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Abstract

We show that if two Riemannian metrics § and g are pointwise pro-
jectively equivalent and the Ricci curvatures satisfy Ric < Rie, then the
projective equivalence is trivial provided that g is complete. In this case,
g is parallel with respect to g and the Riemann curvatures of g and § are
equal. The Ricci curvature condition can be weakened when the manifold
is compact. This rigidity theorem actually holds for more general geomet-
ric structures, such as Finsler metrics and sprays. In this paper, we will
also discuss several examples and show that the completeness of g can not
be dropped.

1 Introduction

One of the important problems in projective geometry is to study the relation-
ship among geometric structures with common geodesics (as point sets). More
general, given a geometric structure G, one would like to characterize all geo-
metric structure G of same nature such that the geodesics of G are the geodesics
of G as point sets. Here, a geometric structure, G, under our consideration is
a Riemannian metric, a Finsler metric or a spray. In the case when G is the
Euclidean metric on R%, it is the Hilbert Fourth Problem in the smooth case
to study and characterize Finsler metrics on an open subset in R™ such that
straight lines are geodesics [1], [2], [5], [8], [15]. Such Finsler metrics are said
to be projective. Beltrami shows that a Riemannian metric on an open subset
in R™ is projective if and only if it has constant sectional curvature. However,
there are lots of projective Finsler metrics whose flag curvature are not constant.

Two geometric structures are said to be projectively equivalent if c(t) is a
geodesic of one geometric structure, then after a suitable reparametrization,
t = t(s), the curve ¢(s) := ¢(t(s)) is a geodesic of another. The projective
equivalence is said to be trivial if the required reparametrization is always affine,
i.e., t = a s + b, or equivalently, the corresponding sprays are equal. We should
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point out that if the geometric structures under consideration are Riemannian
metrics or Finsler metrics, then they are not necessarily isometric. That is,
geodesics do not completely determine metric structures.

The Ricci curvature plays an important role in the projective geometry of
Riemannian/Finsler/Spray manifolds. It is proved [9] that for two pointwise
projectively equivalent Einstein metrics g and § on an n-dimensional compact
manifold M, their Einstein constants have the same sign. In addition, if their
Einstein constants are negative and equal, then g = §. In this paper, we continue
to study projectively equivalent geometric structures. In particular, we will
prove the following

Theorem 1.1 Let (M, g) be a complete Riemannian manifold and § be another
Riemannian metric which is pointwise projectively equivalent to g. Suppose that
their Ricci curvatures Ric and Ric satisfy

Ric < Ric. (1)

Then the projective equivalence is trivial. Hence the Riemann curvatures are

equal, R = R. Further, § s parallel with respect to g, and dVj is proportional
to dV,.

We immediately obtain the following corollary.

Corollary 1.2 Let g be a complete Riemannian metric on an open convex sub-
set U C R™ with Ric > 0. Suppose that the geodesics of g are straight lines,
then it is an Euclidean metric on U.

Theorem 1.1 is a special case of Corollary 4.3 below. The conclusion in
Theorem 1.1 (except for the last statement on §) also holds for sprays. We will
prove a generalized theorem on projectively equivalent sprays in §2 (Theorem
2.3).

If we reverse the inequality (1), then the conclusion in Theorem 1.1 does
not hold. See Example 2.4 below. However, if the manifold is compact, the
inequality (1) can be reversed. More precisely, we have the following

Theorem 1.3 Let g and § be pointwise projectively equivalent Riemannian met-
rics on a compact manifold M. Assume that one of the following conditions is
satisfied,

(a) tr,Ric < sy,
(b) tryRic > s,,
then the same conclusion as in Theorem 1.1 holds.

Here trgf{\ié denotes the trace of the Ricci curvature Ric of § with respect
to g and s, := tryRic denotes the trace of the Ricci curvature Ric of g with
respect to g. The function s, is called the scalar curvature of g. See (25) for
definition. The proof of Theorem 1.3 will be given at the end of Section 5.



In a recent paper [6], Seontag Kim proves that for pointwise projectively
equivalent Riemannian metrics g and § on a manifold, if (a) g is complete, (b)
JarsqdVy >0, (c) Ric < 0, and (d) Vol,(B(p,r)) = o(r?), then the projective
equivalence is trivial. Note that if the manifold is compact, (a) and (d) are
always satisfied. In Theorem 1.1, we assume a stronger curvature condition and
drop the volume growth condition in Kim’s theorem.

2 Projectively Equivalent Sprays

In this section we will prove a generalized version of Theorem 1.1 for sprays.
Roughly speaking, a spray manifold is manifold with a collection of parametrized
curves (called geodesics). See [10] for a detailed discussion on sprays.

Let M be an n-dimensional manifold and n : TM — M denote the natural
projection from the tangent bundle T'M to the base manifold M. A spray G on
M is a vector field on TM such that in any standard local coordinate system
(z!,5") in an open domain 7~ (U) c TM,

0
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0

- 2G(y)

where G'(y) are local functions of y = yi2:|, € n~1(U) with the following

properties:
(a) G'(\y) = X2Gi(y),VA>0and y € 71 (U);
(b) Gi(y) are C*® on n~1(U) \ {0}.

Geodesics of G in M are defined as the projections of integral curves of G under
the projection 7 : TM\ {0} — M. Geodesics ¢(t) in M are locally characterized
by

ét) +2G (&) = 0. (2)

G is said to be complete (resp. positively complete) if any geodesic defined on
(a,b) can be extended to a geodesic defined on (—o0, ) (resp. (a, 00)).

Every Finsler metric g = g;;(y)y’y’ induces a spray G = y' 22 — 2G'(y) 8%1-
by

Giy) = Zy”(y){Q%(y) - ag;f (y)}y’y’“,

where g;; = 3g,i,i(y) and (g¥) = (gi;)~'. The geodesics of g are just
those of G. Sprays are more general geometric structures than Finsler met-
rics/Riemannian metrics.

For a spray G = yiz2: — 2G"(y)a%; on an n-manifold M, the Riemann
curvature is a family of endomorphisms Ry : T,M — T, M,y € T,M \ {0}.
Express
k a

) 0
—_ pi _ .k
Ry (u) = R',(y)u B |z u=u —axklw e, M.
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The Ricci curvature Ric(y) is defined to be the trace of Ry on each tangent
space T, M,

Rik =2

9G? Gt oGt . 0GP oG
— - ——y + — G —-——. (4
ozt Oxidy? Oyl Oyt oyl dyt

Ric(y) := R';(y) = 2

In general, the Ricci curvature Ric is a positively homogeneous function of
degree two on TM, i.e., Ric(A\y) = MRic(y), A > 0. If G is induced by a
Riemannian metric g, then

Rik (y) = Rjikl (m)yjyla

where Rji w1 (2) denote the coefficients of the Riemannian curvature tensor on
M. In the case, Ric(y) = R;7,;(2)y’y’ is quadratic in y € T, M. See [10] for
more details.

Two sprays/Finsler metrics are said to be pointwise projectively equivalent if
they have the same geodesics as point sets. We have the following trivial lemma.

Lemma 2.1 Let G and G be two sprays on o manifold M. G and G are
pointwise projectively equivalent if and only if there is a scalar function P on
TM such that

G=G-2PY,

where Y =yt 8‘} denotes the canonical vertical tangent vector field on T M.

Given two projectively equivalent sprays G and G := G —2P Y, the projec-
tive equivalence is said to be trivial if they have the same geodesics, or equiva-
lently, P = 0. In this case, by (3), their Riemann curvatures are equal, R = R.
Example 2.2 ([10]) Identify T7R? = R? x R? and identify a tangent vector at
(x,y), u%l(w,y) + U{%l(w,y)a with (95,!/,%“)- Let

8 8 8 8
— 2 .Y S22l 2 122
G u6x+vc‘9y vvuZ+v 6u+u u?+v 50 (5)

G is a spray on R2. Geodesics c(t) = (z(y),y(t)) are characterized by

1 1
F+ 51)\/552 +92=0, §-—- 59‘5\/9‘52 +32=0.

Thus geodesics are circles of radius 1 in R2. This implies that G is complete.



By a direct computation, we obtain
RY =v* RY=-w, R’ =-w, R%=1u?
where y = (z,y,u,v) € T(;,)R?. This gives
Ric(y) := R', + R%, = v® + %

We claim that G is not projectively equivalent to any Finsler metric defined
on the whole R2. If a Finsler metric F induces a spray G which is projectively
equivalent to G, then F' must be complete. According to the Hopf-Rinow the-
orem, the exponential map exp, : T,R* — R? at any point p = (2,,%.) € R®
must be an onto map. However, the geodesics of F' are circles of radius r = 1,
thus exp,, can not be onto. This proves our claim.

At an arbitrary point p = (z,,Y,), let

F=vu24+v2+(1—-k)(y—yo)u—k(z—z,)v (6)

F is a Finsler metric on a neighborhood U of p, where
Ui={ (@) | B -20)* + (1 - K2y - 30)* < 1}.
Further, the spray G of F is related to G by G = G — 2PY, where

1
P= ﬁ{(l = 2k)uv — Vu? + v? [k(x —z)u+ (1 —k)(y— yo)v] }
Thus F is projectively equivalent to G on . Let kK = 0.5 and p = (0,0). F
is defined on the disk B%(p) with radius p = 2 around the origin p. Thus the
exponential map exp,, at p only covers B2(p).

Theorem 2.3 Let (M,G) be a complete spray manifold and G another spray
which is pointwise projectively equivalent to G. Suppose that the Ricci curva-
tures of G and G satisfy -

Ric < Ric. (7)

Then the projective equivalence is trivial.



Proof: By Lemma 2.1, there is a scalar function P on T'M such that G =
G — 2P Y. In local coordinates, G* = G* + Py'. By (4), we obtain

Ry =Ry + (P(y)2 - P;k(y)y’“) I+1yy, (8)
where
oP 0
= {3(Re) - P55 9) + 55 (POY = Bay)s*) i,
where
p, .. 0P _oc'op
* T oxk T Oyk oyt
This gives that
Ric(y) = Ric(y) + (n = 1) (P(y)* = Pa(y)y")- (9)

See [10]. Fix an arbitrary vector y € T, M \ {0} and let ¢(t) denote the geodesic
of G with ¢(0) = y. By assumption, G is complete, hence ¢(t) is defined for
—00 <t < o00. Let

Observe that

By assumption,
1 —
Pyy* —P? = — (Ric _ Ric) > 0.

Thus
P't)-P®#)?>0
Let P(y)
y

Py(t) satisfies
Bl(t) - Po(t)? = 0.

To compare P(t) with Py(t), define
¢
h(t) = exp { - /0 [P(s) + Po(s))ds }{P(5) ~ Po(t) .
Observe that
¢
K (t) = exp { - /0 [P(s) + Po(s)]ds} {P’(t) — Pit) + Po(t)? — P(t)2} > 0.
Note that A(0) = 0. Thus h(t) > 0for ¢t > 0 and h(t) < 0 for t < 0. This implies

that
P(t) > Py(t), t>0,



P(t) SPo(t), t < 0.
Assume that P(y) # 0. Let t, = 1/P(y). If P(y) > 0, then ¢, > 0 and

P(é(t,)) > lim Py(t) = co.

t—t,

If P(y) <0, then ¢, < 0 and

P(é(t,)) < lim Py(t) = —oo.

N

Both are impossible. Therefore, P(y) = 0 for any y € TM and G =G. By
(8), we conclude that the Riemann curvatures are equal, R = R. Q.E.D.

Example 2.4 Theorem 2.3 is false if the completeness of G is weakened to the

positive completeness. Let |-| and (,) denote the standard Euclidean norm and
inner product in R™. Define

VP = (xPlyP = x,9)%) + (x,y)

o(y) 1—|x? ’
ey): = o(=y),
oy = YW=l f'fx';_ ) - o) + o)

where y € T,,B"(1) = R"™. ¢(y) > 0 is determined by the following identity,

y n
X+m € 0B (1)

v, @ and @ are Finsler metrics on the unit ball B?(1) C R™. ¢ and ¢ are the
Funk metric and the Klein metric on the unit ball B”*(1), respectively. We have

p <@ (10)

N| =

o and @ induce the following sprays G and G, respectively,

0 0

yax’ g0(‘93/’




- 8 9
G=¢y'——-(p—9)'— =G+ gY.
il Chal ) Ul " +¢
Note that G is only positively complete. By a direction computation, we obtain
the Ricci curvatures of G and G,

Ric=—(n—1)3%, Ric=—(n—1)>¢>

RNy

By (10), we see that
Ric < Ric.
Thus the Ricci curvature condition (7) holds. But G # G, even G is complete.

The above example also shows that if the inequality in (7) is reversed, then
the conclusion in Theorem 2.3 is false.

3 Projectively Equivalent Finsler Metrics

In this section, we will first discuss an interesting result by Rapcsdk [16] on
projectively equivalent Finsler metrics. Then we apply Theorem 2.3 to Finsler
metrics and obtain a stronger result in this case.

Let g = gi;(¥)y'y? be a Finsler metric and § = §;;(y)y‘y’ another Finsler
metric on M. Warning: g;;(y) and g;;(y) depend on y € T, M \ {0} at each
point z, unless they are Riemannian. One can easily verify that the geodesic
coefficients G¢ = Gi(y) of § are related to that of g by

w1 (05
G =gt _~zl{ 5 k_~.} 11
+ 49 ayl ) g (> ( )
where §.; := §i;.k¥°y’ denote the covariant derivatives of § with respect to g.
. %5 0G0y
* T 9z T Byk oyt

We simply denote V§j := §.xdz”* which is a 1-form on TM \ {0}. By Lemma 2.1
and (11), we immediately conclude that § is pointwise projective equivalent to
g if and only if there is a scalar function P on T'M such that

=1}

3§-k k ~ ag
"y — Gy =2P—. 12
oY " By (12)

Lemma 3.1 § is pointwise projectively equivalent to g if and only if there is a
scalar function P on TM such that

a3 oP
3. P—= +2_—g. 13
gk ayF + ayF (13)
In this case -
g;kY
P== . 14
i (14)

Suppose that the projective equivalence is trivial, P = 0, then g is horizontally
parallel with respect to g, Vg = 0.



Proof: First we assume that g is pointwise projective to g. Then (12) holds for
some scalar function P on TM. Contracting (12) with y' yields

Gxy® = 4Pg. (15)
By (12) and (15), we obtain
g _ 0 k .
QPay = @[g;ky ] - 2.9;l
0
oy [4P 9] 201

This gives (13). Conversely, if (13) holds, then

ok » . L0 (.85 0P 55 _oP.
gy = 2P 997 P L 9%
Y THm = ayl{ ayF T “oyRY i} -1 oyt T aylg}
OP_ 05 55 85 _OP.
— 2 P29 L 9p99 _pY 50"
o TPt 2 Py~ 2500
a3
— 2p %
oy
This gives (12). Q.E.D.

By Lemma 3.1, we obtain an additional conclusion to Theorem 2.3 for Finsler
metrics.

Corollary 3.2 Let (M, g) be a complete Finsler manifold and § another Finsler
metric on M, which is pointwise projectively equivalent to g. Suppose that

Ric < Ric.

Then the projective equivalence is trivial. Hence g is horizontal parallel with
respect to g.

According to Corollary 3.2, if two Ricci-flat Finsler metrics are pointwise
projectively equivalent and one of them is complete, then the projective equiv-
alence is trivial and the Riemann curvatures are equal. One can show if two
negative Ricci-constant Finsler metrics are pointwise projectively equivalent and
one of them is complete, then they are isometric up to a scaling. These facts
are proved in [9]. In the positive Ricci-constant case, we have the following

Corollary 3.3 Let g and g be pointwise projectively equivalent Einstein metrics
on a compact n-manifold with Ric = (n — 1)g and Ric = (n — 1)g. Suppose
that § < g, then g =g.



Example 3.4 ([4][13]) Let

4

(VI =TxPIP = (x,3)%) + (x,))
g= , y € T B™(1).

(1= Ixf2)* (Il = (2l P2 = (x,9)2))

g has the following properties:
(a) g is positively complete,
(b) g is pointwise projectively equivalent to the Euclidean metric on B™(1),
(c) the flag curvature of g vanishes, K = 0.

However, the projective equivalence is not trivial since g is incomplete.

4 The Role of the S-curvature

Now we take a look at the S-curvature and the role it plays in the projective
geometry of Finsler manifolds.

First, recall the definition of the S-curvature. Let g = g;;(y)y'y’ be a
Finsler metric on a manifold M. The Busemann-Hausdorff volume form dV, =
o(z)dz' - - - dz™ is defined by

o(z) == : Vol(B™(1)) — . (16)
Vol{(y’) €R™ | gii(y)y'y’ < 1}
For a vector y € T, M \ {0}, the S-curvature S(y) is defined by
oGt ; 0
S(¥) = 5,7 ) =¥ g5 (1m0 (@), (17)

See [10] for detailed discussion on the S-curvature. If g is a Riemannian metric,
then o(z) = /det(g;;(x)). Thus S = 0. In this sense, the S-curvature is
a non-Riemannian quantity. There are many non-trivial Finsler metrics with
vanishing S-curvature.

Example 4.1 Let {¢1,(?,¢®} be the canonical left-invariant co-frame on the
Lie group Sp(1) = S? satisfying

d¢t =2 A%, dCP =23 A, dC =200 A (18)
Consider g = [a + B]?, where

aly) = Ve[ 2 + R+ X[EOE,  Bly) =)

10



where k > 0, A > 0 and £ > 0. Assume that

13
1Blla = || < 1.
K

Then g is a Finsler metric with 8 = 0. This fact is verified in [Sh2, Example
5.2.3]. It is proved in [3] that for A = \/k and ¢ = V&2 — k with k > 1, the
resulting metric g, = [ + B]* satisfies

Ric = 2g,.

Examples of constant curvature constructed in [11], [12] all have zero S-
curvature, S = 0.

Lemma 4.2 Let g and § be Finsler metrics on an n-manifold M. Suppose that
g 1is pointwise projective equivalent to g. Then the projective factor P is given

by

P:nil(g—s)—yi%[lnf], (19)

where f = f(z) s a scalar function on M determined by dV; = f,}ﬁ dv,.

Proof: By assumption, the geodesic coefficients of g and § satisfy

G' =G + Py'.
This implies that ~
aGt  OG!
— = - 1P 20
5o = o T+ (20)
Express dV; = &(z)dz' - - - dz™. The S-curvature of § is given by
L. 0G0 .
§= 57V axi(lna(x)). 21)
Let (2 =
o(z)\ =
fl@) = (@) . (22)

f(z) is a well-defined function on M, although o(x) and &(z) depend on the
local coordinates. The volume forms of g and § are related by

1
Flay !

It follows from (17), (20) and (21) that

P = n-li-l [Q—S+yi%(ln&) —yiaii (lna)]

= o (8-8) v g (m),

11

n 1
z)dz' - - dz" = ———— dV.

. — 7 1 PR n —
dV; = o(z)dz dz Fl)




This proves Lemma 4.2. Q.E.D.

By Lemma 4.2, we obtain an additional conclusion to Corollary 3.2 for pro-
jectively equivalent Finsler metrics with the same S-curvatures.

Corollary 4.3 Let (M, g) be a complete Finsler manifold and § another Finsler
metric on M, which is pointwise projectively equivalent to g. Suppose that both
g and § satisfy

Ric < Ric, S=S8.

Then the conclusion in Corollary 3.2 holds and dVj is proportional to dVj,.
Theorem 1.1 is just a special case of Corollary 4.3.

Example 4.4 Let (M,h) be an arbitrary Riemannian surface and I = (a,b)
an arbitrary interval. For an arbitrary number £ > 0, define a Finsler metric g.
on M =1Ix M by

9:(y) = u® + h(¥) + ev/ul + h(¥)?, (23)

where y = u% OF € Tiyp(I x M) =R @ T,M. The metric g; is constructed
by Z.I. Szabo [14] in his classification of Berwald metrics.
Express h in a local coordinate system by

h=e’®3) (v? + w?).

Then for y = uge + 08 + was € Tia,p) (I x M),

9:(¥) = u? +e?W) (0% + w?) + 6\/u4 + e20(¥:2) (v? 4+ w?)2.

By a direct computation, we obtain the geodesic coefficients of g,

G' =0
1

G? = Z{pyv2—pyw2+2psz}
1

G = Z{pzw2—,ozv2+2pva}

We see that the spray of g. is independent of £ > 0 and hence all g. in this
family are pointwise projectively related. The Ricci curvature of g is given by

. - _ J  _ _
Rlc(y) = K(p) h(y)a y = ’U,% SRS T(:c,p) (I X M)7

where K(p) denotes the Gauss curvature of h at p € M. We see that the
Ricci curvature of g. is independent of £. Note that the volume form dV,, =
o(x,y, z)dzdydz of g is given by

o(z,y,z) = e’ @),

12



This gives
o o o
S=(GYu+(GHy + (G —u—= —v-2L —w-= =0.
o o o
From the above example, we see that trivially pointwise projectively equivalent
metrics are not necessarily isometric, even if the Ricci curvatures of the metrics
are equal.

5 Projectively Equivalent Riemannian Metrics

In this section, we will prove Theorem 1.3. Let § and g be pointwise projectively
equivalent Riemannian metrics on an n-dimensional manifold M. We know that
the S-curvature of any Riemannian metric always vanishes. Thus by Lemma, 4.2,
the projective factor P is given by

g 1]

where f is a positive function on M which is defined in (22). Plugging it into
(9) yields

P:—yi

n—1
f
where DZ f denotes the Hessian of f with respect to g. Now the Ricci curvature

becomes a quadratic form on each tangent space T, M. Thus at each point
x € M, there is an orthonormal basis {e;}-, for (T; M, g;) such that

Ric(y) = Ric(y) + —— Df, (24)

Ric(y) = > N (1), y =1

i=1
The trace of Ric with respect to g is defined by
o n
tryRic =\, (25)
i=1

and the trace of Ric with respect to g is just the scalar curvature s, of g.
Taking the trace on both sides of (24) with respect to g, we obtain

__ —1
tryRic — sy = nTAgf. (26)
Let r := Tﬁ(trgfii/c —s,). Equation (26) becomes
Af=rf. @27)

Proof of Theorem 1.3: We assume that M is compact. Integrating (27) over M,
we obtain

/ r fdV, =0.
M

13



Now we assume that

r<o, or r>0,

then r = 0. Thus the function f determined by dV; = wirdV, satisfies

Af=rf=0.

Since M is compact, f = constant. Thus, by Lemma 4.2, dVj is proportional
to dV, and the projective equivalence is trivial. Thus the Riemann curvatures
are equal, R = R. By Lemma 3.1, g is horizontally parallel with respect to g

too0.

Q.E.D.
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