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Abstract

In this paper, we study a class of Finsler metrics defined by a Rieman-
nian metric and a 1-form. We classify those projectively flat with constant
flag curvature.

1 Introduction

One of important problems in Finsler geometry is to study and characterize
Finsler metrics of constant flag curvature. Another problem is to study and
characterize projectively flat Finsler metrics on an open domain in R™. The
later is the famous Hilbert’s Fourth Problem in the regular case. In Riemannian
geometry, these two problems are essentially same. The Beltrami theorem tells
us that a Riemannian metric is locally projectively flat if and only if it is of
constant sectional curvature. However, there are locally projectively flat Finsler
metrics which are not of constant flag curvature; and there are Finsler metrics
of constant flag curvature which are not locally projectively flat. In [7], we have
given the Taylor extensions at the origin 0 € R™ for x-analytic projectively flat
metrics F' = F(z,y) of constant flag curvature K. For K < 0, we construct
such metrics nearby the origin in R™ using algebraic equations for any given
data F|,—o = ¢(y) and Fey*/(2F)|s—0 = ¢(y). In particular, for K = —1,
¢ = |y| and ¢ = %|y|, we get the Funk metric © on the unit ball B® C R™:

VA= 2P+ (2, y)? | (@y)
1= faf? 1= |z*

0= (1.1)

where y € T,B® =~ R". For K = 0, ¢ = |y| and ¢ = |y|, we get Berwald’s
metric

(V@ = 2Py + (2, 9)? + (2, 9))

(1= o2/ = [P + (2, )2
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where y € T,B" =~ R". The Funk metric and Berwald’s metric are related and
they can be expressed in the form

= 3)2
©=a+0, B:@, (1.2)
where
. V(= [z[A)]y? + (z, ) 3= (2, y)
' 1—[zf? ’ Sz
P 1
a:=\a, [:=A3, = 112 FEk

In [6], [3] and [10], we have classified projectively flat metrics in the form F' =
a+ Bor F=(a+ ()?/a with constant flag curvature .

The above discussion leads to the study of the following function F' defined
by a Riemannian metric o and a 1-form g,

F = ag¢(s), s= =, (1.3)

where ¢ = ¢(s) satisfies certain condition such that F' is a (positive definite
regular) Finsler metric. Finsler metrics in the form (1.3) are called («, )-
metrics.

Therefore it is a natural problem to classify («, §)-metrics of constant flag
curvature.

Theorem 1.1 Let F = a¢(s), s = [3/a, be an («, §)-metric on an open subset
U in the n-dimensional Euclidean space R" (n > 3), where a = \/a;;y'y? and
B = byt # 0. Suppose that db # 0 everywhere or b = constant on U. Then
F is projectively flat with constant flag curvature K if and only if one of the
following holds

(i) « is projectively flat and [ is parallel with respect to «;

(ii) F = \/a?+ kB%+ ef is projectively flat with constant flag curvature K <

0, where k and € # 0 are constants;

(iii) F = (/a2 + kB2 +¢eB)? /a2 + kB2 is projectively flat with K = 0, where

k and € # 0 are constants.

It is a trivial fact that if « is locally projectively flat and 3 is parallel, then
F = a¢(f/a) is a projectively flat Berwald metric. Further, if the flag curvature
K = constant, then it is either Riemannian (K # 0) or locally Minkowskian
(K =0). See [4].

The Finsler metric in Theorem 1.1 (ii) is of Randers type, i.e., F = a + f3,
where @ := /a2 + kB2 and 3 := ¢3. In [6], it is proved that a Finsler metric
in the form F = a + f3 is projectively flat with constant flag curvature if and



only if it is locally Minkowskian or it is locally isometric to a generalized Funk
metric F' = ¢(@ + ) on the unit ball B C R™, where ¢ > 0 is a constant, and
VA =[Py + (2, 1)

= e (1.4)

3: = :I:{ (,y) 4 (a,y) >}, (1.5)

1—]z|2 14 {(a,z

where a € R" is a constant vector.

The Finsler metric in Theorem 1.1 (iii) is in the form F = (& + 8)?/a,
where @ := v/a? + k32 and § := ¢6. In [3] and [10], it is proved that a non-
Minkowkian metric F' = (& + ()2/a is projectively flat with K = 0 if and only
if it is, after scaling on z, locally isometric to a metric F' = ¢(a + 3)%/@ on the
unit ball B™ C R", where ¢ = constant, @ = A& and B = A\, where @ and
are given in (1.4) and (1.5), and

(1+ (@,2)?

A= 1= a2

Theorem 1.1 tells us that there is no other types of («, 3)-metrics which are
locally projectively flat with constant flag curvature. However, the following
problem is still open:

Is there any metric F = (a + )2 /a of constant flag curvature which is not
locally projectively flat?

2 Preliminaries

A Finsler metric F = F(z,y) on an open domain 4 C R"™ is said to be
projectively flat in U if all geodesics are straight lines. This is equivalent to
G' = P(z,y)y’, where G' = G'(x,y) are the geodesic coefficients of F', which

are given by
i L i m
G'= Zg l{[F ]xmyly - [F2]xl}

In this case the flag curvature K is a scalar function on TU given by
P? _ Pomy™
2
By definition, an («,()-metric is a Finsler metric expressed in the following
form,
B

F= a¢(s), §= -

(0%

K= (2.1)

where a = \/a;;y'y? is a Riemannian metric and 3 = b;(z)y’ is a 1-form with
1Bz]la < bo, € M. The function ¢ = ¢(s) is a C>° positive function on an
open interval (—b,, b,) satisfying

$(0)=1, &(s) —s¢'(s) + (b° = 5%)¢"(s) >0, [s| <b <D,



that guarantees that F' = a¢(f/«) is a regular positive definite Finsler metric
[5]. («, )-metrics are “computable” Finsler metrics as we expressed above
although the computation is sometimes not easy. Let G? denote the spray
coefficients of o given by

Gfx = I{[Oﬁ]m"ylyk - [a2]ml }a
where (@) := (a;;)~'. We have the following formula for G*.

G = Gfl + OZQSiO + Ozil@( —2aQ) sy + Too)yi + ‘IJ( —2aQ) sy + TQQ) bi, (22)

where
_ ¢
¢ = 5
¢ —s¢’ ¢
0 = - — —sU
2((6 = s0) + (17 = )9") @
\IJ _ 1 ¢//

2(¢—s¢) + (b° —52)¢"
The formula (2.2) is given in [5] and [8]. A different version of (2.2) is given in
[1] and [2].

From (2.2), it is easy to see that if a is projectively flat (G¢, = £y*) and 3
is parallel with respect to « (r;; = 0, s;; = 0), then G* = G% = &y*. Thus F =
ad(f/a) is a projectively flat Berwald metric. If K # 0, then F is Riemannian
by a Numata’s theorem [4]. If K = 0, then F is locally Minkowskian.

Recently, we have proved the following

Theorem 2.1 ([9]) Let F = ag¢(s), s = f/a, be an (o, B)-metric on an open
subset U in the n-dimensional Euclidean space R" (n > 3), where a = \/a;;(z)y'y’
and 3 = b;(x)y* # 0. Suppose that the following conditions: (a) (3 is not parallel
with respect to a, (b) F is not of Randers type, and (c) db # 0 everywhere or
b = constant on U. Then F is projectively flat on U if and only if the function

¢ = ¢(s) satisfies
{1 + (y + kos?)s? + k352}¢”(s) = (k1 + k252){¢(s) - sqﬁ’(s)}, (2.3)
by = 27{ (L kab®)ai; + (kab? + a)bib | (2.4)
G = &y’ — 7 (kio® + ko), (2.5)
where T = 7(x) s a scalar function on U and ki1, ke and ks are constants.

Note that if a function ¢ = ¢(s) satisfies (2.3) with (k2,k3) = 0, then
¢ = a1s + 1+ k1s, where a; is a constant. Thus F' = a¢(8/«) is of Randers
type. This case is excluded in the assumption of Theorem 2.1.

More general, we have the following



Lemma 2.2 If ko = kiks in (2.3), then ¢(s) = a1s + V1 + k152, where is a

constant.
Proof: Substituting ke = k1ks in (2.3), we get
(1 + k1 82) (1 + k3s?)8" (s) = ki (1 + k352){¢(s) - sqﬁ’(s)}.
Since 1 + k3s? # 0 for s close to zero, we get
(14 k1) (5) = ka {0(s) = 50/(5) }.
The general solution of the above equation is ¢ = ¢15 + ¢ V1 + k52 Q.E.D.

The following lemma is trivial. One can verify it by a direct computation.

Lemma 2.3 If k2 = klkg + 26—5(I€1 - k3)2 m (23), then

%(kl — k3)52
\/1 + L(3ky + 2ks) s

1
¢ =ais+ \/1 + g(3k1 + 2k3)s? +

The solution of (2.3) depends only on a; = ¢'(0) (we always assume that
#(0) = 1). The coefficients of s*, k > 2, in the Taylor expansion of ¢ at s = 0
can be uniquely determined by k1, k2 and k3.

Lemma 2.4 If
() = 1+ ar1s + azs® + azs® + ags* + ass® + ags® + ars” + ags® + o(s%)

satisfies (2.3), then
a’3:O; CL5:O, CL7:O,

and
k1
a = —
2 25
1 1
= (ko — kiks) — —k?
a4 12( 2 1 3) g
11 4 1
Qg = —m(kl + ﬁkg)(kQ — klkg) + Ek%
_ L 6Lyo  pay 5 40 31 AT 0o B
as = 56(I€2 klkg)(12k1+k3) 224I€2+ 336I€1]€21€3 672I€1]€3 128]€1

As matter of fact, for any solution ¢(s) of (2.3), the function ¢(s) — ¢’(0)s
is even.



3 Projectively flat (a, §)-metrics with K = constant

Our proof of Theorem 1.1 is given in two steps. In this section we shall show
that K = 0. In the following section, we shall determine the function ¢.

Lemma 3.1 Let F = a¢(s), s = B/a, be an («, B)-metric on an open subset
U C R" (n > 3), where a = J/a;;y'y) and = by’ # 0. Suppose that F
is not of Randers type and db # 0 everywhere or b = constant on U. If F is
projectively flat with constant flag curvature K, then K = 0.

Proof: If 3 is parallel with respect to a, then

G'=G",. (3.1)
Since F' is projectively flat, _ _

G'=0y".
By (3.1), _ _

G, =0y".

We conclude that « is projectively flat. Moreover, ¢ is a 1-form. By Beltrami
theorem, « is of constant sectional curvature x,

92 - kayk -

5 K.

(0%

On the other hand, the flag curvature of F' is given by

6% — 0,xy* a?
K== ="
If K #0, then
F? = %OZQ.

That is, F' is Riemannian. This case is excluded from assumption. Thus we
must have that K = 0.

Now we assume that 3 is not parallel with respect to a. By Theorem 2.1,
¢, o and (3 satisty (2.3), (2.4) and (2.5). It is easy to get that

roo = 2r{1+ (b1 + kas?)b? + hss? fo?,

kl + k252
2[1 + (kl + k252)b2 + k352]
1 + (kl + kQSQ)SQ + k352 (b/

- ? _sw.
ML+ (ky + kos2)b2 + k3s?] &

By (2.2) we get _ _
G'=Py', P=¢&+T1aZ(s),



where & = &', 7 = 7(r) and

/

o= (14 (k1 + kos?)s® + k352)% — (k1 + kos?)s.
By (2.4) and (2.5), we get
Qgmy™ = 2a{§ —ra(ks + k252)s},
Semy'™t = 27@{1 + (k1 + k252)s2 + k352},
Using the above identities and (2.1), we obtain the following equation:
Ka?¢? =& — ¢, y™ + 1202 — 7, y" =% + 27%0°T, (3.2)

where
T i= (k1 + kos?)sE — {1 4 (k1 + kos?)s? + k352}55.

Note that the function = and ¢ in (3.2) are functions of s = (/. Since the
dependence of = and ¢ on s is unclear, it is difficult to get further information
on K or ¢ directly from (3.2). To overcome this problem, we choose a special
coordinate system at a point as in [9]. Fix an arbitrary point z, € U C R".
Make a change of coordinates: (s,y*) — (y*) by

1 a a

S _
= 7Q’ = y
Y= m—a Y =y
where @ := /> _,(y*)2. Then

b bs

o= \/1)27_—5264, 0= \/ﬁ&.
And
L R Y.L
o T S T

where &y := £,y®, To 1= Teay®. Let

1
&ij =

o6 9
=+

( oxd Oz’

).
Then
. 52511 2551
mo__ ¢ b, d =2 0
Gmy™ =Gy = 5 5 RV e

where &1 1= &149°%, and &yo = Euy®y®. By above identities, we obtain from
(3.2) that

6‘"’500-

Kbv? 1 _ _ Y _
p2 _ g2 5‘2@52 = 7m{2s§1§0 — 2s€10 — ?Ob:}oz + 5_8 — oo
1
tTe_ e {52(5%) —&11) + T0°E? — ybsE + ZTQbQF}aQ.



It is equivalent to the two following equations
25(&1&0 — &10) — TobE =0, (3.3)
1 - - _
(o {52(§f —&11) + T2V?E? — 11 bsE + 27%0°T — Kb2¢2}a2
+ &5 — &0 =0.
By (3.3), one can show that 7o = 0 and &,&y — &19 = 0. But we do not need this

fact here. So the proof is omitted.
From (3.4) we get

(3.4)

24 720?22 — 1 bsE + 27707 — Kb2¢? + 0(b* — s*) =0,  (3.5)
& — &oo = da”, (3.6)

where p 1= £2—¢;1 and § are numbers independent of s. Plugging the expressions
of E and T into (3.5), we get

{4(1 + (k1 4 kos?)s? + k3s®)720%kos® 4 8% + (b* — s%)6
— (k1 + kos?)7202 — 71b)s2 (k1 + kos?) } { — smb .
— 2722 (s(ky + kos?) + 253k + 2k35)}(1 (k1 + ks?)s2 + k3s2) ¢/ b (s)
+ 37202 (1 + (k1 + kos®)s” + kas?)? (¢')” — Kb?¢* = 0
By Lemma 2.4, we can express ¢ as follows,
d=1+a1s+ass® + ass* + ags® + ags® + 0(58),

where a9, a4, ag and ag are given in Lemma 2.4. Substituting the above Taylor
expansion into (3.7) and compare the coefficients of s¥, k = 0, 1,2 we obtain

§ = K —3r%3,
T1a; = 2b(2(l€1 — kg) — 3&?)7’2&1 — 2ba1K,
and
po= [(2@ +3a2)b? + 1| K

- [4(k2 ~ kiks) + 3(2ks — k1)a? + 3aﬂ72b2 — 3722,
Substituting the above expressions back into (3.7), we obtain
{ = 6"+ (3523 = 2hos’ — kus® +1)° +2D(s)36 0 } K
3{@15 + (1 + 2kss® + k15 + 2kost)a? — (ky + k252)252}7'2¢2 (3.8)

+6{s03 — sk + kas?) } D(s)726 6 + 372D(s)2¢" = 0,



where D(s) = 1+ (k1 + kas?)s® + k3s?. Substituting the Taylor expansion of ¢
into (3.8), we get
2&1{ [G% — (k1 — ks)] K + [— 3a] + 3(ky — k3)a? — 2(ky — klkg)}TQ}SP’
23
2
3
— 303 [ad — (k1 — ks)® + 5 (ks — kaks)| 72 }o*

+{ [2t = 20k1 — k)ad — S (ks — kaks)| K

+ CLl{ |:I€1£L? - kl (kl - kg) - 2(I€2 - klkg):| K =+ |:— 3I€1£L41l (39)
2
+ (=42 = kaka) + 3k (k1 — ks))ai + = (3k1 — 8ks) (ks — klkg)] 72}55

é(’@ - ’ﬁ’fs){ [3a? +2(ky — ks)] K+ [3ai‘ — 8(ks — klkg)] 72}56

By assumption, F' is not of Randers type. Thus ke — k1k3 # 0 by Lemma
2.2.
If a; = 0, then (3.9) is reduced to

_3
2
1 26 7

— g(kQ — klkg){(kl - kg)K - 4(I€2 - klkg)T }S + O(S ) =0.

(kQ — klkg)KS4

Then (ke — k1k3) K = 0. We conclude that K = 0.
If ay # 0, then from (3.9) we obtain

(03— U — ko) K + | = 30l + 30k — ks)a? — 2(k2 — kaks)| 72 =0, (3.10)

|:2CL41l — 2(I€1 — kg)&% — g(kQ — klkg):| K
; (3.11)
- 3&% |:CL41l - (kl — k3)2 + §(I€2 - klkg)} 7'2 = 0,
[kla‘;’ —ky (k1 — ks) — 2(ks — klkg)] K+ [— Skyat + (—4(ks — kiks)
3.12)
9 (
+ 3k (k1 — ka))a} + = (31 — 8ks) (ke - klkg)]TQ =0,
[3&;‘ 2k — k?,)] K+ [3@1 — 8(ks — klkg)} 72 = 0. (3.13)
By (3.10)xk;—(3.12), we get
, 4
(kg — kiks) K + 4(ks — klkg){al ~ 2l - kg)} = 0.
Then for k2 - klkg 7§ 0
4
K:2{—a$+g(k1—k3)}72. (3.14)



By (3.10)x4—(3.13), we get

{ 2 _ )}K+3a1{ — 5a2 + 4(k; —kg)}#‘ = 0. (3.15)
Substitute (3.14) into (3.15), we can obtain a3 = 2(ki —k3) or a? = 12 (k1 —ks).
If a3 = 2(ky — k3), from (3.14) we getK_O
If a2 = ﬁ—g(kl k3), we get that K = staf72. Then from (3.10) and (3.11)
we can get
(kQ — klkg)K = ﬂCLALI(
79 1%
and 2015
(k2 — kiks) K = ooca ai K
respectively. Thus K = 0 for ko — k1ks # 0. Q.E.D.

4 Projectively flat (o, 5)-metrics with K =0

In this section, we are going to determine the function ¢ under the assumotion
that K = 0.

Lemma 4.1 Let F = a¢(s), s = B/a, be an (o, B)-metric on an open subset
U C R™ (n > 3), where a = \/a;;y'y? and = byy* # 0. Suppose that F is not
of Randers type, B is not parallel with respect to o and db # 0 everywhere or
b = constant on U. If F is projectively flat with K =0, then

(V1 +ks? +es)?
V14 ks?

where k = £(3ky + 2k3) and € = :I:\/Lg\/kl — ks.
Proof: By assumption that K = 0, (3.8) is reduced to

¢ =

3{ —ays® — (14 2kss” + k1 + 2kas")al + (k1 + k252)252}72¢2
(4.1)
+ 6{5@? —s(k1 + szQ)}D(s)7'2¢’¢ +372D(s)%¢? = 0,

By assumption that § is not parallel with respect to a, we can see from (2.4)
that 7 # 0.
Let f = %, then (4.1) can be written as

3{ —afs? — (14 2k3s? + kys% + 2kosM)a? + (k1 + k252)252}

(4.2)
+ 6{5@% —s(k1 + k252)}D(s)7'2f +3D(s)%f? = 0.
This is a quadratic equation in f. We obtain
f(s) = kos® + (k1 — a?)s :4'1: Vai + (—a2ky + 2at + 2ksa?)s? (4.3)
kQS + (kl + k3)52 + 1

10



On the other hand, f satisfies

kl + k252
= ——=—(1-sf)— f? 4.4
f = s - £ (44)
for ¢(s) satisfying (2.3).

We first claim that a; # 0. If a3 = 0, then it follows from (4.2) that
f - S(kl —+ k252>

- D)

Plugging it into (4.4) we get
o kiks — ko

D(s)
Thus k2 = kiks. Then by Lemma 2.2, F' is of Randers type. This case is

excluded in the assumption of Theorem 2.1. Thus a; # 0.
It follows from (4.4) that

3at — 3(ky — k3)ai + 2(ka — kiks)
2
a
\/—1Z{ - 4&41l + G(kl - kg)a% - 2(I€1 - k3)2 - (kQ - klkg)} = 0,

where A := a2 — 2a2(k1/2 — k3 — a?)s?. Then
3aj — 3(k1 — ks)af + 2(ka — kiks) = 0,

—2s =0

1
2at — 3(k1 — k3)a? + (ky — k3)? + 5(k2 — kik3) = 0.

From the above equations, we get
(a) CL% = kl — kg and k2 = klkg, or
(b) CL% = %(kl - kg) and k2 = 26—5(I€1 - k3)2 + klkg.
In case (a), By Lemma 2.2, we get

¢ =a1s+ 1+ s2k;.

This is excluded from the assumption of Theorem 1.1.
In case (b), by Lemma 2.3, we get

%(kl — k3)52
\/1 + L(3ky + 2ks) s

1
(b: ais + \/1 + g(3k1 +2k3)52 “+

Since (a1)? = 2 (k1 — k3), we get

(V1 +ks® +es)?
e
where 1
ci= (b k), k= p(3k 4 2ks),

Q.E.D.

11
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