefficients G* of F are given by
G =G4 Py + Q)

where G denote the spray coefficients of o and

To0 — 280 i i
P .= —oF Q" = as'y.
Let 5 5
G =y — —2G"—
L oy’
where _ N _
G'=G"+ Q"

Clearly, G and G are projectively equivalent. Thus they have the same Weyl
curvature. _ o

W’Lk = W’Lk.
We can compute W¥, using G. First we have

R, =R, +H,, R=R+H, (9)
where R := ﬁé“}n, R:= ﬁR“}n, and
Hy: = 2Q°, — Q' |y +207Q" 1 — Q' Q7 .,
Hm
H: = m
n—1

By (9), we get o _ .
Ay =R, —R6, =A" +H"), —H¢,,.

Then _

1 0Ap

iZWi o
n—l—laymy BT

Wh =W = A% —

where W' i denote the Weyl curvature of a and

o, = (Hik - H&,@) - %Hayim(ﬂ“; - H&,T)yi.
By a direct computation we get
Qi|k = a5i0|k’
Qi|j.kyj = Oflsiomyk + asikm,
QQ" jx = sosko+1 Uk,
Qz‘.ij.k _ _SiOSkO + tioyk + a2tik.



Then we obtain

i i i —1 i i i 2,i
Hk—2a50|k—ask|0—a soloyk+3sosk0+t0yk—a t').

0|m

1
H = —{2asm — 2tg0 — a2t”}n}.
n—1

Finally, we get

0, = 2a5i0|k - asiklo - oflsiomyk +3s%gsk0 + toyr — oty
1 .
+n 1 {ails”élmyk + s’y = 2teo — U, Yk }yl
This proves the lemma. Q.E.D.

4 Proof of Theorem 1.1

We know that a Finsler metric is of scalar flag curvature if and only if the Weyl
curvature vanishes. Using the Weyl curvature, we can characterize Randers
metrics of scalar flag curvature.

Proof of Theorem 1.1: First we need the following fact:
A+aB+a 'C =0,
where A, B and C' are polynomials in y, if and only if
A=0, o’B+C=0.

Assume that F is of scalar flag curvature, then W¢ = 0. By Lemma 4.1, we
obtain the following two equations:

. . . . 1 .
Wlk + 3SlOSk0 + tloyk _ aQtlk + m{2t00 + Oz2tnfn}5,l€

1 .
1 {tho + " Yk }yl =0. (10)

n —

i i i 1 m i
2a2s ok — a?s ko — S oYk — m{2a2s O|m}5k
1 m 2.m 7
+m{5 OlmYk + s k|m}y =0, (11)
Let Wi := Wn;aim. Rewrite (10) as follows

Wik = —3si08k0 — tioyk + ’tiy
2
——{tooaik - tkoy’i} -
n—1

m

t
- —ml {a2aik - ykyl}. (12)




Then
_ — n+1
Wik — Wi = —{tkoyi - tioyk}-
n—1

On the other hand, letting Ric = Ric;;y'y’, we have

%kzylyi-

Tt i 1 — i
w E = R k lecpqypyq(Sk + n—1

Thus

=2 = 1 = =
Wik = Rix, — leCpqypyqaik + Ricyiy'vi.

n—1
Using the fact that R;, = Ry, we get from (15) that

T T L ey LX)

Wik — Wi = H{Rlckly yi — Ricyy yk}-
Comparing (16) with (13), we obtain

{mklyl — (TL + 1)tk0}yi = {muyl — (TL + 1)ti0}yk-

There is a scalar function A = A(z) suc that
Plugging (17) into (15) we obtain

n+1
n—1

Wi, = R —

{tooaik — tkoyi} — )\{0426% - ykyi}'

By (12) and (18), we get

Rix = —3siosko + (®tix — tioyr) + (too@ir — tkoyi)
1
(A= =gt ) {o" o -}

Letting x := A —t™ /(n — 1), we obtain (1).
Contracting (11) with y; := a;;47 yields

1 2
Skojo — n— 1{5778|myk - Snlﬁéhna } =0.

Rewrite (20) as
T 1 m k) mi 2
Soj0 = m{s ojmY — 35 |m% }

Plugging (21) into (11) we get

. . 1 . . .
28" — S" ko m{smllmyk = 25700k + S%Imyl} =0

(16)



Differentiating (22) with respect to 3’ yields

Rewriting (23) as

1
2Sij|k — Sik|lj = —n 1 {S i|majk 2s j|ma1k +s k|malj}'

Then
1

-1
From the above two equations we get (2).

Conversely, we assume that (1) and (2) hold. It suffices to prove (10) and
(11) hold.

By (1), we get (17) with A := k + ¢, /(n — 1). Plugging (1) and (17) into
(14), we get (10).

By (2) we have

_ m L 9.m B m )
2Sik|j = Sijlk = _n {S i|maJk 2s k|ma1J +s j|ma1k}'

i 1 moi_ o mi 2
010 n_1(50|my—s |ma),
i 1 m s omi
Sok T 7 (5 o|m5k -5 |myk)
i 1 m i omi
Sklo = m(s kmY — S |myk)
Then (11) follows from the above three identities. Q.E.D.

To find a formula for the flag curvature, we need the following

Lemma 4.1 ([2], p 220) Let F = a+ (8 be a Randers metric on a manifold
M. Then the Ricci curvature of F is given by

Ric = %—F {20[5778“7l - 2t00 — O[2tnzn}

3(7‘00 - 2500[)2 40[[(]00 - tOO[] - [T00|0 — 250|004]
Ao+ )? 2(a+p)

+n—1)f }(24)

where Ric denotes the Ricci curvature of .

5 Weak Einstein Metrics

A Finsler metric on an n-dimensional manifold is called a weak Einstein metric
if
0
Ric = (n—l){%—l—a}FQ, (25)

where 6 is a 1-form and o = o(z) are scalar functions. Clearly, if a Finsler
metric is of weakly isotropic flag curvature, then it is a weak Einstein metric.
Using (24), we can prove the following



Proposition 5.1 Let F = a + (8 be a Randers metric on a manifold M. Then
F is a weak Einstein metric satisfying (25) if and only if

Ric = (n-— 1){(0—302)a2+(a+02)62+ (30 — co) B — so[o —sg}
+2to0 + Oz2tmm, (26)
m 2 39—|— Co
S = (= D{(0+ B+ 2050+t + . 3 (27)
roo = —2s0f+ 2c(a® — 37, (28)

where ¢ = c(z) is a scalar function on M and cy := cpi(x)y’.

Proof: First we assume that the Ricci curvature of F' satisfies (25). Multiplying
both sides of (24) by 4(a + 3)? and using (25), we get

d(a+ 6)2{ﬁ + 20, — 2too — a2t“}n}
+(n = 1){3(r00 — 2500)? + 8aao0 — o) + ) (29)
—2(rooj0 — 20j0c) (o + B) — 4[360(cx + B)3 4 oo+ 5)4]} =0.
Rewriting the above equation as
Aa* 4+ Ba®? + C +a(Da? +E) =0,
where A, B,C, D, and E are polynomials in *. We have
Ao* 4+ Ba?+C=0, Do?>+E=0.
By this, we see that (29) is equivalent to the following equations:
A(a? + 52){% ~ 2oy — a2t“}n} + 1602857,
+(n — 1){3(7"80 + 4s5a®) + 4soj0” — 270105 + 8a*(goo — tof)  (30)
1203023 + 5°) — 400’ + 605" + 5) } =0
and
85{% ~ 200 — a2t“}n} +8(a” + %)
+(n = 1){ = 12r0050 = 2raoj0 + 450j03 + 8003 — 8t
~120(a? + 362) — 160(a? + 52)5} =0 (31)
Multiplying (31) by 8 and subtracting the resulting equation from (30) we obtain
4(a? — 5%{% — 2o — a%t™ + 255“5|m}
+4(n = 1)(a? — 82){35% + sopo + 2a00 — 603 — o(a® + 36}
+3(n — 1)(roo + 2s03)* = 0. (32)

10



Note that the polynomial o? — 3? is irreducible under the strong convexity
condition ||3||o < 1. Thus there is a scalar function ¢ = ¢(z) such that

700 + 2503 = 2¢(a? — ). (33)
Then (32) becomes
m - 2t00 - O[2tz + 265“8“71

+(n— 1){353 + Soj0 + 2q00 — 608 — o(0® + 352)}

+3(n — 1) (a? — 3*) = 0. (34)
Multiplying (34) by 83 and subtracting the resulting equation from (31) yield
8(a” — 52)5né|m = 2(n-— 1){6(7”00 +2500)s0 + To0j0 + 25003
+4QQ06 + 4t00[2
+[60+ 406+ 12628 (o® - 5) }. (35)

Differentiating (33), we get
Toojo + 20j03 = 4533 + 8cso8° + {200 — 4esg — 8025}(a2 — 6. (36)

By (33), we get
qoo = —Sg — 20506 — toﬂ. (37)
By (33),(36) and (37), we can simplify (35) to (27). Plugging (27) and (37) back
into (34) gives (26).
Conversely, if (26), (27) and (28) are satisfied, then (36) and (37) hold.
Plugging them into (24), we get (25). Q.E.D.

6 Proof of Theorem 1.2

Proof of Theorem 1.2: Suppose that F' has weakly isotropic flag curvature sat-
isfying (3), K = 30/F + 0. We are going to prove that (4)-(6) hold.

By Theorem 1.1, (1) and (2) hold. (4) is just (1). F is a weak Einstein
metric satisfying (25). By Propisition 5.1, (26)-(28) hold. (6) is just (28).

Now we are going to prove (5). Plugging (27) into (2), we obtain

3)\j2—|—cj}
3\ + ¢
)

Sijlk = Qik{(O’ + 02)bj —+ 2CSj + tj +

—ajg {(a + )by +2cs; + 1+ (38)

Observe that

— m M
Silj = b";8mi + 078 my;

3N+ ¢
= qﬂ_tjz+bj{(g+c2)b1+2051+t1+ ;C } —aij5,

11



where N -
§:= (0 + A +t,,b™ + &

2
Thus
30 +
50|0:qoo—t00—|—{(a—|—02)5—|—2050—|—t0—|— 5 00}6—5042.
By (37), we obtain
30 +
soj0 + S5 = —too + (0 + ) 3% + 7005 — 6. (39)

2
Plugging it into (26), we get

Ric= (n — 1){(0 —3c® +0)a” + g(@ - co)} + (n 4 too + t™,a. (40)

On the other hand, by (1),
Ric = (n — 1)ka® + (n + D)tgo + t™, a2, (41)
It follows from (40) and (41) that
3
(k — 0 +3c* —8)a? = 5(9 —¢o)p.
We must have

0= Co (42)

and
k=0—3c2+94. (43)

By (42), we obtain (5) from (38) and we obtain (7) from (43).
Conversely, assume that (4)-(6) hold. By Theorem 1.1, (4) and (5) imply
that F' is of scalar flag curvature. By (4),

Ric = (n + D)ra® + (n + )tgo + t™ o> (44)
By (5), we have
8"0pm = (n = 1){(U+c2)6+2050+t0+200}. (45)
By the same argument as above we have
Sojo + sg = —too + (0 + ¢*)B% + 2cof — 602,

where § is given by (7). The only difference is that (36 +co)/2 in (39) is replaced
by 2¢g since § = ¢g. We can express Ric in (44) as

Ric = (n — 1){(0 —3c*)a? + (o 4 )% + 2083 — soj0 — sg} + 2tgo + t™ o2

By Proposition 5.1, F' is a weak Einstein metric satisfying (25) with 6 = .

Thus
1 Ric  3co

n—1F2 F

Q.E.D.

12
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