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1 Introduction

A Finsler metric on a manifold is a family of Minkowski norms on tangent spaces.
There are several notions of curvatures in Finsler geometry. The flag curvature
K is an analogue of the sectional curvature in Riemannian geometry. The
distortion 7 is a basic invariant which characterizes Riemannian metrics among
Finsler metrics, namely, 7 = 0 if and only if the Finsler metric is Riemannian.
The vertical derivative of 7 on tangent spaces gives rise to the mean Cartan
torsion I. The horizontal derivative of 7 along geodesics is the so-called S-
curvature S. The vertical Hessian of %S on tangent spaces is called the E-
curvature. Thus if the S-curvature is isotropic, so is the E-curvature. The
horizontal derivative of I along geodesics is called the mean Landsberg curvature
J. Thus J/I is regarded as the relative growth rate of the mean Cartan torsion
along geodesics. We see how these quantities are generated from the distortion.
Except for the flag curvature K, the above quantities are all non-Riemannian,
namely, they vanish when F' is Riemannian. See Section 2 for a brief discussion
and [8] for a detailed discussion. In this paper, we will study a special class of
Finsler metrics — Randers metrics with special curvature properties.

Randers metrics are among the simplest Finsler metrics, which arise from
many areas in mathematics, physics and biology [1]. They are expressed in the
form F = a+j, where a = \/a;;(z)y’y’ is a Riemannian metric and 8 = b;(z)y’
is a 1-form with [|8||, := supyeq,p B(¥)/a(y) < 1 for any point p. Randers
metrics were first studied by physicist, G. Randers, in 1941 [7] from the standard
point of general relativity [1]. Since then, many Finslerian geometers have made
efforts in investigation on the geometric properties of Randers metrics.

The shortest time problem on a Riemannian manifold also gives rise to a
Randers metric. Given an object which can freely move over a Riemannian
manifold (M, ), the object is pushed by a constant internal force u with a(u) =
1. We may assume that the object moves at a constant speed, due to friction.
In this case, any path of shortest time is a shortest path of «. If there is an
external force field x acting on the object with a(x) < 1, then any path of
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shortest time is a shortest path of the following Randers metric

VEY)ZL +taly)’l-a®)?) (x¥)a
1—a(x)? 1-a(x)?’

F = yeT,M. (1)

where (, ), denotes the inner product on T,M associated with a such that
a(y) = /{¥,¥)a- An interesting fact is that the Busemann-Hausdorff volume
form of F' is still equal to that of @. By choosing appropriate a and x, one
obtains a Randers metric defined in (1) with many special curvature properties.
See [10] [11] [3] for more details.

On the unit ball B"” in R", taking x, = F(z%) at p = (2°) € B" in (1), we
obtain the well-known Funk metrics on B",

o VB = (RPRP = oy)) , (o)
1= IxP? = Ixf

y € TxR", (2)

The Funk metrics have many special curvature properties: (i) S = ﬂ:%(n +1)F,
(ii) E=+{(n+1)F'h and (iii) J + 1 F I = 0 and (iv) K = —1/4. Note that
(ii) follows from (i). The geometric meaning of S = +1(n+ 1)F is that the rate
of change of the distortion 7 along geodesics is a constant and the geometric
meaning of J + %F I =0 is that the relative rate of change of the mean Cartan
torsion I along geodesics is a constant.

Motivated by the properties of Funk metrics, we first study Randers metrics
satisfying (i), (ii) or (iii). We prove the following

Theorem 1.1 Let F = a+ [ be a Randers metric on an n-dimensional mani-
fold M.

(i) For a scalar function ¢ = c(x) on M, the following are equivalent,

(ia) S = (n+1)cF;
(ib) E = L(n+ 1)cF1h;

(i) For a scalar function ¢ = c(x) on M, the following are equivalent,

(iia) I+ cF I=0;
(b)) S = (n+ 1)cF and 8 is closed.

Assume that a Randers metric F' = « + 3 satisfies that J = 0. By Theorem
1.1 (ii), S = 0 and S is closed. In this case, it is easy to verify that 3 is a
Killing form. Then we conclude that g is parallel with respect to a. Recently,
D. Bao has shown to the author that for a Randers metric, J = 0 if and only
if it is of Landsberg type, since Randers metrics are C-reducible in the sense of
Matsumoto [4]. A long time ago, M. Matsumoto [5] proved that if a Randers
metric F' = a + § is of Landsberg type, then f§ is parallel with respect to a.
Thus Theorem 1.1(ii) is a generalization of Matsumoto’s result.



There are lots of Randers metrics with constant flag curvature satisfying
that S = 0, but £ is not closed [10][11]. There are also lots of Randers metrics
with J + ¢F I =0 for a function ¢ = ¢(z) # constant. See Example 4.2 below.

Recently, the second author has classified all locally projectively flat Randers
metrics with constant flag curvature [9]. He proves that a locally projectively flat
Randers metric with constant flag curvature K = A is either locally Minkowskian
or after a scaling, isometric to the a Finsler metric on the unit ball B" in the
following form

_ VP - (PP - & y)?) |, () (a,y)
Fa= 1—1x? i1—|x|2il+(a,x)

, yeIxR", (3)

where a € R" is a constant vector with |a| < 1. One can directly verify that Fj,
a # 0, are locally projectively flat Finsler metrics with negative constant flag
curvature. Moreover, they have the above mentioned properties of the Funk
metrics.

Based on Theorem 1.1 and the main result in [9] we classify Randers metrics
with constant flag curvature K = A and J/I = —¢(z)F'.

Theorem 1.2 Let F = a+ 8 be a Randers metric on an n-dimensional mani-
fold M satisfying J+cF I = 0 for some scalar function ¢ = ¢(x) on M. Suppose
that F has constant flag curvature K = X\. Then A = —c® < 0. F is either lo-
cally Minkowskian (A = —c*> = 0) or in the form (3) (A = —c®> = —1/4) after a
scaling.

In fact, we prove that for a Randers metric of constant flag curvature , the
mean Landsberg curvature is proportional to the mean Cartan torsion if and
only if it is locally projectively flat. Then Theorem 1.2 follows from the main
result in [9)].

Several people have made effects to find simple equivalent and sufficient
conditions for a Randers metric to be of constant flag curvature [6] [13] [14],
etc. See [3] for recent developments. However, the classification of Randers
metrics with constant flag curvature has not been completed yet.

2 Preliminaries

Let F' be a Finsler metric on a manifold M. In a standard local coordinate
system (z¢,y?) in TM, F = F(xz,y) is a function of (z¢,y’). Let

gij(x,y) = %[FQ]yiyf (z,y)

8.
ox?

and (¢g%) := (gi;)!. For a non-zero vector y = y'
inner product on T, M,

p € Tp,M, F induces an

9y(w,v) = gij(z,y)u'vd,



Jé]

where u = u'5%|,,v = vi;|, € T,M. g = {gy} is called the fundamental

metric of F'. For a non-zero vector y € T,M, define

hy(u,v) := gy (0,v) = F2(y)gy (y,w)gy(y,v), w,veT,M.

h = {hy} is called the angular metric of F'.
The geodesics of F are characterized locally by

@HG"(:E d—“’) =0,

dt? T dt
where . 5 5
Gi:_ingPk_ 9pq Py
17 { ox1 ozk } Y
The Riemann curvature is a family of endomorphisms Ry = R’ kda:k ® ai,- :
T,M — T, M, defined by
- 0G! . 0GH . 0G! 0G 0G7
R :=2— —y/— 2G7 — —- 4
k ok Y OxI Oy + Oyidy*  OyJ Oy* “)

F is said to be of constant flag curvature K = A, if

9y (Ry(u), v) = AF(y)?hy(u,v),

or equivalently,
Ry = M P26, - FFuy'}.

There are many interesting non-Riemannian quantities in Finsler geometry
[8]. Let dVy = o(x)dz' - --dz" denote the volume form of F, where

o(z) : VO](B (1))

 Vol{(y) € R" | F(yighele) <1}

For a non-zero vector y € T, M, the distortion 7(y) is defined by

det(gi; (=, y))] _

7(y) :=In [ (@)

The distortion characterizes Riemannian metrics among Finsler metrics, namely,
F is Riemannian if and only if 7 = 0.

The mean Cartan torsion Iy, = I;(z,y)dz® : T,M — R is defined as the
vertical derivative of 7 on T, M,

87’_1

T ey 4gjk[F2]yfyfyk- (5)

The S-curvature S is defined as the horizontal derivative of 7 along geodesics,

S(y) == %[T(c’(t))] lio,



where ¢(t) is the geodesic with ¢(0) = p and ¢(0) =y € T,M. A direction
computation yields

S() = Gor (00) = 5 5% a). ©

For a non-zero vector y € T,M, the E-curvature Ey, = E;;(z,y)dr’ ® dz’ :

T,M x T,M — R is defined as the vertical Hessian of £S on T, M,
1 1 a3gm
Ei' = _Syz’yj = ——

2 2 Qy™ Oy Oy’
F is said to be weakly Berwaldian if E = 0.

For a non-zero vector y € T,M, the mean Landsberg curvature J, =
Ji(z,y)dz® : T,M — R is defined as the horizontal derivative of I along geodes-
ics,

(z,y). (7)

. 0I; 0G7 O, 1 - 0°G!
A Btu N S jZ7r jk__~ &2
Ji=y OxJ L Oyt 26 Oy’ QFFylg Oyidyi oyk”

F is said to be weakly Landsbergian if J = 0.

(8)

The above mentioned geometric quantities are computable for Randers met-
rics. Let F' = a +  be a Randers metric on a manifold M, where

a(y) =\/ai;(@)yiy,  Bly) = bi(z)y’

with [|3]; := supyer, pr B(y)/a(y) < 1. An easy computation yields
_F Yi Yj Yi Y
g”—a(a” aa)+(a+bl)(a+b])’ )

where y; := aijyj. By an elementary argument in linear algebra, we obtain

F\ n+l
det(gjr) = (E;) det(aj;). (10)
Define b;); by

b ;67 := db; — b;6,,

ilj
where 07 := dz' and §,” := T/, dz* denote the Levi-Civita connection forms of
a. Let

1 1
rij =g (bilj + bj\,»), 8ij 7= 5 (bilj - bj\,»),
sto=alsyy,  sji= bisij, eij = 1ij +bisj +bjs;.

Then the geodesic coefficients G? are given by

G =G+ ;ngyi — soy’ + as'y, (11)
where G denote the geodesic coefficients of a, egy := eijyiyj, so = s;y° and

5% :=s'jy’. See [1].



Lemma 2.1 For a Randers metric F = a + 3, the mean Cartan torsion 1 =
Lidx' and the mean Landsberg curvature J = J;dx' are given by

1
I; = §(n + l)F_la_2{a2bi — ﬂyl} (12)
J; = i(n + l)F_2a_2{2a[(€ioa2 — yieoo) — 2B(sia® — yi80) + sio(a® + ﬂQ)]
+a2 (eioﬁ — bieoo) + ,B(eiga2 - yieoo)
—2(s;a% — yiso)(® + %) + 4si0a2ﬂ}. (13)

Proof: First plugging (10) into (5) yield (12). Now we are going to compute .J;.
Let

H! .= Q?yl — soy’ + as’ o
We can rewrite (8) as follows
Ji =y L, — LH, - 2H' I, ;, (14)
where H” , := %—Z‘T, Ii; = g;; and [;); are defined by
s~ L g = Tugde? + Toy () + 5 ).
By a direct computation, we obtain
n+1
Ii; = - 5 F 272 (yjofl + bj) (aQbi — 5%)
—~(n+1)F "oy, (%, - By:)
n +1 _
BO—F a2 (2yb; — bjyi — fays)
; e €0 ; € _
H, = 3po+5v —om (y"a t bi)y]

—s00] — siy? +yia sl + o’
where b;q = b;);y7 and bjo = b;);y'y’. Observe that
bijj = rij + sij = €ij — bisj — bjsi + sij.

We have
bijo = €io — biso — si + sio,  bojo = €00 — 2003

By these identities, we obtain

) n + 1 n+1__, _
yJIi\j = F~a 2bo\o(a bi — ﬂyz‘) + TF 'a 2(0425110 - bo\oyi)
1
= -z —2+- F2a? (600 - 2805) <Oé2bi - Byi)
n+1_.4 2 2 2
t——Fa ((a eio — eoo¥i) — o (biso + i) + 2508y; + Sio)-
Plugging them into (14) yields (13). Q.E.D.



3 Randers metrics with S = (n + 1)cF

In this section, we are going to find a sufficient and necessary condition on «
and ffor S=(n+1)c F.

Consider a Randers metric F' = a+  on a manifold M, where a = \/a;;y'y’
and 8 = by’ 'Deﬁne Tij: Sij>s';, 55 and e as above in Sectiqn 2. The geodesic
coefficients G* of F' are related to the geodesic coefficients G* of a by (11). Let

p =1l

and dp = p;dz’. According to [8], the S-curvature of F' = a + f3 is given by

S=m+1D{55 - (s0+r0)}. (15)

where egp and sg are defined in Section 2 and pg := ppy*.
We have the following

Lemma 3.1 Let F' = a+ 3 be a Randers metric on an n-dimensional manifold

M, where a = \/a;j(z)y'y) and B = bi(x)y'. For a scalar function c = c(z) on
M, the following are equivalent

(a) S=(n+1)cF;
(b) ego = 2c(a® — 3?).
Proof: From (15), we see that S = (n + 1)cF' if and only if
eij = (si + pi)bj + (55 + p;)bi + 2¢(aij + bib;) (16)
S; + pi +2¢b; = 0. (17)
On the other hand, egq = 2¢(a? — 3?) is equivalent to the following identity,
eij = 2¢(ai; — bibj). (18)

First suppose that S = (n + 1)cF. Then (16) and (17) hold. Plugging (17)
into (16) gives (18).
Conversely, suppose that (18) holds. Contracting (18) with &/ yields

rigb! + 11811%s: = 2¢(1 — [1B*)bs, (19)

where we have used the fact s;b/ = 0. Note that

by = (1 [|B1)ps. (20)

Adding (20) to (19) gives
—(L=1BI")s: = 2c(1 = 1B1")bi + (1 = [|8]1*)ps- (21)
This is equivalent to (17) since 1 — ||3]|? # 0. From (18) and (17), one immedi-
ately obtains (16). This proves the lemma. Q.E.D.



Lemma 3.2 Let F' = a+ 3 be a Randers metric on an n-dimensional manifold
M. For a scalar function ¢ = ¢(x) on M, the following are equivalent

(a) E=L1(n+1)cF 'h;
(b) ego = 2¢c(a? — (?).

Proof: Tt follows from (7) and (15) that

Eij = i("“)[eﬂ]yiw' (22)

Suppose that egg = 2¢(a? — 3?). Then

Plugging it into (22) we obtain
1 1
E;; = §(n +1)c ayiyi = E(n +1)c Fyiyi. (23)
That is, E = £(n + 1)c F~'h.
Conversely, suppose that (23) holds. It follows from (22) and (23) that

600]
e :2CFij.
[F yiyd vy

Thus at each point p € M, the following holds on T, M \ {0},

6%220F+n+7,

where n € TyM and 7 is a constant. By the homogeneity, we conclude that
7 =0. Then
eoo = 2¢F? 4 qF. (24)

Equation (24) is equivalent to the following equations,

e = 2c(a”+p%) +np (25)
0 = 4ef+n. (26)

By (26), we obtain n = —4¢S. Plugging it into (25), we obtain
eoo = 2¢(a® — 7).

This completes the proof. Q.E.D.



4 Randers metrics with J +cF1=0

As we know, the mean Landsberg curvature J can be expressed in terms of «
and . But the formula (13) is very complicated. So the equation J +cF I =0
is complicated too. In this section, we are going to find a simpler necessary and
sufficient condition for J + ¢FI = 0.

Lemma 4.1 Let F = a+ 3 be a Randers metric on a manifold M. For a scalar
function ¢ = ¢(x) on M, the following are equivalent

(a) I+ cF1=0;

(b) ego = 2¢(a® — B2) and B is closed.
Proof:. Let

fij = €55 — 20(0,2']' — b,b])
and fio := fi;y?, foo := fijy’'y?. We have
20(eioa” — yieoo) + o’ (eiof — biego) + Bleina” — yieoo) =

204(fi002 —¥ifoo) + OéQ(fioﬂ — bifoo) + 5(in0€2 — Yieoo) — 2C(bi042 - yzﬂ)FQ-
Plugging it into (13), we see that J + ¢F' I = 0 if and only if

(fioB=bifoo)a” + (fioa® —yifoo) B+4sioa’B—2(sia” —yise) (@ + %) = 0, (27)

(fio® —yifoo) + sio(a® + %) — 2(sia® — yiso) B = 0. (28)

Differentiating (28) with respect to 9/, y* and y!, we obtain

0 = fijan + fivaj + faajx — aij fr — a fji — aa fin
+5ij (akl + bkbl) + Sik (ajl + bjbl) + sil(ajk + bjbk)
—(2ar18; — aixs; — aitsk)b;

—(2a18; — aijs; — ays;)by

—(Qajksi — Sk — aiij)bl- (29)
Contracting (29) with a*! yields
nfij = Magj + sij(n+ 2+ [181*) = 2(n + )sib; + 2(bis; — bjsi) =0, (30)

where X := a* f;;. Here we have made the use of the identity bya*'s; = —s;. It
follows from (30) that

A n+1
fij = i + — (sibj + sjbi), (31)
sij(n+2+ |IBII°) = (n — 1)(sib; — s5b;). (32)

Contracting (32) with b® := b,a"" yields

SjZO.



Plugging it into (32) we obtain that

Sij = 0
and
A 33)
fzy = Eau- (
Now equation (27) simplifies to
)\(biOé2 - y,ﬂ) =0. (34)
Taking y; = b; in (34) we obtain
A(IBI% = 1)b; = 0. (35)

Assume that 8 Z 0. It follows from (35) that A = 0. From (33), we conclude
that fij =0.

Conversely, we suppose that egg = 2c(a? — 42). Then
eio = 2¢(y; — bif), ego = 2¢(a® — 7).
We obtain

eina® —yieqo = —2c(bia? —y;B)B, (36)
el —biegg = —2c(bia® —y; ). (37)

Plugging (36) and (37) into (13) yields
Ji = %(n + 1)04‘2{ - c[(bioz2 —4:B) + (sia® — yiso)] + sioa}. (38)
Further, suppose that § is closed, hence s;; = 0. From (12) and (38), we obtain
Ji = —%(n + l)ccfQ{bioz2 — y,ﬂ} = —cF I,.
This proves the lemma. Q.E.D.
There are lots of Randers metrics satisfying
E:%(n+1)cF_1h, J+cFI=0.

Besides the Randers metrics in (3) with ¢ = :t%, we have the following example
with ¢ = ¢(z) # constant.

Example 4.2 For an arbitrary number € with 0 < € < 1, define

V= DGt P T @ A+ 1)
1+ e(z? +y2)
V1= ée*(zu+ yv)
1+e(z?2 +92)

10



We have

332 _|_y2
1Blle = V1= ey —2TY <1,

e+ z? +y?
Thus F := a+ 3 is a Randers metric on R2. By a direct computation, we obtain
J+cFI=0,

where
V1—¢€2
20e+ 22 +y?)

Moreover, the Gauss curvature of F' is given by

_3V1—€*(zu+yv) n 7(1—€) N 2¢

(e + 72 + y2)2F dle+ 32 +92)2 e+ a2 +y?

CcC =

K=

Thus F' does not have constant Gauss curvature.

5 Proof of Theorem 1.2

By assumption that J + ¢FI = 0 and Lemma 4.1, we know that
eij = 2c(ai; — bibj), sij = 0.
Plugging them into (11) yields
G' =G+ c(a— By (39)

Thus F' = «a + [ is pointwise projectively equivalent to a and the Douglas
curvature vanishes [2] (see also Example 13.2.1 in [8]). By assumption K = A,
the Weyl curvature (the Berwald-Weyl curvature in dimension two) vanishes
[12] (see also Chapter 13 in [8]). Therefore, F' is locally projectively flat. Then
Theorem 1.2 follows from Theorem 1.1 in [9].

For reader’s convenience, we sketch a direct proof below under the assump-
tion that

€ij = 20(aij — bibj), Sij = 0, Rzk = )\FQ{(S;c — %kyz}

First, plugging (39) into (4) and using
bi\jyiyj = ego = 2c(a® — ?), (40)

we obtain ‘ N ' ‘
R\ =R',+Z 6, + 1y, (41)

where
= =3c%a® - 2%ap — 5% — cjo(a — ).

11



Then
Rik = Rik—Eéi—Tkyi = ()\—302)042+2()\+02)a5+(/\+02)ﬂ2+c|0(a—ﬂ)] 6z+%kyi.
This implies that

A =3c2)a? +2A+2)aB+ A+ 2)B% + cjo(a— )
o2

=,

where p = p(x) is a scalar function on M and it must be a constant when
n = dim M > 2. The above equation is equivalent to the following two equations

200+ c*)B+co=0 (42)
(A =3¢ —p)a® + (A +¢*)B* — ;o8 = 0. (43)
From (42) we obtain that ¢jo = —2(X + ¢*) 4. Plugging it into (43) yields
(A=3c® —p)a® +3(A+*)B* = 0.

It follows that
A=3"—pn=0, A+c2=0.

Thus c is a constant, A = —c? and p = —4¢?, i.e.,

_. , ok .
R’k:—402a2{6}6— Oy;y’}.

We will follow [9] closely. First, we suppose that ¢ = 0. It follows from (39)
that G' = G(z,y) are quadratic in y € R" for any #. Hence F is a Berwald
metric. Moreover,

R, = RY,.
On the other hand, 1 = —4¢? = 0 implies that « is flat, B!, = 0. Thus F = a+3
is flat. We conclude that F' is locally Minkowskian.

Now suppose that ¢ # 0. After an appropriate scaling, we may assume that
¢ = %1/2. We can express «a in the following Klein form

o= VIVP = (PP - (x¥)?)
1 —[x[? '

Since [ is closed, we can express it in the following form

s 2o, y=0) e TB"

It follows from (40) that
by)j = £ (aij — bibj). (44)
The Christoffel symbols of a are given by

k§i o g
. z"d; + 2! oy,

Jjk — 1—|x|2 :

12



The covariant derivatives of 5 with respect to a are given by

and

1 (0 ia_w_xjaw)_awi

= biby = ———— (8, — 21 2L . A
B AR A gy T 0w " 0xi)  9xioxi

Plugging them into (44) yields

Po |, 0p 0p _

o - - = 45
Ozx*0xi ~ Ozt OxJ (4)
Let f = exp(p). Then (45) simplifies to
0% f
of 46
oz 0xI (46)
Thus f is a linear function
f=k(l+(a,x)), k>0.
We obtain that
p=Ink+In(1+ (a,x)).
Finally, we find the most general solution for 3,
=4+ + T.B". 4
=t * 1o Y€ (47)
Q.E.D.
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