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Abstract
In this paper, we find a sufficient condition for certain class of Finsler
metrics in the form F = a¢(8/a) to be locally projectively flat, where
¢ = ¢(s) is a positive C* function satisfying certain conditions, « is a
Riemannian metric and (§ is a 1-form. Using this sufficient condition, we
construct a family of projectively flat metrics on an open subset in R".

1 Introduction

It is Hilbert’s Fourth Problem in the regular case to study and characterize
Finsler metrics on an open domain & C R™ whose geodesics are straight lines.
Finsler metrics with this property are called projectively flat metrics. It is well-
known that every projectively flat metric is of scalar flag curvature, namely,
the flag curvature K(P,y) = K(x,y) is independent of the section P containing
y € T,U (see [2]). Thus projectively flat metrics become more interesting.

In 1903, G. Hamel found a system of partial differential equations that char-
acterize projectively flat metrics F' = F(x,y) on an open subset & C R™. That
is,

Fxmyiym = in. (1)
A natural problem is to find projectively flat metrics by solving (1). However,
according to the Beltrami Theorem, a Riemannian metric F' = /g;;(z)y’y’ is
projectively flat if and only if it is of constant sectional curvature. Thus this
problem has been solved in Riemannian geometry.

In this paper, we are going to consider a class of Finsler metrics on a manifold
M, which are expressed in the following form

F=oa¢(s), s=

3

SN

where a = \/a;;(z)y’y/ is a Riemannian metric and 8 = b;y’ is a 1-form with
1Bz]la < bo for x € M, and ¢ = ¢(s) is a C*° function on (—b,, b,) satisfying

$(0)=1, ¢(s) >0, ¢(s) = s¢'(s) + (b* = s*)¢"(s) > 0, (2)
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where s and b are arbitrary numbers with |s| < b < b,. The above condition
is sufficient and necessary for F' = a¢(5/alpha) to be a Finsler metric. Finsler
metrics in the above form are called (o, 5)-metrics. The class of («, §)-metric
contain all Riemannian metrics (¢ = 1). It is a very rich class of metrics in
Finsler geometry. In this paper, we shall restrict our attention to («, 3)-metrics.
For some functions ¢, the defined metric F' = a¢ (/) is projectively flat if and
only if « is projectively flat and § is parallel with respect to a. For example, the
Matsumoto metric defined by ¢ = 1/(1 — s) and the exponential metric defined
by ¢ = es + exp(s) have this property. See [6] and [13]. For some functions ¢,
the 1-form of projectively flat metric F' = a¢(3/«a) is not necessarily parallel.
The simplest one is the Randers metric F' = o + 3 defined by ¢ =1+ s. It is
known that F' = a + [ is projectively flat if and only if a is projectively flat
and (3 is closed (see [3]). Another interesting metric is F = (o + 3)? /v defined
by ¢ = (1 + s)2. In [11], it is shown that F = (o + 3)?/« is projectively flat if
and only if

bij; = T{(l + 2b%)ai; — 3bibj}a (3)
and the spray coefficients G, of « are in the form:
Go =&y — 1%V, (4)

where b := \/a'b;b;, b;; denote the coefficients of the covariant derivative of
[ with respect to o, 7 = 7(z) is a scalar function and £ = a;(z)y" is a 1-form
on M. The sufficient condition is first obtained in [8], where some non-trivial
solutions of (3) and (4) are also given.

In this paper, we are going to consider a class of («, §)-metrics F' = a¢(8/«),
where ¢ = ¢(s) is a function satisfying (2) and

¢(s) = s¢/(s) = (p +r5*)¢"(s). (5)
where p,r are constants. Note that ¢ := (1 + s)? satisfies (5) with p = 1/2
and r = —1/2. In general, the solution of (5) can not be expressed in terms

of elementary functions. Nevertheless we find a sufficient condition for F' =
ap(B/a) to be projectively flat.

Theorem 1.1 Assume that ¢ = ¢(s) satisfies (2) and (5). Let F = ad(8/a)
be an («, B)-metric on a manifold M. If

bij; = 27{(17 +b%)ai; + (r — 1)b1-bj}, (6)
and . . .
Gi =&y’ — TV, (7)

where b := +/a¥b;bj and & = & (x)y' is a 1-form on M, then F is locally
projectively flat.

Unfortunately, we are not able to prove that the conditions (6) and (7) are
necessary. A key step is to show that 3 is closed. Some progresses have been



made for certain types of functions ¢. After the first draft of this paper was
released, Y.B. Shen and L. Zhao have shown that when r = —1/4, (6) and
(7) are necessary conditions (see [12]). For some functions ¢ satisfying (5), the
conditions (6) and (7) might be necessary.

For a function ¢ satisfying (5), we can also find a family of particular solu-
tions (a, B) to (6) and (7). Then we obtain some special solutions F' = a¢(5/«)
of (1) as given below.

Theorem 1.2 Let ¢ = ¢(s) be a function satisfying (2) and (5). Let

1 nlz|?
hi=————C + (a,2) + ———— 1, 8
1+Mﬂg L)+ 1+MMJ (8)

and let p = p(t) be given by
%(Cﬁnt—%ut?) if r=0

olt) = m[—%((}ﬁnt—%uﬁ)y% if T#0 Y

where n and C; are constants (Co > 0) and a € R™ is a constant vector. Define
o= ep(h)a#, 8= 02€(T+1)p(h)dh,

where

VWP AP ()
1+ a2 |

Then o and (3 satisfy (6) and (7) with

m

I A0
= 2Caer D)

Thus the Finsler metric F = a¢(8/a) is projectively flat.

It is not easy to verify that F' = a¢(/«) defined in Theorem 1.2 satisfies
(1)
2 Preliminaries

In this section, for a function ¢ = ¢(s) satisfying (2) and (5), we shall find a
sufficient condition for an (a, §)-metric F' = a¢(5/a) to be projectively flat.

Let a = y/ai;y'y/ and B = b;y'. Let b;jjdz’ ®da? denote covariant derivative
of B with respect to a. Let

1 1
rig = 5 (b +bga), sig = 5 (bigy — bjpa),s

Pl
55 1= b sy5.



Clearly, (3 is closed if and only if s;; = 0.
The geodesic coefficients G are given by

G'=GL + Py +Q". (10)
where
P = ofl@( —2aQso + roo)
Q= aQsiO + H( —2aQ) sy + Too) bt
where
o _ _ 98 —s(6¢"+ %)
20((¢ — s) + (1 = 5)9")
_ ¢
R
1 ¢//

2(9—5¢) + (B2 = 52)9"

When ¢ # 0, we can also express G? as follows:
G'=GL 4+ aQs'y + H( —2aQso + Too) {Xyg + bl}a

where Ny
_(p—s9")¢
X b9 -
Note that if « is projectively flat and g is parallel, then F' = a¢(5/«a) is pro-

jectively flat too.

Below is a list of some solutions of (5) which can be expressed in terms of
elementary functions.

(a) If r = —1,

\/1—§2+§arctan(\/1§77)+e§, 5:\/#55 if p>0
V1482 —5In(s+ V1 + §2) + €5, §:\/+—ps if p<o.

(b) If r =1, then
V14352 +es, 52\%5 ifp>0
0= V1 =52 4 €3, g:ﬁs if p<0.
(¢) If r = —1/2, then
1452 + €3, §:ﬁs ifp>0
TV1-846, 3



(d) If r =1/2, then

1+ Sarctan(§) + €5, §= \/—s if p>0
1+slnw/ +es §= 51f p < 0.
(e) If r = —1/3, then

b (1—1—152)\/ — 524+ sarctan(\/—)—i-es §:\/L3—psif p>0
(1—%5 )\/1—1—52—55111(5—1-\/1—1-5)+e§, 52\/,1—31051f p < 0.

(f) If r =1/3, then

= 32 ~ .
_ \/1+52+@+65, s:ﬁ51fp>0
\/1—52—\/%4-65, §:\/E—?msifp<0.

(g) If r = —1/4, then

B 1+25% — 35% + €5, §:ﬁ51fp>o
1—25% — 25% + €5, §:ﬁsif p<0

(h) If r = 1/4, then

2+35

2(1+52)+ 35arctan(3) + €3, §:ﬁ_if p>0

¢ = _ ,
22(1 52)—1- 35In 1+S+es S:#i—plfp<().

We can easily write down a formula for the (o, 5)-metric defined by any of the
above function ¢. These special («, 3)-metrics have not been systematically
studied yet.

3 Proof of Theorem 1.1

Proof of Theorem 1.1: Assume that ¢ = ¢(s) satisfies (5). Then

1
T2p+ b2+ (r—1)s2

Since [ is closed, s;; = 0, we get from

i i r y_l i
G'=G,+ 2[(p+b2>0201 = 1)52} {Xa +b }a2




By assumption, S satisfies (6), then

' =G+ r{xL +v'}a?
e
The spray G of F' defined by G' is projectively equivalent to an affine spray
defined by G* = G, + 7a?b’. Thus F is a Douglas metric.

By assumption G, are in the form (7), then we can eliminate the term b,

i.e.,

G'=(E+a )y
Therefore, F' is projectively flat. Q.E.D.

We are not be able to prove that (6) and (7) are necessary for F' = a¢(5/a)
to be projectively flat when ¢ satisfies (5). To find a necessary condition, one
can apply the following

Lemma 3.1 ([11]) F = a¢(B/a) is projectively flat on an open subset U C R™
if and only if

(amla2 — ymyZ)GZ} + OZBQSZO + H(—ZOZQSO + TOO)(blOZ2 - 53/1) =0. (11)
If we assume that 3 is closed,i.e., s;; = 0, then (11) is reduced to

a27"00
p+b*)a® + (r—1)5]

(@mi0® — ymy)GY' + 20 (bia”® = Byr) = 0.
By the above equation, one can easily show that there is a scalar function
T = 7(x) such that

Fop = 27’{(p L0t 4 (r — 1)52}. (12)

Note that (12) is same as (6) since s;; = 0. Thus in order to prove (6) and (7)
are necessary conditions for projectively flat («, §)-metrics defined by certain
functions ¢ satisfying (5), a key step is to prove that (3 is closed.

4 Special solutions

In this section we are going to find special solutions of (6) and (7) on an open
ball B™ C R™ in the case when 70 is closed. It is not clear whether or not 73 is
always closed. Throughout this section, for a scalar function f = f(x) on B™,
we always denote

fO = fmlyla fOO = fmlmJylyJ
Since § and 73 are closed, we may let

1 1

5250'0, 7'5:§P0-



where o = o(x) and p = p(x) are scalar functions on B". We have
218 =100 = po. (13)

Let o := ey, where o, is given by

VWP PP ()
g 1+ plaP? |

oy, is a projectively flat Riemannian metric of constant curvature p. Its spray
coefficients GY, = are given by

i @, y) y'
= 14 plal?

By a simple computation, we get the spray coefficients of a:

Giy = Gl&u + Poyi - %aijpxj o?
= &yt —7ba’, (14)
where (2.5
€= TR T

Thus (7) is satisfied.
Now we are going to solve (6). Since (3 is closed, rgg = bg|o. By (14), we get

roo = a—x;ylyj =26, Gy
= lUOO - 0’0{ — M + 7'0’0} + 27b%a’. (15)
2 1+ plz|?

Then (6) is equivalent to the following equation:

2u(z, y)

7 50 = dpTa® 1)o?. 16
UOO+1+N|$|200 pra +7(r 4+ 1)og (16)

We assume that p = p(z) and 0 = o(z) are defined by a common function
h = h(z) in the following form

Then (13) is equivalent to

7o' =p (17)
(16) is reduced to
2p{z, y) dpp’ AR TY
h ho = { g — —}h . 18
00 + [T 0 (U,)Qa +1(r+1)p e L (18)

We need the following



Lemma 4.1 Let

S N A R
= 1 a,x )
NESTrEE 5 /T + alal?
where n is a constant and a € R™ is a constant vector. Then h satisfies
2p(, y) >
h ——"=ho = (n— ph)a:.
00 + T+ 22 o=Mn—n )O‘y

The proof of the lemma is straight forward, so is omitted.
Comparing (18) and (19),we see that if o satisfies

0,//
(T+1)p/—?20,
, ef 27
dpp (;) =n— ph,

then (18) holds.
It follows from (20) that

0'/ = 202€(r+1)p,

where C5 is a positive constant. It follows from (21) and (22) that

oy (C3)?
ple 2rp  (C2)° (n — ph),
P
If » =0, then
_ (Gy)? [
p= (Cg+nh—§uh )
If » # 0, then

L
2r

= Cs+nh—%uh2)y :

—1n [_ 2T(§2)2 (

where ('3 is a constant.

By (17), the scalar function 7 is given by

A )
T 2Caer )

(23)

Q.E.D.



5 Examples

In this section, we are going to discuss some exmples coming out of Theorem
1.2. Throughout of this section, we always let

1 njz|?
h = —=4C —_— 5.
{ 1+<a,x>+1+ ﬁ+#|$|2}

NiEwre
Example 5.1 (r=1,p=1) Let
o= Aoy, B := C3\%ho,

where
—1/2

1
A= [ — 2(C2)(Cs + nh — ?Lh?)}
Then

Fi=ya2+ 3+
is projectively flat. F'is a Randers metric. Thus
Q= \/Wﬂ2
is projectively flat. By Beltrami theorem, & is of constant sectional curvature.
Example 5.2 (r=—1/2,p=1/2) Let
o= Ay, G := 02\/Xh,0,

where

1
A= 2(Ch)? [03 +nh = Suh?].

Then
2

F:=a+ 6— + €0
!
is projectively flat. This is Theorem 1.1 in [8].
Example 5.3 (r =1/3,p=1/3) Let
o= Ay, B 1= Co\3hy,

where ) s
A= [ —2(C2)2(C + 1h — ?Lh?)}

Then 2
/O[2 +62

F:=\/a2+ 32+ +€ef

is projectively flat.



Let

a = /a2 + 32

2
F:d—l—i—l—eﬁ.
a

Then

This metric has the same type as the one in Example 5.2.
Example 5.4 (r=—1/4,p=1/4) Let

o= Ay, B = CoN\3/hy,

where ) )
A= [2(02)2(03 +h = 5uh?)
Then ) .
F:=a+ ﬁ - 6— + €0
« 3ad

is projectively flat.
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