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Abstract

In this paper, we study a long existing open problem on Landsberg
metrics in Finsler geometry. We consider Finsler metrics defined by a
Riemannian metric and a 1-form on a manifold. We show that a regular
Finsler metric in this form is Landsbergian if and only if it is Berwaldian.
We further show that there is a two-parameter family of functions ¢ =
@(s), for which, there are Riemannian metric « and 1-form 3 on a manifold
M such that the scalar function F' = a¢(8/a) on TM is an almost regular
Landsberg metric, but not a Berwald metric.

1 Introduction

In Finsler geometry, we consider scalar functions F' = F(x,y) on the tangent
bundle TM of a manifold M. The restriction F, := F|p,a on each tangent
space T, M is a (Minkowski) norm, so that the length of a curve is well-defined.
Thus Finsler manifolds are smooth metric spaces. If g = g;;(x)dz’ @ d2’ is a
Riemannian metric on M, then F := /g¢;;(x)y’y’ is a Finsler metric. Finsler
metrics are generalized Riemannian metrics. Riemannian metrics have two spe-
cial properties: 1) the geodesic coefficients G* := %, (z)y'y’ are quadratic in

y =y 52|, Here G appear in the geodesic equations

d?z? ; dx
— +20 (x dt) —0. (1)
2) all the tangent spaces (T, M, Fy) are linearly isometric to each other as
Fuclidean space. The first property is crucial to show the exponential map
exp, : TpxM — M is C* at the origin. The second property reveals another
important property of Riemannian spaces, that is, the infinitesimal geometry at
every point is Euclidean.

However, Finsler metrics do not share the same properties as Riemannian
metrics, in general. Those with the first property are called Berwald metrics. On
a Berwald manifold (M, F), all tangent spaces (T, M, F,) are linearly isometric
as norm spaces. In this sense, a Berwald manifold is modeled on a single norm
space. The local structures of Berwald metrics have been completely determined
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by Z. 1. Szabo [10]. Below is a typical non-trivial example of Berwald metrics
on R3:

F(z,y) = \/ep(s,t)(u2+v2)+w2+\/e2p(s,t)(u2+v2)2+w4,

where x = (s,t,7) € R and y = (u,v,w) € T, R3.

For a Finsler metric F on a manifold M, the Minkowski norm F, := F|r,
on T, M induces a Riemannian metric g, := g;;(z, y)dy' ® dy? on T, M \ {0}. Tt
is obvious that if F' is a Berwald metric then all (T, M \ {0}, §,) are isometric
as Riemannian manifolds. Thus it is a natural problem to understand Finsler
manifolds with all tangent spaces (T, M \ {0}, §,) isometric.

This leads to a notion of Landsberg metrics. By definition, Landsberg met-
rics are defined by

yiykyl = 0. (2)

It is known that on a Landsberg manifold (M, F'), all (T, M \ {0}, §,) are isomet-
ric. Clearly, (2) always holds for Berwald metrics. However, the classification
of Landsberg metrics is far from being completed.

Below is a long-existing open problem in Finsler geometry:

1 .
ijl = _iFFyi [Gl]

Is there any Landsberg metric which is not Berwaldian?

People wish to find some explicit examples if the answer is “yes”. Recently,
R. Bryant claims that he has classified two-dimensional Landsberg metrics.
There are lots of Landsberg metrics which are not Berwaldian [3]. The author
does not know if his examples can be expressed explicitly in terms of elementary
functions.

In order to find explicit examples of Landsberg metrics, we consider («, (3)-
metrics. The so-called (a, B)-metrics are Finsler metrics defined by a Rieman-
nian metric & = y/a;;y'y/ and a 1-form B = by’ on a manifold M. (a, 3)-
metrics are “computable” Finsler metrics. Thus it is natural to search for
Landsberg metrics in this class.

An (o, f)-metric is a scalar function on TM defined by

F = a(b(s), §=—

where ¢ = ¢(s) is a C*° function on (—b,, bs), @ = \/a;;(x)y’y’ is a Riemannian
metric and 3 = b;(z)y’ is a 1-form. It can be shown that for any Riemannian
metric « and any 1-form 5 on M with ||Gz]la < b the function F' = a¢(5/«)
is a (positive definite) Finsler metric if and only if ¢ satisfies

#(s) >0,  d(s) =58/ (s) + (0> = s*)d"(s) >0, (Is[<p<bo), (3)

(Lemma 2.1). Such («, §)-metrics are said to be regular.
Randers metrics are special (o, 8)-metrics defined by ¢ = 1+ s, i.e.,, F =
a + 8. It is well-known that a Randers metric is a Landsberg metric if and



only if it is a Berwald metric [6], [9]. In this paper, we are going to prove the
following

Theorem 1.1 (n > 3) Let F = a¢(B/a) be a regular (o, B)-metric on an n-
dimensional manifold, where ¢ = ¢(s) is a C* function on (—b,,b,) such that
¢ # kiv1+ kos?® for any constants k1 > 0 and ko. Then F is a Landsberg
metric if and only if B is parallel with respect to «, in this case, F is a Berwald
metric.

Note that if ¢ = k1v/1+ kos?, then F = ap(8/a) = kiv/a?+ ko2 is a
Riemannian metric. If («, 8)-metrics are allowed to be singular in two extremal
directions, then there are some non-trivial solutions. Let ¢ = ¢(s) satisfy (3).
A function F = a¢(f/a) is called an almost regular (o, 5)-metric if 8 satisfies
that || Bz ]la < bo, V& € M. An almost regular («, §)-metric F' = a¢(3/a) might
be singular (even not defined) in the two extremal directions y € T, M with
Bz, y) = £bor(z,y).

To state our result, we shall first introduce some notations. Let b;; denote
the coefficients of the covariant derivative of = b;y* with respect to a =

Vai;y'y . Let
1 1
Tij 1= §(bi|j + bj|1-), 8ij 1= §(bi|j + bj|1-),

R N __ i
Ty .—bTij, S5 —bSij,

where b° := ab;. Let b(x) := ||Bs]la. It is easy to see that 3 is closed if and
only if s;; = 0.

Theorem 1.2 (n > 3) Let F = a¢(f/a) be an almost regular (o, 5)-metric,
where ¢ = ¢(s) is defined on (—by,bo) such that ¢ # kiv1+ kas? for any
constants ki and ko. Let b(x) := ||Bxlla # 0. Then F is a Landsberg metric if
and only if either 3 is parallel with respect to a, in this case, F' is a Berwald
metric, or ¢ is given by

- s 01\/1— (t/bo)2—|—03t
#ls) = caexp [/o RN L

and (B satisfies the following equations:

(4)

b = by, (5)

sij = 0, (6)

rij = k(b*ai; — biby), (7)

where ¢1, c3, ¢4 are constants with ¢y # 0, 14+c3b, > 0 and c4 > 0, and k = k(z)

is a scalar function. Moreover, F is not a Berwald metric if and only if k # 0.

The function ¢ in (4) can be expressed in terms of elementary functions. See
(62) below.



Letting b, = 1, ¢c1 = g # 0 and ¢5 = 0 in (4), we obtain a special family of

functions
s V1—1t2
¢ = cqexp [/ IV .
o 14+ gtv1—1¢2

¢ can be expressed in terms of elementary functions. See (63) below. For the
function ¢ in (8), a Riemannian metric «, and a 1-form § with b(z) := || Gz]|a <
1, by Theorem 1.2, the almost regular («, §)-metric F' = a¢(8/«) is a Landsberg
metric if and only if

(8)

b= 1, Sij = O, Tij = k(aij - blbj)

When k # 0 and n > 2, F' is not a Berwald metric. We notice that this special
family of Landsberg metrics are actually introduced by G. S. Asanov [1],[2].

There are lots of Riemannian metrics o and 1-forms (3 satisfying (6) and (7)
with k& # 0. Below is a simple example.

Example 1.1 At a point x = (x,y, 2) € R? and in the direction'y = (u,v,w) €
T« R3, define a = a(x,y) and 3 = B(x,y) by

(63

5 =
Then o and (3 satisfy (6) and (7) with b= ||Bx|la =1 and k= 1. Let

\/u2+e2x(v2 +w2)
U.

F [/ﬁ/a aviZtral
= aex
P o L+tleavVl =12 +cst)

Then F' is an almost reqular Landsberg metric but not a Berwald metric. This
metric is singular in two directions'y = (£1,0,0) € Ty R3 at any point X.

Acknowledgment: The author is grateful to G.S. Asanov and D. Bao for
valuable discussions on this topic.

2 Landsberg Curvature

For a Finsler metric F' = F(z,y) on a manifold M, the spray G = y' 52 —2G" B‘Zi
is a vector field on T M, where G* = G(x,y) are defined by
" 2 k 2
' = L 1Py - [P}, (9)
where gi; := 1[F?],i,; and (¢¥) = (gi;)*. By definition, F is called a Berwald
metric if G* = §T%, (x)y/y* are quadratic in y = y' 5|, € ToM for any z €
M. On a Berwald manifold (M, F'), all tangent spaces T,,M with the induced




Minkowski norm F are linearly isometric. Moreover, F' is affinely equivalent to
a Riemannian metric g, namely, F' and g have the same spray. Using this fact,
one can determine the local structure of a Berwald metric [10].

The Landsberg tensor L = L;;rdz’ ® dz? @ dz* is defined by

Lk = —%FFyi [G] (10)

yiykyl
Clearly, if G' = 4T, (z)y'y* are quadratic in y = 3 2:|s € TuM for any
x € M, then Lj,; = 0. A Finsler metric is called a Landsberg metric if Ly = 0.
It is known that on a Landsberg manifold M, all tangent spaces T, M with the
induced Riemannian metric g, = g;;(x,y)dy’ ® dy’ are isometric.

Now we consider (a, §)-metrics. Let ¢ = ¢(s) be a C* function on (—b,, b,).
Let a = \/a;;y'y7 be a Riemannian metric and 3 = b;y* a 1-form on a manifold
M. The norm of 3 with respect to « is given by

1Bz lla = /@' (2)bi(2)b; ().

Define
F:=a¢(s), s= é (11)
«
By a direct computation, we obtain
FFy = giy" = ¢(¢ — 50" )yi + ¢’ ab;. (12)

and
det (gig) = 0" (& — 56" [(6 = 56) + (18. % — )0 det (aig) .~ (13)
Using the continuity, one can easily show that

Lemma 2.1 Let ¢ = ¢(s) be a C™ positive function on (—by,b,). Let F =
ad(B/a), where « = /a;j(x)y'y? is a Riemannian metric and 3 = b;(z)y" is

a 1-form. Then for any Riemannian metric o and any 1-form 3, the function
scalar function F' = a¢(f/a) is a Finsler metric if and only if ¢ = ¢(s) satisfies

(3).

Proof: Let ¢ = ¢(s) be a C* function on (—b,,b,) satisfying (3). For any s
with |s| < b,, taking b = |s| in (3), we obtain

o(s) — s¢'(s) >0, (Is] < bo). (14)
Let ¢a(s) := (1 —A) + Ap(s). ¢y satisfies (3) and (14) for any 0 < A < 1.
Let a be a Riemannian metric and 3 be a 1-form. Let b := ||3;]|2. Fix an

arbitrary tangent vector y € T, M. Then s := (3(z,y)/a(z,y) satisfies |s| < b,.
Let F* := a¢,(8/a) and gi}‘j 1= 2[(F*)?],iys. By (13),

n—2

det (g(xw) = [@-n+a]" [N +r6-50)]" x
{1 =X+ A[(6 = 50 + (1.2 = s1)9"] | det(ayy).



Clearly,
det (g?j(x,y)) # 0.

Since (g?j) = (aij) is positive definite, by the continuity, we conclude that

(gl-lj (z, y)) = (gl-j (z, y)) is positive definite. Thus F' is a regular positive definite
Finsler metric.

Conversely, suppose that F' = a¢(8/«) is a regular Finsler metric. First,
for an arbitrary number b with 0 < b < b,, one can choose {«, 3} such that
I8z, |l = b at some point x, € M. For an arbitrary number s with |s| < b,
we can always find a vector y € T, , M such that B(z,,y) = sa(z,,y). By
assumption, F(z,,y) = a¢p(s) > 0, we conclude that ¢(s) > 0. By another
assumption, det(g;;(xo,y)) > 0, we conclude from (13) that

¢(s) —s¢'(s) #0,

provided that n > 2. Since ¢(0) > 0, and s and b arbitrary with |s| < b < b, we
must have

¢(s) = s¢'(s) >0, (Is| < bo).
Now by (13), we conclude that

B(s) — s¢'(s) + (b* — s*)¢"(s) > 0, (|s] < b < by).

If n = 2, we still get the above inequality from (13). This proves the lemma.
Q.E.D.

To compute the Landsberg curvature of an (o, §)-metric F = a¢(8/a), we
first find the spray coefficients of F. Let rio := 74597, sio := si;97, 10 := rj1’
and so = ;1.

Let G* = G*(z,y) and G* = G*(x,y) denote the coefficients of F' and «
respectively in the same coordinate system. By (9), we obtain the following
identity.

Gi—Gi—FOZQSiO_"@{_2QQSO+TOO}{%+Q;L;QN}5 (15)
where
¢/
: = _ 16
Or = 1o
0: = Q9 . (7)

2(1+5Q + (b* = 5*)Q’)

Note that the coefficients of G* depend on @ directly and ¢ is given by

¢:exp[/1+QSst].




The formula (15) in a different form has been given in [4], [7].

Clearly, if 3 is parallel with respect to « (r;; = 0 and s;; = 0), then G* = G*
are quadratic in y, and F' is a Berwald metric. However, as we see in Theorem
1.3, for a positively almost regular Berwald («, 3)-metric, § is not necessarily
parallel with respect to a.

By a direct and lengthy computation using (10) and (12), we obtain the
following form of the expression for L;y;.

ijl = —&%{hjhkcl + hjthk + hkthj + 3Ejhkl + 3Ekhjl + 3Elhjk}, (18)
where p := ¢(¢ — s¢’) and
h; ab; — sy;
hik: = o*ajk — Yk,
Cj e (X4T00 + }/40150)hj + 3AJJ
Ej = (XgToo + }/GOZSO)hj + 3/LJJ'
Jj : = a2(sj0 + FTJ'O + HO[SJ') — (FTOO + HO[SO)yj,
where
1
Xt = x5{ —28Q7+3(Q-sQ)Q"+ 3 —s)(Q")* },
1
Xt = 5{(Q=s@)?+ (2s +6°Q) - (0 = 1)(Q - s0))Q"}.
30'0"
}/4: = _2QX4+ QAQ )
_ VoY
Yo: = —20Xe+ @ ZQ)Q’
A = —Q,
1 /
1
I': = Z
II: = —%.

where A :=1+sQ + (b? — s3)Q".

3 Some ODEs

We need the following lemmas.

Lemma 3.1 If a function ¢ = ¢(s) satisfies that u =0, then

¢:CIV1+02525

where ¢1 and co are constants with ¢4 > 0.



Lemma 3.2 If a function ¢ = ¢(s) satisfies that A =0, then

S
t
(;5:03exp[/ Cl"'i@dt,
0 1+Clt+02t2

where c1,co and c3 are constants with cg > 0.

Proof: A = 0 implies that Q" = 0. Thus

Q =c1 + cos.
Then
e e
14+ sQ 14 c154cas?2 "

This determines ¢.

Our central term is given as follows:

(Q = 5Q)Q" +35(Q")?

PG A = 3 P - )0

We have the following
Lemma 3.3 If ¢ = ¢(s) satisfies

ILLX4 - AX6 = O,

then either

c1V 1+ cas? + c3s
¢ = cq €Xp [ ds
14+ s(e1vV1 4 cas? + c38)

where ¢1, o, c3 and ¢y are constants with ¢c1 # 0 and cq4 > 0 or

1
<1 2(1+cy)
b= c3s1iter (1 +c1 + 0252) !

1

where c1,co and c3 are constants with ¢1 # 0 and ¢z > 0.

Proof: By (19), we get
(Q _ SQ/)Q/// 4 3S(Q//)2 — O
Note that Q@ — sQ’ # 0 (i.e., F' is non-Riemannian). Then
!/
[(@-s)7Q"] =0.

Thus
(Q—sQ) Q" =ki.
(Q—sQ)*(=sQ") = —k1s.

ifCl 7§ -1

cgse2e2s? if g = —1

Q.E.D.



Let

H:=Q -sQ'.
We get

HH' = ks,

(H™ %) = 2kys,

H72 = k152 + kg.

Since H=2 > 0 for 0 < s < b,, we can see that ko > 0 and k; > 0 when ko = 0.
Case I: If k3 > 0, take ¢; = £1/v/ka # 0 and ¢ = k1 /ko. We get

1
V1 + cos?

Q =c1vV1+ cas? +css. (23)

Solving (23) we obtain (21).

H =

Then

Case II: If ks = 0 (hence k; > 0), take ¢; = £1/(2/k1) # 0. We get

=2
S

Then c
Q= gl + co8. (24)

Solving the equation we obtain (22). Q.E.D.

Lemma 3.4 Suppose that there is a number d such that ¢ satisfies

db?sI' + b1 — s = 0, (25)
Then (2 ) e
— -1
L (26)
2s

where k1 is a number independent of s. Thus ¢ satisfies
{25)(4 + 3Ar}db2 + {b2Y4 + 3A} —0. (27)
{25)(6 + BuF}de + {b2Y6 + 3#} -0, (28)

Proof: (25) can written as

sdb? — b2Q
1+sQ+ (b* — %)@

—s=0.



It is easy to solve the above ODE and get (26). The remaining argument is
straight forward using the formulas for X;,Y; p, A and I Q.E.D.

Note that if we write @ in (26) in the following form
c
Q=—+cas,
s

then d = (1 + 2¢1 + 2¢2b2) /b2.

Lemma 3.5 Let (k,c) # 0. Let ¢ be given in (21) or Q be given in (23). Then
{(b2 — )Xy — 3Ars}k + {52)(4 + 3Ars}c =0, (29)
{(b2 — )X — 3qu}k + {52)(6 + 3urs}c -0 (30)
if and only if co = —1/b% and ¢ = 0. Moreover, ¢ does not satisfy (25).

Proof: Plugging Q = c1v/1 + 252 + ¢35 into (30) and setting s = 0, we get

kb%c3(cab? + 1)

=0. 1
2(1 + c3b?)? 0 (31)
It is also easy to see that at s = 0,
C1
X lI=———
5 6+3,M 1+03b2#0

Thus sXg + 3ul’ # 0 for small s. It follows from (30) that k # 0. Then by (31)
we get co = —1/b%.

Conversely, if co = 1/b? and ¢ = 0, then Q = c14/1 — (s/b)? + c3s satisfies
(29) and (30). Q.E.D.

Lemma 3.6 Let ¢ be given in (22) or Q be given in (24). Then (29) and (30)
hold if and only if
1 + C1 + 02b2
C1

c= k. (32)
Further (25) holds if and only if

- 1+ 201 + 202b2

ProofPlugging Q = ¢1/s + cas into (29) and (30) yields

d

6c1b? ((1 +c1 + bk + clc)

(82 4 2¢18% — 102 + c2b?s2)?

:O,

10



252c1b2 ((1 +c1 + bk + clc)

=0.
(82 4 2¢18% — 102 + c2b?s2)?

Thus (29) and (30) hold if and only if ¢ is given by (32). Plugging @ = ¢1/s+c2s

into (25) yields
s3(1 4 2¢1 + 2c2b? — db?)
52+ 2¢182 — 102 + cpb?s2?

Thus (25) holds if and only if d is given by (33).

=0.

4 Landsberg Metrics

Q.E.D.

In this section, we are going to derive a sufficient and necessary condition for

an (a, B)-metric to be Landsbergian. First note that
hjbj = a(b? — 5%, hjyj =0,
hjpb* = ah;,  hjy® =0,  hjpb b = a?(b? — §?),
ijj =0, Ejyj =0.

Let
J: = V= a{a(so +Trg) — (Crop + Haso)s},
C: = bjCj = (Xyro0 + Yaasg)a(b? — s%) 4+ 3AJ,
E: = VE;=(Xeroo+ Ysaso)a(b® — s*) + 3u.

Lemma 4.1 (n > 3) The following two conditions are equivalent.
(i) Ljw =0,
(i) C; =0 and E; = 0.
Proof: (i) = (ii). Assume that L;z; = 0. Then by (18),
hihiCy+ hjhCy + hihiCj + 3E by + 3E hj + 3E1hy = 0.
Contracting (34) with b* and b' yields
(b — s*)C; + 3E; = 0.

Let
ij = (b2 - 52)hjk - hjhk.

We have
Wiy® =0,  Wib* =0.

Using (35), we can see that (34) is equivalent to the following equation:

ijCl + leCk + Wlej =0.

11



Contracting (37) with b’ yields
W;iC = 0.
Since n > 3, W;j, # 0. We obtain that C' = 0. Contracting (37) with a*! yields

that C; = 0. By (35), we get E; = 0.
(ii) = (i): Obvious by (18). Q.E.D.

5 A Sufficient Condition

In this section, we shall prove the following

Proposition 5.1 Let F' = ad(S/a) be a positively almost regular (c, 5)-metric
on a manifold. Suppose that o = \/a;;y'y? and 3 = by satisfy

sij = b%{bisj - bjsl}, (38)

Tij = k(bQCLij — blbj) =+ Cbibj =+ d(blsj =+ bjSi), (39)

where k = k(x), ¢ = c¢(z) and d = d(x) are scalar functions. Assume that
¢ = ¢(s) satisfies the following ODEFEs:

{(b2 — )X, — 3AFs}k + {52)(4 + 3AFs}c —0, (40)

{(b2 ~ %)X, — 3qu}k + {52X6 + 3,ufs}c —0. (41)

If so # 0, we further assume that ¢ = ¢(s) satisfies the following additional
ODEs:

db®T's + b’ — s = 0, (42)
(25)(4 + 3AF)db2 + (b2Y4 + 3A) —0, (43)
(25)(6 n 3uF)db2 n (b2Y6 n 3,&) —0. (44)

Then F = a¢(B/a) is a Landsberg metric.
Proof: By a direct computation, we get
C; = a*{((* — ) X4 — 3sAT )k + (s X, + 3ADs)

+% { (25)(4 + 3AT)db? + (b2Y4 + 3A) }hj
_ESIJ)X_Qa{deFS + %1 — s}(soyj — OZQSJ')- (45)

12



E;, = a2{ ((b2 — %) Xg — 3s,uf)k + (52X6 + 3,qu) c}hj

+%{(25X6 + 3ul)db? + (b2Y6 + 3,&) }hj
3po
_b—Q{deFS + B3I — s}(soyj —a?s;). (46)
Under our assumption, we always have C; = 0 and E; = 0. Q.E.D.

6 A Necessary Condition (n > 3)

We are going to study the equations C; = 0 and E; = 0. The difficulty is
how to deal with the terms involving ¢(5/a). To overcome this difficulty, we
change the y-coordinates (y') at a point to “polar” coordinates (s,y”), where
i=1,---,nand a = 2,---,n.

Fix an arbitrary point € M. Take an orthonormal basis {e;} at x such
that

Fix an arbitrary number s with [s| < b. It follows from = s« that

1_ S -

y - b2 — 52 O[,

where
n
a= > (y)?
a=2
Then . b
S _
a= 2 — g2 p= 2 — 2
Let N N N
710 1= Z r1ay", Too = Z Taﬁyo‘yﬁ, 50 := Z Say.
a=2 a,3=2 a=2
We have
§0 = b§10, S1 = bSll =0.

Before we derive some equations on 7;; and s;;, let us state the following
trivial fact.

Lemma 6.1 Ifa= /Y. _,(y*)? satisfies the following equation
¢ +ypa =0,

where ¢ = ©(§) and 1 = Y(y) are homogeneous polynomials in § = (y*), then

w=0and ¢ =0.

13



Proof: First, we assume that deg ¢ = even. Then deg vy = odd. We have
e(y) £ ¥(y)a(y) = 0.

Thus ¢(7) = 0 and ¥(g) = 0. If degp = odd, by a similar argument, we still
get the same conclusion. Q.E.D.

Although the expressions for C; and E; are similar, we shall first study the
equation E; = 0 because p # 0 under our assumption on ¢.

By a direct computation, one can show that F; = 0 is equivalent to the
following two equations:

{(b2 — )X — 3s,uf}foo + s{sX6 n 3ur}ma2 -0, (47)
(v? — 52){ (25X6 n 3ur)f10 n (b2Y6 n 3,&) 510}
—3S;L{SFF10 + (b1 — 5)510} =0, (48)

and F, = 0 is equivalent to the following two equations:
s{ ((b2 — %) Xp — 3s,uF) oo + s(ng + 3,uF) r11&2}ya
—3b2u{F(F0a6z2 - Fooya) - §Oaa2} =0, (49)
s{(b2 — 82 [(25)(6 n 3ur)f10 n (b2Y6 n 3,&) 510}
—3us [Fsﬂo + (b1 — 5)510} }y“
- 3ub2{ [Fsrla - s)sla} a2 — [Fsﬂo +(b2I - s)glo] ya}. (50)
Contracting (49) with y* yields (47) and contracting (50) with y* yields (48).

Lemma 6.2 (n > 3) Assume that ¢ # kiv 1+ kas? for any constants ki, k.
If C; =0 and E; =0 at a point x, then

Sab = 0, (51)
Tab = kb25ab, (52)
T = Cb2, (53)

where k and ¢ are numbers, and ¢ = ¢(s) satisfies (40) and (41).

Proof: Using (47), we get from (49) that
3ub2{F(F0a&2 - Fooya) - §Oaa2} =0. (54)
By Lemma 3.1, u # 0. We get from (54)

['(Fao®® — Tooy®) — 50a@> = 0. (55)
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Since n > 3, (55) implies (51) and (52).

Letting ¢ := r11/b?, we obtain (53).

Plugging (52) and (53) into (47) yields (41). Similarly, C; = 0 implies (40).
Since A = 0 for a large class of functions (Lemma 3.2), one should first use (55)
to simplify C; = 0. Then C; = 0 implies (40). Q.E.D.

Now we assume that ¢ # k1v/1 + kos? for any constants k1 and ko, and it
satisfies C; = 0 and E; = 0. By (48) and p # 0, we get from (50) that

(sFTla + (b1 — s)sla) a? — (sFFlO + (V*II — s)§1o)ya =0. (56)
Since n > 3, it follows from (56) that
sT'r1q + (BT — 8)s14 = 0. (57)
Using (57), equation (50) can be reduced to
{25)(6 + 3ur}r1a + {b2Y6 + 3u}sla —0. (58)
By a similar argument for C; = 0 using (57), we get

{25)(4 + 3AF}r1a + {b2Y4 + 3A}sla —0. (59)

Lemma 6.3 (n > 3) Assume that ¢ # kiv/1+ kos? for any constants k1 and
ko and it satisfies that C; =0 and E; = 0 at a point x. Suppose that ¢ = ¢(s)
does not satisfy (42) for any number d. Then

Tla:O, Sla:O.

Proof: By comparing (57) and (42) and using the fact T # 0, we conclude that
14 =0 and 51a = 0. QED

Lemma 6.4 (n > 3) Assume that ¢ # kiv/1+ kos? for any constants k1 and
ko and it satisfies that C; = 0 and E; = 0 at a point x. Suppose that ¢ satisfies
(42) for some number d. Then

T1la = db251a. (60)
Proof: By (42), we have
b2II — s e
s’
Then (60) follows from (57). Q.E.D.

Let us summarize what we have proved.
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Proposition 6.5 (n > 3) Let F = a¢(8/a) be a positively almost regular
(a0, B)-metric on a manifold of dimension n > 3. Assume that ¢ # kiv/1 + kos?
for any constants k1 and ko. Suppose that F = ap(B/«a) is a Landsberg metric.
Then [ satisfies (38) and (39) and ¢ satisfies (40) and (41). If so # 0, then
¢ = ¢(s) satisfies three additional ODFEs: (42), (43) and (44).

Proof: By Lemma 6.2, 3 satisfies
Sab = 0, Tap = kb*0gp, r11 = cb?,

and ¢ satisfies (40) and (41).
Case I: ¢ does not satisfy (42) for any d = d(z). Then by Lemma 6.3,

Tla:O, Sla:O.

In this case, we can write the above equations together in the form (38) and
(39) for any scalar function d = d(x).

Case II: There is a scalar function d = d(x) such that ¢ satisfies (42). Then ¢
satisfies (43) and (44) by Lemma 3.4. By Lemma 6.4, we have

T1la = db251a.

In this case, we can write the above equations together in the form (38) and
(39). Q.E.D.

7 Proof of Theorems 1.1 and 1.2

We have obtained a sufficient and necessary condition for a positively almost
regular (a, §)-metric F' = a¢(f/a) to be Landsbergian. See Proposition 5.1
and 6.5 above. To find non-trivial Landsberg («, 3)-metrics, one has to solve
the equations: (40) and (41), and when sy # 0, one has to solve the additional
equations: (42), (43) and (44).

A natural question arises: are there non-trivial solutions ¢ = ¢(s) to these
ODEs? Luckily, we can solve them! After we solve these equations, we shall
prove Theorem 1.2. Theorem 1.1 follows from Theorem 1.2 because that there
is no regular Landsberg (o, 5)-metrics which are not Berwaldian.

Lemma 7.1 (n > 3) Assume that C; =0 and E; = 0. If
ILLX4 - AX6 75 O,
then 3 is parallel with respect to «.

Proof. By Proposition 6.5, ¢ satisfies (40) and (41). It follows from (40) and
(41) that

(uXy — AXg){(b2 — sk + 520} =0.
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We get
(b? — sk + s*c = 0.

By which we conclude that k& = 0 and ¢ = 0. Then (38) and (39) are reduced
to the following identities:

1
Sij = b_Q(blSJ — bjSl'),
Tijg = d(blsj + bJsl)

We claim that s; = 0. If this is not true, then ¢ satisfies (42) by Proposition
6.5. Then @ is given by (26). By (19), one easily can verify that ¢ satisfies

Xy —AXg=0.
This contradicts the assumption. Q.E.D.

Proof of Theorem 1.2: (=). Suppose that F' = a¢(8/a) is a Landsberg metric.
By Proposition 6.5, § satisfies (38) and (39) and ¢ satisfies (40) and (41). If
so # 0, ¢ also satisfies (42), (43) and (44). However, we do not solve (40) and
(41) directly. Instead, we consider the equation (20) which is obtained from
(40) and (41).

First suppose that ¢ does not satisfy (20), i.e.,

ILLX4 - AX6 75 0,

then by Lemma 7.1, £k = 0, ¢ = 0 and  is parallel with respect to «. In this
case, F' is a Berwald metric.
Now suppose that ¢ satisfies (20), i.e.,

01Xy — AXg = 0.

Since F' = a¢(f/«) is almost regular, by Lemma 3.3, ¢ is given by (21). Hence
@ be given by (23). By Lemma 3.5, one can see that ¢ does not satisfy (42). In
virtue of Proposition 6.5, we conclude that sg = 0.

If (k,c) = (0,0), then it follows from (38) and (39) that g is parallel with
respect to a.

Now assume that (k, c) # 0. By Lemma 3.5, ¢ satisfies (40) and (41) if and
only if .

Note that the norm of § with respect to « is a constant,

b(x) = ||Bzlla = 1/v/—c2 = constant.
Since our function ¢ is C*° on (0, b,), we must have

b=1b,.
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Then ¢ takes the following form

1V 1 — (8/b,)% + c38
¢ = cqex ds, 61
+ep /1+s c14/1 — (8/b,)? +03s} (61)

where c¢1, c3 and ¢4 are constants with ¢; # 0 and ¢4 > 0.
(«<). Assume that § and ¢ satisfy the conditions in Theorem 1.2. If § is
parallel, we are done. Thus suppose that 3 is not parallel with respect to a. By
assumption, [ satisfies (38) and (39) with ¢ = 0,d =0, s = 0 and ¢ is given by
(21) with ¢ = —1/b%. By Lemma 3.5, ¢ satisfies (40) and (41). By Proposition
5.1 we see that F' is a Landsberg metric.

In Lemma 8.1 below we will show that the Landsberg («, 3)-metrics in The-
orem 1.2 are not Berwaldian if k& # 0. Q.E.D.

Let b, = 1. Using the substitution s = sin(t), |[t| < 7/2, we obtain the
following formula for the function ¢ in (61).

b= 04\/1 + s[e1V/1 — 2 + c38] exp [ c1 arctan )], (62)

V2+e)?—(d+3

where v is given by any of the following formulas:

(esr + @+ es)er +7) s+ (rer +7) = 2+ es)es ) VI— 52
(035 + (e +r)vV1- 52) V(2 +¢3)2 =12

((2 +c3)es +r(r — cl))s + (031" -2+ c3)(r— cl)) V1—s2

Voo (@ﬂ—i—(r—cl)s) (2+¢3)2 —r2 ,

(2

3

where r := \/cf + cg.

When ¢; = g and ¢3 =0,

6= e/ 1 gov/T— s exp [ L2, (63)
-g°

where v is given by the following formula:

2s+gv/1—s2 .
e >0
YT\ S g o

sy/4—g?
Comparing it with [1] and [2], we see that the (o, §)-metric defined by (5), (6),
(7) and (4) with with ¢; = g and ¢3 = 0 is the metric constructed by G. Asanov
from a completely different approach.

If we allow more singularity for Finsler metrics, we get more Landsberg
metrics. A function F' = a¢(5/«a) is called a positively almost regular («, [3)-
metric if ¢ is is a C*° function on (0, b,) satisfying

o(s) >0, B(s) — s¢'(s) + (b* —s%)¢"(s) >0 (0<s<b<b,). (64)
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and the 1-form [ satisfies that 8(z,y) < boa(z,y) if B(z,y) > 0. A positively al-
most regular (a, )-metric might be singular (even not defined) in the directions
y € T, M with (z,y) = boa(z,y) or B(x,y) < 0.

Theorem 7.2 (n > 3) Let F = a¢(B/a) be a positively almost reqular (o, 3)-
metric, where ¢ = ¢(s) is a function on (0,b,) such that ¢ # ki1 + kas? for
any constants k1 > 0 and ko. Let b(z) := ||Bl|la # 0. Assume that b(zx) =
constant or db(z) # 0 on M. Then F is a Landsberg metric if and only if F
must be in one of the following forms.

(i) F is given in Theorem 1.2.

(ii) ¢ is given by

(65)

1
cgse2e2s? if g = —1

035(1i1cl) (1 +c + 0252)2(#61) if a1 # —1
o(s) =

where c1,ca, c3 are constants with ¢; # 0 and c3 > 0 and 3 satisfies the
following equations:

sy = b%{bisj—bjsi} (66)

1 b2
Tijg = k{(b2aij — blbj) — %blbj},
+1 —|— 201 —|— 202b2

b2 (blsj + bjsi), (67)

where k = k(x) is a scalar function. This metric is always a positively
almost reqular Berwald metric.

Proof: Suppose that F = a¢(8/«a) is a Landsberg metric. By Proposition 6.5,
0 satisfies (38) and (39) and ¢ satisfies (40) and (41). If sg # 0, ¢ also satisfies
(42), (43) and (44).

As shown in the proof of Theorem 1.2 if

ILLX4 - AX6 75 0,

then F' is Berwald metric.
Assume that
Xy —AXg=0.

By Lemma 3.3, ¢ is either in the form (21) or (22).

If ¢ is given (21), we have shown that F' is given in Theorem 1.2.

Assume that ¢ is given in (22) or @ be given in (24). By Lemma 3.6, ¢
satisfies (40) and (41) if and only if ¢ = —(1 + ¢1 + c2b®)k/c1. We see no
restriction on ¢; and co in this case. Moreover, ¢ satisfies (42) if and only if
d = (1 + 2c1 + 2¢2b?)/b%. In this case, ¢ also satisfies (43) and (44) by Lemma
3.4. We have proved Theorem 7.2 (ii).
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Conversely, if § satisfies (66) and (67),and ¢ = ¢(s) is given by (65). Then S
satisfies (38) and (39) with ¢ = —(1+c1 +c2b?)k/c1 and d = (1+2c¢;1 +2c2b?) /b2,
By Lemma 3.6, ¢ satisfies (40), (41) and (42). Thus F is a Landsberg metric
by Proposition 5.1.

In Lemma 8.2 below we will show that the Landsberg («, 3)-metrics in The-
orem 7.2 (ii) are Berwaldian. Q.E.D.

Theorem 7.2 also characterizes positively almost regular Berwald (a, ()-
metrics in dimension n > 3.
8 Spray Coefficients

To check whether or not an («, 8)-metric is a Berwald metric, by definition, it
suffices to look at its spray coefficients. In this section, we are going to compute
the spray coefficients for the («, §)-metrics in Theorems 1.2 and 7.2.

Lemma 8.1 (n > 3) Let F' = a¢(s), s = B/a be a positively almost regular
(o, B)-metric in Theorem 7.2, where ¢ = ¢(s) is given in (4) and (B satisfy (5)
and (7). Then F is not a Berwald metric if k # 0.

Proof: For the function ¢ in (4),

Q=2 =i T (3/B)7 + css. (68)

¢—s¢
It follows from (68) that
Q' =15+ ce3b2y/1— (s/b,)?
Q-sQ c1b3 ’

C1

2¢/1 = (8/b,)%(1 4 c3b?)

By (7), we get
roo = k(bga® — 5%).

Plugging them into (15) yields

Gi=G + ciky/ a? — (6/b0)2{bgyi o Bbz‘ + C?;_bg a2 — (6/b0)2bi},
1

2(1 + c3b2)
Thus if k # 0, then G* are not quadratic in y. Hence F is not a Berwald metric.
Q.E.D.

Lemma 8.2 (n > 3) Let F' = a¢(s), s = B/a be a positively almost regular
(a, B)-metric in Theorem 7.2, where ¢ = ¢(s) is given in (65) and B satisfy
(66) and (67). Then F must be a Berwald metric.
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Proof: For the function ¢ in (65),

Q= % + s (69)
It follows from (69) that
Q' B c1 — Ca8°
Q—-sQ 2c18
—C1S8

@:

c10? — (1 +2¢1 + cb?)s?’

By (66) and (67), we get

. le% . .
O[QS,LO = %(Cl —+ 0252)(50171 — 516),
o
@{ —2aQso+T00} = —b—2(kb26—20150).

Plugging them into (15) yields

Gt = G+ W{élclcgﬁso + kb (c1a? — 0262)}# - b—2(kb25 — 2¢180)y"
1 .
——(c10® + c2%)s" (70)

b2

Clearly, G* are quadratic in y. Thus F is always a Berwald metric. Q.E.D.
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