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Abstract

In this paper, we study a class of Finsler metrics defined by a Rieman-
nian metric and a 1-form. We characterize these metrics with isotropic
S-curvature.

1 Introduction

The S-curvature is one of the most important non-Riemannian quantities in
Finsler geometry which was first introduced by the second author when he stud-
ied volume comparison in Riemann-Finsler geometry [10]. The second author
proved that the Bishop-Gromov volume comparison holds for Finsler manifolds
with vanishing S-curvature. He also proved that the S-curvature and the Ricci
curvature determine the local behavior of the Busemann-Hausdorff measure of
small metric balls around a point [16]. Recent study shows that the S-curvature
plays a very important role in Finsler geometry (cf. [8][12][15]). It is known
that, for a Finsler metric F of scalar flag curvature, if the S-curvature is almost
isotropic, i.e.,

S=(n+1)cF +n, (1)

where ¢ = c¢(z) is a scalar function and 7 is a closed 1-form, then the flag
curvature must be in the following form

_ 3Cymy™

F

K + o, (2)
where 0 = o(x) and ¢ = ¢(z) are scalar functions with ¢ — ¢ = constant [4].
Therefore it is an important problem to study and characterize Finsler metrics
of (almost) isotropic S-curvature.

In Finsler geometry, there is an important class of Finsler metrics—Randers
metrics which were introduced and studied by G. Randers. A Randers metric

*Supported by the National Natural Science Foundation of China(10671214) and by Nat-
ural Science Foundation Project of CQ CSTC

tSupported by the National Natural Science Foundation of China(10671214) and by a NSF
grant on IR/D



is a Finsler metric expressed in the form F' = a + 3, where o = \/a;;()y'y? is
a Riemannian metric and 3 = b;(z)y’ is a 1-form with ||3;]|o < 1. Let

1 1
Tij = §(bi|j +bj1),  sij = §(bi|j —bjji),

Ty = biTij, S5 1= biSij,
where b;); denote the covariant derivatives of § with respect to a.. In [5], we prove
that the Randers metric F' = a+ 3 has isotropic S-curvature, S = (n+1)c(z)F,
if and only if
Tij + biSj + bjSl' = 20(&@' - blbj) (3)
See [1] [17] for related work. In this paper, we generalize the above result as
follows.

Theorem 1.1 Let
F=kiva?+ k3 + ksp

be a Finsler metric of Randers type where k1 > 0 and k3 # 0. F is of isotropic
S-curvature, F' = (n+ 1)cF if and only if B satisfies

2c(1 + kob?)k2
Tij + T(Sibj + Sjbl) = —C( +k 2 ) L (aij — Tbibj), (4)
3
where 12
3
T 1= k_% — k2.

If a Randers metric is of scalar flag curvature, then (1) and (2) are actually
equivalent ([7], [18]). In particular, if a Randers metric is of constant flag
curvature, then it must be of constant S-curvature ([1], [2]). We have classified
Randers metrics of scalar flag curvature and isotropic S-curvature ([4], [7]).
Further, we have characterized the locally projectively flat Finsler metrics with
isotropic S-curvature ([6]).

It is natural to consider general Finsler metrics defined by a Riemannian
metric a = y/a;;4'y/ and a l-form B = byy' with ||Bs]la < b,. They are
expressed in the form F' = a¢(s), s = 8/a, where ¢(s) is a C*° positive function
on (—bo, bo). It is known that F' = a¢p(8/«) is a (positive definite) Finsler metric
for any o and 3 with || Gz||a < b, if and only if ¢ satisfies the following condition
(cf. [13][14)):

$(s) = s¢'(s) + (p* = 57)¢"(s) > 0, (s < p < bo). (5)

Such a metric is called an (a, 3)-metric. Clearly, Finsler metrics of Randers
type are special («, 3)-metrics.
For a positive C* function ¢ = ¢(s) on (—b,, b,) and a number b € [0, b,),
let
D= —(Q —sQ){nA +1+5Q} — (1 — )1 +5Q)Q",

where A := 1+ sQ + (b —s?)Q" and Q := ¢'/(¢ — 5¢'). In this paper, we prove
the following



Theorem 1.2 Let F = a¢(s),s = B/a, be an («, §)-metric on a manifold and
b :=||Be|la- Suppose that ¢ # k114 kas? + kss for any constants k1 > 0, ko
and ks. Then F is of isotropic S-curvature, S = (n + 1)cF, if and only if one

of the following holds
(i) B satisfies

Ty + S5 = 0 (6)
and ¢ = ¢(s) satisfies
d = 0. (7)
In this case, S = 0.
(ii) B satisfies
= {b2 --—b-b} =0
Tij = € Qi 05 (> s; = U, (8)
where € = €(x) is a scalar function, and ¢ = ¢(s) satisfies
A2
®=-2(n+1)k ¢ (9)

b2_52’

where k is a constant. In this case, S = (n + 1)cF with ¢ = ke.

(iii) B satisfies
Tijg = 0, S5 = 0. (10)

In this case, S = 0, regardless of the choice of a particular ¢.

It is easy to see that (10) implies (8), while (8) implies (6). The condition
(6) is equivalent to that b := ||Gz]la = constant. See Lemma 3.2 below. Thus
(7) and (9) are independent of z € M.

The mean Landsberg curvature J is another important non-Riemannian
quantity. It has been proved that for an (o, 8)-metric F = a¢(B/a), if
has constant length and ¢ satisfies (7), then F' is a weakly Landsberg metric,
ie,, J=0. See [9].

We have the following two interesting examples.

Example 1.1 Let F = a+/ be the family of Randers metrics on S® constructed
in [3] (see also [16]). It is shown that r;; = 0 and s; = 0. Thus for any C*>
positive function ¢ = ¢(s) satistying (5), the («, 8)-metric F' = a¢(3/a) has
vanishing S-curvature.

Example 1.2 Let F = a¢(8/«a) be an («, §)-metric defined on an open subset

in R3. At a point x = (7,9, 2) € R3 and in the direction y = (u, v, w) € Tyx R3,
a=a(x,y) and § = B(x,y) are given by

a = Ju+ e (v? +w?),
8 = u.

Then [ satisfies (8) with e = 1, b =1 . Thus if ¢ = ¢(s) satisfies (9) for some
constant k, then F' = a¢(f/a) is of constant S-curvature S = (n + 1)cF.



2 Volume forms

The S-curvature is associated with a volume form. There are two important
volume forms in Finsler geometry. One is the Busemann-Hausdorff volume
form and the other is the Holmes-Thompson volume form.

The Busemann-Hausdorff volume form dVgy = opg(x)dx is given by

Wn

" Vol{(y') € R*|F (w,y' 2%

O'BH(:E)

) <1}

and the Holmes-Thompson volume form dVyr = ogr(x)dz is given by

ogr(x) = det(gi;)dy.

-,
Wn {(yi)ER"|F(ac,yi 2 )<1}

dzt

Here Vol denotes the Euclidean volume and

1 1 T
wy, := Vol(B"(1)) = EVol(S"*) = EVol(S"*Z’)/O sin”~2(t)dt

denotes the Euclidean volume of the unit ball in R". When F = /g;;(z)y’y’ is
a Riemannian metric, both volume forms are reduced to the same Riemannian
volume form

dVeua = dVur = 1/det(g;;(z))dx.

For an («, 8)-metric, we have the following formulas for the volume forms
dVBH and dVHT

Proposition 2.1 Let F = a¢(s), s = 8/a, be an (a, B)-metric on an n-dimensional
manifold M. Let dV = dVgyg or dVygr. Let

fﬂ sin™ 2 tdt
0

T a3y if dV = dVpy
F) = { Joy Ao
f (sin® =2 ¢)T'(b cos t)dt .
0 if dV =dVrg,

fﬂ sin™—2 tdt
0

where T(s) := ¢(¢ — s¢' )" 2[(¢ — s¢) + (b> — s%)¢"]. Then the volume form dV
is given by
dV = f(b)dVy,
where dV,, = y/det(a;j)dz denotes the Riemannian volume form of a.
F?,:,; is given by

Proof. In a coordinate system, the determinant of g;; := %[

(cf. [14])
det(gij) = " — 5¢")" 7 [(¢ — s¢') + (b* — 5*)¢"] det(ay;).

First we take an orthonormal basis at x with respect to « so that

o= SR Bt



where b = ||B5]|o. Then the volume form dV,, = c,dz at = is given by

Oq — \/det(aij) =1.

In order to evaluate the integrals

i n i 0
Vol{(y') € R"[F(zy'55) <1} = Fla.y) dy_/qs(ﬁ/ ) "
z,y)<1 a a)<1

and

/ det (gi;)dy = / det(gi;)dy,
F(z,y)<1 ag(B/a)<1

we take the following coordinate transformation, v : (s, u®) — (y):

S — a a
yl = \/1)27_—5204, y =u, (11)

where & = \/>_""_,(u®)?. Then

b _ bs
«= b2_52a, p= b2 S2O['
Thus bo(s)
S _
F=ap(B/a) = T
and the Jacobian of the transformation 1 : (s,u®) — (y') is given by
b2 _
(b2 — S2)3/20"
Then
. b2
Vol{(y') € R"|F(z,y) <1} = / o G EaOdsd
T a<l
b 2
b _
= /J) (b2 — s2)3/2 [/MW adu]ds
1 b b2 /02 — 2\ n
= —VOl(Sn72)/ 5 5 2( 5 ) ds
n L =\ bg(s)
1 b (b2 _ S2)(714,)/2
= —Vol(8"? ~ - __d
Vs [ s
1\/01(8"72) /7T 78111"7% dt (s =bcost)
= - s = .
n o ¢(bcost)
Therefore

™ ian—2
sin" ™ tdt
OBH — j;?'smﬁ (12)
fO ¢(bcost)™ ¢



Let
T(s) = ¢ — s¢')"*[(& — s¢') + (b* — 5)¢""]. (13)
Then

By a similar argument, we get

1

OHT = — ¢(s)"T(s)dy" - - dy"
Wn JF(z,y)<1
Y SN C RPN -y A
= Vol(s )/% (b2_52)3/2( ) T(s)ds

Jo (sin" 2 )T (beost)dt
Jo sin" " tdt '

Thus

ST (sin "2 )T (bcost)dt

— 14
Jo sin" " tdt (14)

OHT =

The above formulas for o gy and o g7 are given in a special coordinate system
at  and o, = 1. Thus dV = f(b)dV,,. This proves the proposition. Q.E.D.

Note that if b = constant, then f(b) = constant. In this case, both dVgy
and dVygr are constant multiples of dV,.

It is surprised to see that dVry = dV, for certain functions ¢.

Corollary 2.2 Let F = ad(s), s = B/a, be an (a, B)-metric on an n-dimensional
manifold M. Let T = T(s) be defined in (13). Suppose that T(s) — 1 is an odd
function of s. Then dVryg = dV,,.

Proof: Let h(s) = T(s) — 1. By assumption h(—s) = —h(s). It is easy to see
that

/ (sin” "2 t)h(bcost)dt = 0.

0

Thus - .
/(sin"dt)T(bcost)dt:/ sin" 2 tdt.
0 0

This implies that oz = 1 in the above special coordinate system at x. Then
in a general coordinate system ogr = 04, Q.E.D.

If¢p=1+s, then T =1+ s and T(s) — 1 is an odd function of s. Then for
a Randers metric, dVygr = dV,. This fact is known to Y. B. Shen.



3 The S-Curvature

In this section, we are going to find a formula for the S-curvature of an («, 5)-
metric on an n-dimensional manifold M.

Let F' = F(z,y) be a Finsler metric on an n-dimensional manifold M. Let
G =y 2 —2G 621‘ denote the spray of F' and dV = odx be a volume form on
M. The spray coefficients G* are defined by

¢ = 2g [P ~ (77}

Then the S-curvature (with respect to dV') is defined by

S = gj—:—ym&cim(lna).

By the definition, S-curvature S(y) measures the average rate of changes of
(T. M, F,) in the direction y € T,M . An important property is that S = 0
for Berwald spaces with respect to the Busemann-Hausdorff volume form dVgg
[10][11].

Definition 3.1 Let F' be a Finsler metric on an n-dimensional manifold M.
Let S denote the S-curvature of F' with respect to dVppg. F is of isotropic
S-curvature if

S = (n+1)cF,

where ¢ = ¢(x) is a scalar function. F' is of constant S-curvature if ¢ = constant.

We now compute the S-curvature of an («, 8)-metric on a manifold. Let

F= a¢(s), § = 6/0
We have the following formula for the spray coefficients G* of F:
G =G+ aQsiO + @{ — 2Qasg + Too}y— + \IJ{ —2Qasg + Too}bi,
e
where G? denote the spray coefficients of o and
¢ Q—sQ

=g ° ;o ¢

Q/
= ﬂ’

where A :=1+sQ + (b? — s3)Q".
It is easy to see that if ¢ = ¢(s) satisfies

b2Q + s =0,

then

¢:Qovb2—52,



where ag is a number independent of s.
If ¢ = ¢(s) satisfies

U = constant,

(b = kl\/ 1 + k252 + kgS,

where k1, ko and k3 are numbers independent of s.

then

To compute the S-curvature, we need the following identities:

DL, ),

Y™« o
oo Ym
owym  a’

Using the above identities, we obtain

oGm0 4 @
8y—m =y pe (111 Ua) +2WU(rg+sp) — E(TOO — 2a@Qsg),
where
P:=—(Q —sQ){nA +1+sQ} — (b* — 5*)(1 +5Q)Q". (16)
By Proposition 2.1, dV = odx = f(b)oadz. Thus

v a:cim (o) = J;((:)) v ail:n v afm (o).

b D'biymy™ 1o+ so

Voer =6 T T b (a7)
Then the S-curvature is given by
_ f'(b) 1 @
S= {2\11 ~bf0) }(TO +50) — @ SA? (roo — 2aQsg). (18)

Lemma 3.2 Let 3 be a 1-form on a Riemannian manifold (M, «). Then b(x) :=
|Be|la = constnt if and only if 5 satisfies the following equation:

rj+s; =0. (19)
Proof: This follows immediately from (17). Q.E.D.
In the case when b = constant, the S-curvature is given by
S= —07132(1"00 —2aQ)s). (20)
2A

We can prove the following



Proposition 3.3 Let F = a¢(S/a) be an («, B)-metric on an n-manifold. If 5
and ¢ satisfy conditions in Theorem 1.2 (i) or (i) or (iii), then F has isotropic
S-curvature.

Proof: If (3 satisfies (6) and ¢ satisfies (7), then it follows from (18) that S = 0.
If 3 satisfies (8), then

roo = e(b> — s*)a?, ro=0, s9=0.

By (9) and the above equations, we get from (18) that

[}
= — 2 _ ¢y = =
S = —ae(b s )2A2 (n+ Dkead = (n + 1)keF.

If 3 satisfies (10), then
TOOZO, T():O, so = 0.

It follows from (18) that S = 0. Q.E.D.

To prove the necessary conditions in Theorem 1.2, we consider an (a, ()-
metric F' = a¢(f/a) with isotropic S-curvature, S = (n + 1)cF. By (18), the
equation S = (n + 1)cF is equivalent to the following equation:

071%(%0 —2aQsg) —2¥(ro+ s9) = —(n+ 1)cF + 6, (21)
where 0
9::—bf(b)(7"0+50>. (22)

To simplify the equation (21), we choose special coordinates. Fix an arbi-
trary point z. Take a local coordinate system at z as in (11). We have

r1 = brii, Toa = bria,
$s1=0, Sq=Dbsta.
Let
n n n
_ (o - (e = e
T10 \= E T1aY S10 ‘= E S1alY Too ‘= E TapY yﬁ,
a=2 a=2 o,B3=2
n n
L e— (67 S e (6%
To = E oY S0 = g Sa¥ -
a=2 a=2
We have

Let 6 = t;y°. Then t; are given by
ZCT 0

D= T T

(Tla —+ Sla)- (23)



(21) is equivalent to the following two equations:

[0 sd
23 (b = 5700 = —{S(E _ zprz’)m +(n+1)cb?p — sbtl}&Q, (24)
@ @
(% - 2qu2) (r1a + 51a) = (B°Q + 5) 5510 — bta = 0. (25)
Let 5 ,
— |3 2
Y= [P — 20 } .
We see that T = 0 if and only if
sd 9 9

where p is a number independent of s. We shall divide the problem into three
cases: (1) ® =0, (ii) ® #0, T =0 and (iii) ¢ #0, T # 0.

4 &=0
In this section, we study the simplest case when & = 0.

Proposition 4.1 Let F = a¢(f/a) be an (a, §)-metric. Assume that ® = 0
but ¢ # kiv 1+ kos? for any constants k1 > 0 and ko. If F has isotropic

S-curvature, then
o+ So = 0.

In this case, S = 0.

Proof. Take a special coordinate system at = as in (11). (24) and (25) are
reduced to

f(b) 2 2,
S{bf(b) —2\11}1) r11 + (n+ 1)cb?p = 0 (26)
f(b) 2 _
{bf(b) - 2\1:}1) (F1a + $1a) = 0. (27)
Letting s = 0 in (26) yields
c=0
and 70)
{bf(b) - 2\1:}m —0. (28)
! 20
by 20
then

(b = kl\/ 1 + k252 + kgS,

10



where k1 > 0, k2 and k3 are numbers independent of s. Plugging it into the
equation ® = 0 yields that k3 = 0 and

(b: kl\/ 1 +I€252.

But this is impossible by assumption. Thus

f'(b)
—2U £ 0.
bf(b)
From (26) and (27), we conclude that
T = Oa o+ S1a = 0.
Q.E.D.
5 &40, T=0
First, note that T = 0 implies that
s®
=~ 20b* = b2y, (29)

where p is a number independent of s. First, we prove the following

Lemma 5.1 Let F = a¢(B/a) be an (o, B)-metric. Assume that ® # 0 and
Y =0. If F has isotropic S-curvature, S = (n + 1)cF, then (8 satisfies

1
rij = kaij — ebibj + 75 (ribj + 75b3), (30)

where k = k(z), e = €(x), and ¢ = ¢(s) satisfies the following ODE:

P

2y * _ h2 _
(k—es )2A2 = {I/+ (k—eb ),u}s (n+ 1)co, (31)
where v =wv(x). If so # 0, then ¢ satisfies the following additional ODE:
¢ 2 2

QY+ 5) =B+ ) (32)

where A = A(x).

Proof: Since ® # 0, it follows from (24) and (25) that in a special coordinate
system (s,y®) at a point x,

Tab = k5ab; (33)
s® 2 2 P o 2y
S(E—2\Pb )Tll—i-(n—i-l)cb ¢+kw(b — 5°) = bsty, (34)
5P P
(F - zprz‘) (r1a + 510) = (1°Q + ) 13510 — bta = 0. (35)

11



Let
11 = —(k — 6b2).

Then (30) holds. By (29), we have

s® 2 2 s®
E—Q\IJb =b AT

Then (34) and (35) become

b(k — 652)% = sty + sbu(k — b%) — (n + 1)cbg. (36)
b? (I) b? bte =
W(r1a + S1a) — P(Q + 8)s1a — bta = 0. (37)

Letting ¢; = bv in (36) we get (31).
Suppose that sy # 0. Rewrite (37) as

P
{b2,u — F(Qb2 + s)}sla = bty — b2 pur1a.
We can see that there is a number A such that
ub? — —(Qb* + 5) = —b?\.
This gives (32). Q.E.D.
Lemma 5.2 Let F = a¢(f/a) be an (a, B)-metric. Assume that T = 0. Then

b = constant.

Proof: Suppose that b # constant. Then b can be viewed as a variable over the
manifold. By assumption,

s® 9 9

where p = u(z). Note that A2 (Z% —2Uh? — b2,u) is a polynomial of degree six
in b by (15). More precisely, we have

Q"0 — {Q’2 —2uQ (1 + 5Q — 52Q’)}b4 F (R4 () =0.  (38)

Thus
pQ? =0, Q% —-2uQ'(1+sQ—s*Q) =0.
Then Q' = 0, which implies that ¢ =1 + c¢s. This is impossible. Q.E.D.

12



Proposition 5.3 Let F = a¢(3/a) be an («, B)-metric. Suppose that b>Q+s #

0, ®#£0 and Y =0. If F has isotropic S-curvature, S = (n+ 1)cF, then

rij = e(b2aij —biby), s; =0,
where € = €(x) is a scalar function, and ¢ = ¢(s) satisfies
e(b? — s2)® = —2(n + 1)cpA®.
If e £ 0, then ¢/e = constant.
Proof: First by Lemma 5.2 and Lemma 3.2, we have
ro + 50 = 0.

Then by (18), we get

S = —OFI%{TOO — 2aQso}.
By Lemma 5.1,
roo = (k — es®)a® + z—jroa.
Then o
S=—(k— 652)Ea + 73A3 (b*Q + 8)s0.

By (31), we get

)
b2 A2

S= —S{I/ + (k- ebQ)Iu}a +

By our assumption, S = (n 4 1)cF, we get from (41) that

P
_s{y + (k- eb2),u}a + JIAD (b2Q + 5)s0 = 0.

Letting y* = §b* for a sufficiently small § > 0 yields
—5{1/ + (k- eb2),u}b2 =0.
We conclude that
v+ (k—eb*)pu=0.

Then (42) is reduced to
P
b2 A2
Since ® # 0 and b2Q + s # 0, we conclude that

(b2Q + 5)sp = 0.

SOZO.

13

(b2Q + 5)s0 + (n + 1)coa.

(39)

(40)

(41)



Then
To = —S0 = 0.

It follows from (30) that
Tijg = kaij — Ebibj. (44)

Contracting (44) with b® gives
Ty = (k - 6b2)bj =0.

Since § # 0, we get
k= eb? (45)

and (44) becomes
Tijg = e(b2aij — blbj)

Finally, (40) follows from (31), (43) and (45).
If € # 0, then letting s = 0 in (40) yields that ¢/e = constant since b =
constant. Q.E.D.

6 P#0and T #0
In this section, we shall consider the case when ¢ = ¢(s) satisfies
d £0, T #0. (46)
First we need the following

Lemma 6.1 Let F = a¢(s), s = 8/a, be an (a, B)-metric on an n-dimensional
manifold. Assume that ¢ = ¢(s) satisfies (46). Suppose that F has isotropic
S-curvature, S = (n+ 1)cF. Then

Tij = kaij - Ebibj - )\(Sle + Sjbi), (47)

where A = X\(x), k = k(z) and e = e(x) are scalar functions of x and

P
—2s(k — b*)W + (k — esQ)E +(n+1ep —sv=0, (48)
where )
vi= Y0 (k — eb?). (49)
If in addition sg # 0, then
P 5P
oy — % - )\(F - 2\1:1)2) -, (50)
where 70)
) :—bf(b)(l—)\bQ). (51)



Proof: By assumption, ® # 0. It follows from (24) that there is a number & at
x, independent of s, such that

Foo = ka2, (52)

5P 9 9
S(E A )TH +(n+Dcb*p+k

P

Let
T11 = k — 6b2,

where € is a number independent of s. By (23), t; = by, where v is given by
(49). Plugging them into (53) yields (48).
Suppose that so = 0. Then
bs1a = sa = 0.

Then (25) is reduced to

s®
(F - 2\Ilb2)r1a — bty = 0. (54)
By assumption, T # 0, we know that SA% — 2Wb? # constant. It follows from
(54) that

Tia = 0, ta =0.

The above identities together with r1; = k —eb? and t; = bv imply the following
identities
Tij = kaij - Gbibj. (55)

Suppose that sg # 0. Then s,, = bs14, 7# 0 for some a,.
Differentiating (25) with respect to s yields

QP !
Y 1 — [F n 2\1:} 510 = 0. (56)
Let -
)\ = —m
Plugging it into (56) yields
QP !
AT - [F + 2\11] —0. (57)
It follows from (57) that
Qo sP 9
6= %5 — 20 - A5 — 208

15



is a number independent of s. By assumption that T # 0, we obtain from (56)
and (57) that
Tla + )\b251a =0. (58)

(52) and (58) together with 711 = k — €b? implies that
Tij + )\(blsj + bJsl) = kaij - Ebibj. (59)

By (23) and (58),

PO
fo = Ty A~ Vs

On the other hand, by (25) and (58), we obtain
bta = 5b251a.

Combining the above identities, we get (51). Q.E.D.

Lemma 6.2 Let F' = a¢(s), s = B/a, be an (a, B)-metric. Suppose that ¢ =
¢(s) satisfies (46) and ¢ # ki1 + kos? + kss for any constants ky > 0, ky and

ks. If F' has isotropic S-curvature, then
Ty + S5 = 0.

Proof: Suppose that r; + s; # 0, then b := ||G;]|o # constant in a neighbor-

hood. We view b as a variable in (48) and (50). Since ¢ = ¢(s) is a function

independent of x, (48) and (50) actually give rise infinitely many ODEs on ¢.
First, we consider (48). Let

P
eq:= A2{ —2s(k — 6b2)\If + (k- 652)@ +(n+1)cp — SV}'

We have
eq = S + Zab? + Zybt,
where
¢* 2
Eq = - 1 }7 =,
1= {le= v+t Des o ()
It follows from (48) that eq = 0. Thus
S90=0, Ep=0, E4=0.

Since ¢" # 0, the equation =, = 0 is equivalent to the following Ode:
(e—v)s+ (n+1)ecp =0.

we conclude that
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Then by a direct computation we get

S0+ Eas? = —%(1 + sQ){(n —1)(k —es*)(Q — sQ") +2kQ + 265}.
Then Zy =0 and =5 = 0 imply that
(n —1)(k — es*)(Q — sQ') + 2kQ + 2es = 0, (60)

Suppose that (k, €) # 0. We claim that k # 0. If this is not true, i.e., k =0,
then e # 0 and (60) is reduced to

—(n—1)s(Q —sQ")+2=0.

Letting s = 0, we get a contradiction.
Now we have that k # 0. It is easy to see that Q(0) = 0. Let

0 = Q(s) - sQ(0).
Plugging it into (60) yields
(n—1)(k — es?)(Q — sQ') + 2kQ + 2(kQ'(0) + €)s = 0.
Since Q = ¢, 5™ 4 o(s™) where m > 1 is an integer, we see that kQ’(0) +¢ = 0.
The above equation is reduced to
(n—1)(k — es*)(Q — sQ') + 2kQ = 0.
We obtain

Goo—"0
! (k— 652)ﬁ
We must have ¢; = 0, that is, Q = 0. We get

Q(s) — 5Q'(s) = 0.

Then it follows that
Q(s) = Q'(0)s.

In this case, ¢ = c1v/1 + cas2 where ¢; > 0 and ¢, are numbers independent of
s. This case is excluded in the assumption. Therefore £ = 0 and € = 0. Then
(47) is reduced to

Tij = —)\(Sjbi + Slbj)
Then

Ty + S5 = (1 - )\b2)5j.
By the assumption at the beginning of the proof, r; + s; # 0, we conclude that
1 — X% # 0 and s; # 0. By Lemma 6.1, ¢ = ¢(s) satisfies (50). Let

EQ = A2{ o — % - )\(Z—q; - 2\1:1)2) - 5}.

17



We have
EQ = Qo + Qb + Qub*,

where
Qs = (Q)2(A - ).
By (50), EQ = 0. Thus

Since Q' # 0, 4 = 0 implies that
J=A
By a direct computation, we get
Qo +025% = (1+5Q){(n + 1)Q(Q — 5Q') — Q' + A[ns(@ — 5Q) — 1] }.
The equations Qg = 0 and €y = 0 imply that Qg + Q252 = 0, that is,

(n+1)Q(Q ~ Q) ~ Q' + A[ns(@ - 5@') 1] 0.

We obtain
Q= [kon(n + 1) — 1]As £ /Ao (ko(1 +n)2 — 1 + As?)
N ko(n+1)2 —1 '
Plugging it into Q9 = 0 yields
koA = 0.
Then 3
s
@= ko(n+1)2 -1

This implies that ¢ = k1v/1 + kos? where k1 > 0 and ko are numbers indepen-
dent of s. This case is excluded in the assumption of the lemma. Therefore,
r;+s; =0. Q.E.D.

Proposition 6.3 Let F = ad(s), s = B/a, be an («, §)-metric. Suppose that

¢ = ¢(s) satisfies (46) and ¢ # ki1 + kas? + kss for any constants k1 > 0, ko
and ks. If F is of isotropic S-curvature, S = (n+ 1)cF, then

Tijg = e(b2aij - bibj), S5 = O, (61)
where € = €(x) is a scalar function on M and ¢ = ¢(s) satisfies

L0

€(b2 — 52)E

= —(n+ 1)co. (62)

18



Proof: Contracting (47) with b’ yields
ri+s; = (k — eb?)b; + (1 — A\b?)s;. (63)
By Lemma 6.2, 7; + s; = 0. It follows from (63) that
(1 —\b*)s; + (k — eb*)b; = 0. (64)
Contracting (64) with &7 yields
(k — eb?)b? = 0.

We get
k= eb®.
Then (47) is reduced to
rij = e(b%ai; — bib) — A(bis; + bsi).
By (49),
v =0.

Then (48) is reduced to (62).
We claim that sy = 0. Suppose that sg # 0. By (64), we conclude that

1
By (51),
0=0.
It follows from (50) that
(b*’Q + 5)® = 0.
This is impossible by the assumption ® # 0. Q.E.D.

7 Proof of Theorem 1.1

Notice that in Lemma 6.1, there is no restriction on ¢ other than (46). Let
¢ = kv 1+ kos? + kss where k1 > 0, ks and k3 are numbers independent of s.
It is easy to check that, if ks # 0, then ¢ satisfies (46). Let F' = a¢(5/a), where
« is a Riemannian metric and § is a 1-form on an n-dimensional manifold. It
is easy to see that if F is a Finsler metric, then 1+ kob? > 0, where b := || 3, a-
By Lemma 6.1, we can easily prove Theorem 1.1.

Proof of Theorem 1.1: Assume that F is of isotropic S-curvature, S = (n+1)cF.
By Lemma 6.1, § satisfies (47) and ¢ satisfies (48) and further it satisfies (50)
First, we plug ¢ = k1v/1 + kos? + k3s into

P
eq := —25(k — eb®)U + (k — es?)

SA2 + (n+1)ecp — sv.
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By (48), the coefficients of the Taylor expansion of eq in s must be zero. We
obtain

sk
= TR
2
v = {(ﬁJﬂ):—%—kQ}k
¢ — {:—g—@}k.

Assume that sg # 0. We plug ¢ = k1v/1 + kas? + kss into

QP sP 9
EQ:—2\IJ—F—)\(F—2\IJb)—5.

By (50), the coefficients of the Taylor expansion of EQ in s must be zero. We
obtain

k2
A 23—k
k
n k2
5 = (7 1)—3—k.
ka2 )32

This proves the necessary conditions by (47).
Conversely, if 3 satisfies (4), then F' is of isotropic S-curvature by (18). The
proof is direct, so is omitted. Q.E.D.
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