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1 Introduction

The Douglas (projective) curvature D;*;; and the Weyl (projective) curvature
W are two most important quantities in projective Finsler geometry. Finsler
metrics with Djikl = 0 are called Douglas metrics and Finsler metrics with
Wi = 0 are called Weyl metrics. It is well-known that a Finsler metric is
a Weyl metric if and only if it is of scalar flag curvature, namely, the flag
curvature K(P,y) = K(z,y) is independent of the section P containing y. Thus
Weyl metrics are called metrics of scalar (flag) curvature, and being of scalar
flag curvature is a projective property.

Equations D", = 0 and W* = 0 are projectively invariant, namely, if a
Finsler metric F' satisfies one of the equations, then any Finsler metric pro-
jectively equivalent to F' must satisfy the same equation. There is another
projective invariant equation in Finsler geometry, that is, for some tensor T},

Djikl;mym = jklyia (1)

where D%, denotes the horizontal covariant derivatives of D"}, with respect
to the Berwald connection of F. Equation (1) is equivalent to that for any
linearly parallel veector fields U = U(t),V = V(t) and W = W(t) along a
geodesic ¢(t), there is a function T'= T'(t) such that

% [Dé(U, v, W)} .y,

The geometric meaning of the above identity is that the rate of change of the
Douglas curvature along a geodesic is tangent to the geodesic.

For a manifold M, let GDW(M) denote the class of all Finsler metrics sat-
isfying (1) for some tensor Tjx; (Tjr: not fixed). In [2], Bacso-Papp show that
GDW(M) is closed under projective changes. More precisely, if F' is projectively
equivalent to a Finsler metric in GDW(M), then F € GDW(M).

A natural question is: how large is GDW(M) and what kind of interesting
metrics does it have? It is obvious that all Douglas metrics belong to this class.
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On the other hand, all Weyl metrics (metrics of scalar flag curvature) also belong
to this class. The later is really a surprising result, due to Sakaguchi [4]. In
this sense, we shall call Finsler metrics in GDW(M) GDW-metrics (generalized
Douglas-Weyl metrics).

In this paper, we are going to study and characterize GDW-metrics of Ran-
ders type on a manifold M. A Randers metric on a manifold M is a Finsler
metric in the following form

F =a+ 6 ’
where o = /a;;(z)y'y’ is a Riemannian metric and 3 = b;(z)y’ is a 1-form
on M. One of the reasons why we would like to study Randers metrics for the
above problem is because that Randers metrics are “computable”.

Let

__1/0b; 0b;
TG (ascj 8:01')'

Clearly, (3 is closed if and only if s;; = 0. It is known that F' = o+ 3 is a Douglas
metric if and only if 3 is closed (see [1]). On the other hand, Shen-Yildirim [6]
recently find a sufficient and necessary condition for F' = a + (8 to be of scalar
flag curvature, that is,

_ 1 . o
R = (A - mt”fn) {02512 - ajkyly”}
+Oé2tik + tooislic — tkoyi — tioyk — 3Si05k0, (2)
1
Sijle = 7 {aiksn}m - ajksnhm}, (3)
where t;; 1= sims“}, R , denotes the Riemann curvature tensor of o and A =

A(z) is a scalar function on M. Here s;;|;, denote the coefficients of the covariant
derivative of s;; with respect to a. We use a;; and a* to lower or lift the indices
of a tensor.

Theorem 1.1 Let F' = a+ 3 be a Randers metric on an n-dimensional mani-

fold M. F is a GDW metric if and only if (3) holds.

Thus any Randers metrics of scalar curvature belongs to GDW(M). This
verifies Sakaguchi’s theorem for Randers metrics. The following Randers metric
actually satisfies both (2) and (3).

Example 1.1 ([5]) Let a € R™ be a constant vector. Define F = a4 [ on an
open ball B"(1/4/|al) in R™ by
V(I —laP[z[D[yl + (2[*(a, y) — 2(a, z)(z, y))?
1—laf?x|*

_lzPa,y) — 2(a, 2)(x, y)

1—alx|!
Then F is of scalar fuction. Thus it satisfies (2) and (3). See more examples in
[3].

So far, we have not found a Randers metric satisfying (3), but not (2). We
conjecture that such examples exist.
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2 Randers Metrics

Let F' = a+ 3 be a Randers metric on a manifold M, where a = +/a;;(x)y'y’
and 8 = b;(z)y". Let b;; denote the coefficients of the covariant derivative of 3
wirth respect to a. Let

1 1
rig = 5 (bay +bja),  sij = 5 (big; = i),

where b;); denote the coefficients of the covariant derivative of 3 with respect
to a. The spray coeflicients of F' are given by

i =i , Too — 2spw i
G'=G —i—Ty + as’y.
Let _
. . 1 m _ _ 1 m
s ::Gl——ai, I :=G"- 8i
n+10ym n+10ym

Observe that

8 m
(as"g) = y?msné +as™, =0.

Thus we have S _
II' =1I' + as'y. (4)

By definition, the Douglas curvature is given by

; o
D oo

Since II' are always quadratic in y, we get

83

Diwi = 5pagay (0‘510) = ajus’o + agrs’s +ags'y +ans’y,  (5)
where
a = aly
ajp = OziBAjk
ajr = —o {Apu + Ajyrk + Anyst,

where A;; := a2aij — iy
It is easy to show that F is a Douglas metric if and only if s, = 0. This
fact is due to Bacso-Matsumoto [1].

Let G = ¢ 621' —2G 621' where

G =G+ as'y,. (6)



Let “|” and “|” denote the covariant differentiations with respect to G and G
respectively. Then

. . o
Djllemym = Djlkl|mym - 2@@(1%'11@1)5]00
—|—a71[a25ip + ypsiO]Djpkl — ofl[oﬁspj + spoyj]Dpikl
—a M a?sP + sPoyk] Dy — o oS 4+ Sy Dy gy (7)

Since “|”

is a differentiation with respect to a, a;;, = 0. Thus
A =0, =0, ajgm =0, ajrym=0.
We obtain
D' my™ = ajus’op + ajs’yo +ajis’yo + ams’
= —CM*S{Ajkyz + Ajiye + Akzyj}siom
+a73{Aijil|0 + Ajis' o + Aklsiﬂo}

Differentuating (5) yields

%(Djikl) = Oijszio + Oljklsip + Oljkpsil + ajlpsik + aklpsij,
where
ajry = 3" yp{ajry + ajyr + any;}
—aig{ajkalp + ajiakp + aklajp}
+3a*5{ykyl@jp +Yjyakp + yjykazp}
—150 Ty Yy,
We get
arips’y = —075{/1;'1@510 + Ajisko + Aklsjo}
+2075{Sjoykyz + Skoyiy + Sloyjyk}
ajrpsty = —ff?’{yksy'o + ijkO}
ajips’y = —ff?’{yszo + ijlO}
agps’y = —oﬁ3{ykslo + ylSko}-

Then we obtain

_2a7(Djikl)Sp0 = 2074{/1;'1@510 + Ajisgo + Aklsjo}sio



+2a74{Ajkyl + Ajlyk + Aklyj }tio
—4074{%3/15;'0 + Y5Y1Sko + Y;YkSio }Sio

+2072{yk5j0 + ijkO}Sil

+2072

{ylSjO + ijzo}Sik
+2« 2{

YrSio + yszo}Slj,

By (5), we can also easily get

Ofl[azsip + ypsiO]Djpkl = —a HAuy + Ajyk + Ay it

“1[2.P 4 P 1Ty
—a [a”s + 8%y Dy

—a 'a?s?, + sPyyk] D

—a a?s?, + sPyy] D

1: .
plj

1: .
pkj

+0472{Ajktil + Ajltik + Akltij}

4 ) )
—« {Ajkslo + AjZSkOSlO + Alejo}SlO.

a72{ykslj + ylskj} + 2a74ykylsjosi0
—a”*(a®sk; — so;uk)s")

—a " (a”s;; — sojy1)s'
+Of4{yjyk510 + yjyszo}Sio

-2 ) -2 7
—Q "YjSk0S | — & YjSios g

—of‘lyjAklth — a74Alej0510 — 0472Akltlj.

aiQ{ylsJ—k + yjslk} + 2a*4ylyjskosi0
_0472(0425% — Sokyl)sij

—a % (a?sjk — soky;)s'
+Cf4{yky15jo + Yk YjSio }Sio
—a72ykslosij — a72yksj05il

—of4ykAjlt10 — a74Aljsk0510 — of2Ajltlk

aiQ{yksﬂ + yjskl} + 2a74ykyjslosi0
_0472(0425kl — Solyk)sij

—a % (a?sj — soy;)s',
+Of4{ylyk5jo + yzijko}Sio
—a72ylsk05ij — of2ylsj05ik

_a74ylAjkt10 — 0474Akj510510 — 0472Ajktll.



Plugging the above identities into (7), we get
D jam¥™ = 075{Aijiz + A HY + Aleij}a (8)

where

i 20 i
H'; == a%s";10 = 48 g0

3  Proof of Theorem 1.1

First we are going to prove the following

Theorem 3.1 Let F' = a+ [ be a Randers metric on an n-dimensional mani-

fold M. F isa GDW-metric if and only if
04251'j|0 = Si0|0Y5 — Sjo0|0Yi- 9)

Proof: F' = a+ 3 be a Randers metric on a manifold. Let G denote the spray
of F and G the spray defined in (6). Since G and G are projectively equivalent,
the following conditions are equivalent

(1) there is a tensor Tjx; such that
D™ = Djry’,
(ii) there is a tensor Djj; such that

Diaim¥™ = Djray/’, (10)

where Djikl;m and Dji k1lm denote the covariant derivatives of Dji 5 With re-

spect to the Berwald connections of G and G , respectively. This equivalence is
essentially proved in [2]. Thus the argument is omitted here.
Assume that F' is a GDW-metric. Then (10) holds for some tensor Djx;. By
(8), we have
Djwy' = a’5{Aijil +AGHY + Aleij}. (11)
Contracting (11) with y; yields
Dijp = —0475{Ajk5l0|0 + Ajisgojo + Akl5j0|0}- (12)
Plugging (12) into (11), we get
Ajk{Hil + Slo|0yi} + Ajl{Hik + Sk0|0yi} + Akl{Hij + Sj0|0yi} =0. (13)
Contracting (13) with a*! we obtain

H'; + sjo10y" = 0. (14)



This is obviously equivalent to (9).
Conversely, if (9) holds, or equivalently, (14) holds, it follows from (8) that

Djiajm¥y™ = Djny’,
where Dj; are given by (12). Thus F' is a GDW-metric. Q.E.D.

To Prove Theorem 1.1, one just needs to prove the equivalence between (3)
and (9).

Lemma 3.2 (3) is equivalent to (9).

Proof: Supoose that (3) holds. Then

Sijlk = A{@iksnhm - ajksnhm}, (15)

where A = 1/(n—1) (in fact, A can be any scalar function). Contracting it with
y* yields
Sijlo = )\{yis”hm — yjs“am}. (16)

Contracting (16) with ¢/ yields

Siojo = A{yisn&m - 0425T|m}- (17)
Thus
Sj0l0 = A{yjsn(lnm - 0425“}|m}- (18)
By (17)-(18),
SiojoY; — SjoloYi = >\a2{5n}|myi - Sn}|myj}
= )\a2{aiks”}m — ajksmm“}yk
= CY2S,L'J'|0.

The last identity follows from (16). Then we obtain (9).
Conversely, assume that (9) holds. First differentiating (9) with respect to
y*, ! and y™ yields

2ak15i5\m + 2akmSij) + 2a1mSij|k
= Sik|10im T+ SikimQjl T Sil|kQjm T Sim|kQjl + Sil|mQjk T Sim|1Qjk

—Sjk|lGim — Sjk|m@il — Sjl|kGim — Sjm|kAil — SjllmAik — Sjm|lGik-
Contracting it with a'™, we get

. . m _ R m
NSijlk = Siklj — Sjkli + QikS' | = QjkS i (19)



It follows from (19) that

m m
NSiklj =  Sijlk T Sjkli T 0ijS km — QikS im (20)

NSjkli =  —Sijlk T Sik|j T QijS km — GikS jm (21)

Subtracting (21) from (20), we get

1
Sik|j — Sjkli = - Sijlk + . 1{aiks“}m — ajksn;m}. (22)

Plugging (22) back into (19) yields

1
m m
5ij|k = —TL — 1{&%5 jm QS im}'

We are done. Q.E.D.
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