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Abstract

In this paper, we discuss a class of Finsler metrics defined by a Rie-
mannian metric and a 1-form on a manifold. We characterize weakly
Landsberg metrics in this class and show that there exist weakly Lands-
berg metrics which are not Landsberg metrics in dimension greater than
two.

1 Introduction

The study of Landsberg metrics in Finsler geometry has a long history. In late
20’s last century, L. Berwald studied a class of Finsler metrics F' = F(z,y) on a
manifold M, whose geodesics are determined by second order ODEs similar to
the Riemannian case. More precisely, the geodesics in local coordinates satisfy

A2zt ; dx
T 26 () =0,

where G'(z,y) = 3%, (2)y/y* are quadratic in y = y' 2%

5Lk z € T, M. Finsler
metrics with this property are called Berwald metrics. It can be shown that
Berwald manifolds are modeled on a single norm space, i.e., all the tangent
spaces T, M with the induced norm F, are linearly isometric to each other.
Intuitively speaking, if one assigns a color to each tangent norm space (T, M, F,),
depending on the geometric shape of the unit tangent sphere S, M, then a
Berwald manifold has uniform color.
There is a weaker notion of metrics defined by a non-Riemannian quantity,

L = L;jrdz’ ® dz/ ® dz*, on the slit tangent bundle TM \ {0}, where

1
S FF[G™]

Lijx = 7

yiydyk-

Finsler metrics with L;;;, = 0 are called Landsberg metrics. Clearly, any Berwald
metric is a Landsberg metric. It is known that on a Landsberg manifold, the tan-
gent spaces T, M with the induced Riemannian metric g, := g;;(z, y)dy' ® dy’,
where g;;(z,y) := $[F?,i,(z,y), are all isometric. It might be possible that
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two tangent Riemannian spaces (T, M, §,) and (T, M, §,/) are isometric, but
(Ty M, F,) and (Ty M, F,) are not linearly isometric. Thus a natural question
arises:

Is there a Landsberg metric which is not a Berwald metric?

This question has a satisfied answer now. First, G. Asanov proved that
his metrics arising from Finslerian General Relativity are actually Landsberg
metrics but not Berwald metrics ([1], [2]). Shortly after Asanov’s preprints
appeared, the second author made a classification of Landsberg metrics defined
by a Riemannian metric and a 1-form. He obtained a two-parameter family of
Landsberg metrics including Asanov’s examples ([11]).

On a Landsberg manifold, the volume function Vol(z) of the unit tangent
sphere S, M C (T, M, §;) is a constant. The constancy of Vol(x) is required
to establish a Gauss-Bonnet theorem for Finsler manifolds [3]. The volume
function Vol(z) is closely related to a weaker non-Riemannian quantity, J =
Jpdz®, where

Jk = g”Lijk-

Finsler metrics with J = 0 are called weakly Landsberg metrics. Clearly, in
dimension two, any weakly Landsberg metric must be a Landsberg metric. It
has been shown that on a weakly Landsberg manifold, the volume function
Vol(z) is a constant ([4]). Some rigidity problems also lead to weakly Lands-
berg manifolds. For example, for a closed Finsler manifold of nonpositive flag
curvature, if the S-curvature is a constant, then it is weakly Landsbergian [10].
Apparently, weakly Landsberg manifolds deserve further investigation. Another
natural question arises:

Is there a weakly Landsberg metric which is not a Landsberg metric?

To find answers to the above questions, we also consider Finsler metrics de-
fined by a Riemannian metric and a 1-form as in [11], because that it is relatively
easy to compute the geometric quantities of these metrics. Such Finsler metrics
are expressed in the following form

F:oz(b(S), s§= -

where o = /a;jy’y7 is a Riemannian metric, 3 = b;y’ is a 1-form on an n-
dimensional manifold M and ¢ = ¢(s) is a positive C*° function on (—b,, b,).
We assume that

B(s) — s¢'(s) + (b* — 5%)¢""(5) > 0, (|s| <b<by) (1.1)

so that F' = a¢(s), where s = §/a with b(z) := || Gz||la < bo, is a positive definite
Finsler metric on an open subset of M. For the above function ¢ = ¢(s), if we
consider a 1-form § with ||G;]|o = \/a¥b;b; < b,. then F' = a¢(F/a) might



be singular at a point = with b(z) = b,. Such metrics are called almost regular
(o, B)-metrics.

For a Riemannian metric v = y/a;;y%y/ and a 1-form (3 := b;y" on a manifold
M, let V3 = b;);y'da? denote the covariant derivative of § with respect to ov.
Set

Tij 1= %(bz‘u + bj|1-), Sij 1= %(bz‘u - bj|1-),
T = birij, 55 1= bisij.
For a function ¢ = ¢(s) satisfying (1.1), we let
&
¢ —s¢’’

In this paper we prove the following

Q= A:=1+sQ+ (V¥ —52)Q.

Theorem 1.1 Let F' = a¢(S/a) be an almost reqular (o, B)-metric on an n-
dimensional manifold M (n > 3), where o = \/a;;y'y7 and 8 = b;y". Suppose
B is not parallel with respect to a and ¢ # ki1 + kos? for any constants ki
and ko. Let b(x) := ||Bzlla # 0. Then F is a weakly Landsberg metric if and
only if one of the following holds

(i) B satisfies
Tijg = k(b2aij - bibj), Sij = 0, (12)

where k = k(x) is a number depending on x and ¢ = ¢(s) satisfies

A

Q- SQ/){nA r14 SQ} (02— )1+ sQ)Q" = WA% (1.3)
where \ is a constant.
(i) [ satisfies
Tj+Sj:0, (14)

and ¢ = ¢(s) satisfies
Q- SQ/){nA +14 SQ} FB2 -1 +sQ)Q" =0.  (L5)

In both cases, b =b,.

The proof of Theorem 1.1 is proved in Propositions 3.2 and 5.1 below.

The Finsler metric defined by ¢ = 1 + s is a Randers metric F' = a + (.
Note that ¢ does not satisfy (1.3) for any number A. Thus a Randers metric
F = a+ [ is a weakly Landsberg metric if and only if 8 is parallel with respect
to a. This has been proved in [9] and [12].

Note that (1.2) implies (1.4), and the length b(x) := ||Gz|l« satisfies that
db(z) = 0 at a point € M if and only if (1.4) holds at x. Thus b = constant
on an open set U if and only if 3 satisfies (1.4) on U.



It has been shown that if 3 satisfies (1.4) and ¢ = ¢(s) satisfies (1.5), then
F = a¢(B/a) has vanishing S-curvature. See [6] for more details and related
results.

It is shown in [11] that in dimension n > 3, F' = a¢(f/«a) is a Landsberg
metric if and only if 3 satisfies (1.2) and Q := ¢'/(¢ — s¢’) is given by

Q= qV1— (s/b)* + qs, (1.6)

where gop and ¢; are constants, provided that ( is not parallel with respect
to a. This leads to the discovery of almost regular Landsberg metrics which
are not Berwald metrics. The first example is given by G. Asanov from a
completely different approach. See [1] and [2]. His example can be described by
Q = qo/1 — (s/b)? using [ satisfying (1.2).

Let (3 satisfy (1.2). If Q = Q(s) satisfies (1.3), then F' = a¢(5/ ) is a weakly
Landsberg metric by Theorem 1.1. However, if

A £ nqgob
\/ 1 —|— qlb2,

where go = Q(0) and ¢; = Q’'(0), then @ = Q(s) can not be expressed by (1.6).
Thus F = a¢(f/«a) is not a Landsberg metric, according to [11].

Example 1.1 At a point x = (2!,2%,2%) € R?® and in the direction y =
(y',y%,y%) € TuR®, define a = a(z,y) and 8 = B(z,y) by

ar = (e (502 + 00)
g: = y.

Then « and 3 satisfy (1.2) with b = ||Bz||lo =1 and k = 1. Let ¢ = ¢(s) satisty
(1.3) with b = 1. Then F' = a¢(f/«a) is an almost regular weakly Landsberg

metric. If
nQ(0)

M 1+Q'(0)

then F' is not a Landsberg metric.

One can also take ¢ = ¢(s) such that Q@ = ¢'/(¢ — s¢’) satisfies (1.5) . If
Q(0) = qo # 0, then @ can not be expressed as (1.6) for any constant g;. Thus
for any non-parallel 5 with b(z) := ||Bz]|la = constant # 0, F = a¢(B/a) is a
weakly Landsberg metric, but not a Landsberg metric.

Example 1.2 Let F' = a+0 be the family of Randers metrics on S® constructed
in [5]. B satisfies that 7;; = 0 and s; = 0. Thus for any C'* positive function
¢ = ¢(s) satisfying (1.5), the («, B)-metric F' := a¢p(3/a) is a weakly Landsberg
metric, J = 0. If ¢'(0) # 0, then F is not a Landsberg metric. According to [6],
this metric has vanishing S-curvature, S = 0.



In this paper, we also discuss the two-dimensional case. We shall prove the
following

Theorem 1.2 (n=2) Let F = a¢(G/a) be an almost regular (c, 5)-metric on
a surface M, where ¢ = ¢(s) is defined on (—b,, b,) such that ¢ # kiv/1 + kos?
for any constants ki and ky. Let b(z) := ||Oz|la # 0. Then F is a Landsberg
metric on M if and only if either 3 is parallel with respect to o, or 8 has constant
length,

and ¢ s given by

o(s) = exp [/ 1 +QSQ ds}, (1.7)

where
(1/b%+ q1)s

T= (/07 + (a0 - 31707 +ar)s

where qo, q1 and A are constants. In fact, F is a Berwald metric.

Q=35 + V1 (/0P {a0 + JECEY

One can verify that the function @ = Q(s) in (1.8) satisfies (1.3) when n = 2.

In 1973, Hashiguchi-Hojo-Matsumoto wrote a paper on two-dimensional
Landsberg (a, 3)-metrics [7], trying to find two-dimensional Landsberg met-
rics. Later on, they wrote another paper with the same title [8], pointing out
an error in [7]. The main result in [8] is that if a two-dimensional Randers met-
ric or Kropina metrics is a Landsberg metric, then it must be Berwaldian. In
Theorem 1.2, we give a complete characterization of two-dimensional Landsberg
(o, B)-metrics.

2 Preliminaries

Consider a Finsler metric F' = F(x,y) on an n-dimensional manifold M. Let
G' = G*(x,y) denote the spray coefficients of F' in a local coordinate system.

¢ = 10 ()™ — (71}, (21)

where g;; = 3[F?%,,; and (¢7) := (g;;)~'. The Landsberg curvature L =

Lijk(z,y)dr ® do? ® dz® is a horizontal tensor on TM \ {0}, defined by

1
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Lijx = >

yiyiyk-

Clearly, if F is a Berwald metric (G* = 3T%, (x)y'y*), then Lijj, = 0. The mean
Landsberg curvature J = Jydz® is defined by

Jr = ¢ Liji.



It is easy to see that in dimension n = 2, J; = 0 if and only if L;;; = 0.
However, this is not true in higher dimensions for almost regular («, 3)-metrics
as we see in Theorem 1.1.

To understand the difference between Berwald metrics and Landsberg met-
rics, we consider an (a, §)-metric, F' = a¢(s), s = B/a. Let 1i;,s;;,7; and s;
be defined as in Introduction. Let G* = G*(x,y) and G* = G*(x, y) denote the
coefficients of F' and « respectively in the same coordinate system. By (2.1),
we have the following identity.

G'=G"+aQs'y + @{ — 20Qso + Too}{% + Q;L;le}’ (2.2)

where
¢/
= — 2.3
Q ¢ _ 5¢/ ’ ( )
o Q —sQ’
O: = 2(1+sQ+ (b — s2)Q')’ (24)

Using the above formula, the second author computed the Landsberg curvature
n [11]. The Landsberg curvature of F' is given by

Ljn = (;T’;{hjhkcl + hihiCh + hghiC; + 3(E;hy + Exhji + Elhjk)}, (2.5)

where p = ¢(¢ — s¢’) and

h; = ab; — sy;,
hir: = o*ajk — Yk,
Cj L= (X4T00 + }/40150)hj — 3Q//Dj,
E;j: = (Xgroo+ Ysaso)hj — (Q — sQ')D;,
2
D;: = %(ASJ’O + 70 — Qasj) — %(Too - Qaso)y;j,
where
1
X, = E{ —2AQ" +3[(Q — sQ) + (b* — 52)62”]@”},
1
Xoi = 533{(Q—sQ)+ (s +1°Q) - (1 — s))(Q - sQ)]Q" |
Yy: = 20X, + 3Q$QN,
Yo: = —20Xs+ w.
Lemma 2.1 Let
P: = —(nA+1+sQ)(Q—sQ") — (B> —5°)(1+sQ)Q"
T, = /b2 — s2AL/2 [7”171;252@}/
Uy: = 2n+1)(Q—sQ")+ 3%.



The mean Landsberg curvature is given by

~A( 2a% 1
Ji :ﬁ{m [Z + (n+1)(Q — 5Q") | (so + r0)h;
a 0]
+ o [t o5 (o — 20Qs0)h,

(2.6)
+ [ —aQ'soh; + aQ(aQSj —y;S0) + a2Asj0

+ a2(rj0 —2aQ)s;) — (roo — 2aQsO)yj} %},

R ] R ] R i, J R k R k
where s := s;y", o =1y, Too = TiY'Y, Tjo :=71ikYy" and Sjo = sjrYy”.

Proof: To compute the mean Landsberg curvature Jy := g% L;j using (2.5), we
need the following formula for the inverse (¢%/) = (g;;)~*. First we have

g1 = paks + pobrby — a1 (byr + biyk) + s 2 pryry,
where yy, := aklyl and

¢? _ (@ +@*)¢° _ (sQ" - Q)¢

e (e A e

By elementary linear algebra, we get a formula for g/%.

. 1 1 j
Fr = ;{ 78— Flopo + sprpo — p1)B'Y"

1 _ _
+a (=57 oo + 501 — pop) (V'y" + 47 0F)

1 _
— oz (5p1(p+ pob®) = pib?)y’y" }

where Y := p(p + pob? — sp1) + p1(b? — 52)(spo — p1) = #*A/(1 + 5Q)?. Using
Ljry* = 0 and ppo + spipo — pi = ¢*Q'/(1 + sQ) we get

1 . !/
Jl = —{CLJk - Q}ijl.

p A
We need
ALy = (;T’;{zamj +a2(B? — 5%)C; + 3(n + 1)a’E; |
VL = (;T%{a2(b2 — $2)2C; + 2a((b? — $2)C + 3E)h; + 3a2(b? — 52)EJ}.

Then we obtain

A
J; :&7{2((1 +5Q)C - 3Q'E)h;

(2.7)
+a(b? —s%)(1 +sQ)Cj + 3a(nA+ 1+ SQ)EJ'},



where C' := Cjbj and F := Ejbj . By further computation, one can easily express
J; by (2.6). Q.E.D.

Let _
J = Jij.

By Lemma 2.1, we get

Lemma 2.2 The quantity J is given by the following formulas

J = A {\111(7"00 — 20[@50) =+ a\IJQ(TO =+ So)} (28)

202

We also need the following lemmas.
Lemma 2.3 If Q — sQ' =0 or Q = q15, where q1 is a number independent of
s, then
(b:kl\/ 1+k2525
where k1 and ko are numbers independent of s.

Proof: Trivial. Q.E.D.
The following lemma is given in [11].

Lemma 2.4 Assume that ¢ = ¢(s) satisfies
db*s — (b*°Q + As) = 0, (2.9)
where d is a number independent of s. Then

b — g2 db? —1
a1 ( S)+

s 2s '

Q:_

(2.10)

where q1 s a number independent of s. Thus @ is either singular at s = 0 or

Q= qs.

3 Sufficient Conditions

In this section, we are going to prove sufficient conditions for an almost regular
(o, B)-metric F = a¢(f/a) to be weakly Landsbergian. These conditions are
also valid in dimension two.

Let

We shall prove the following



Proposition 3.1 Let F = a¢(B/a) be an almost regular («, [)-metric on a
manifold. Suppose that o = \/a;jy'y7 and B = by’ satisfy

sij =0, (3.1)
rij = k(b%ai; — bibj) + cbibj, (3.2)

where k = k(z) and ¢ = c(x) are scalar functions. Assume that ¢ = ¢(s) satisfy
the following ODE:
\Iflk—i-S\IJgC: 0 (33)

Then F = a¢(B/a) is a weakly Landsberg metric.
Proof: Tt follows from (3.1) and (3.2) that

ro = csbla
rjo = k(b2yJ — 6()]) + Cﬂbj
roo = {k(b2 -3+ CSQ}QQ.

We can simplify (2.6) as follows.
P {Wik+ sWachh (3.4)
= —— sUscrh; .
J 2 ! 3 J
Under our assumption, we always have J; = 0. Q.E.D.

Note that equation (3.3) involves scalar functions k = k(z) and ¢ = ¢(z).
Moreover, b = b(z) might also be a scalar functions too. However, the function
¢ = ¢(s) is independent of x. We shall make further simplification on these
equations in Proposition 5.1 below.

There is an interesting case when ® = 0. In this case, the formula for J;
can be greatly simplified. Then we obtain the following sufficient and necessary
condition for F' = a¢(/a) to be weakly Landsbergian at a point.

Proposition 3.2 Let F = a¢(B/a) be an almost regular («, [)-metric on a
manifold. Suppose that ® = 0 at a point x and ¢ # k11 + kas? for any
numbers k1 and ko. Then F' is a weakly Landsberg metric at a point x if and

only if r; 4+ s; = 0 holds at x.
Proof: By (2.6), ® = 0 implies that

(n+1DAQ = sQ")

Jj=- a2(b2 — s2)

(80 +10)h;. (3.5)

Notice that Q — sQ’ = 0 if and only if ¢ = k1v/1 + kos? for some numbers k;
and ko. Thus Q —sQ’ # 0 under our assumption. Then it is obvious that J; = 0
at a point x if and only if sy + r¢9 = 0 holds at x. Q.E.D.



4 Necessary Conditions

To characterize weakly Landsberg («, 3)-metrics, one has to deal with the fol-
lowing terms: ¢(s), ¢'(s) and etc, where s = §/a. In general, it is impossible to
simplify J; = 0 if ¢ = ¢(s) is an unknown function. To overcome this difficulty,
we choose a special coordinate system at a point x as in [11]. First, we assume
that

Bz = byl,
where b = ||3;]la. Then take another special coordinates: (s,y®) — (y') given
by
1 _ S — a a
Y= et Y=y
where @ := /> ', (y*)%. We have
b bs
o= ——0a, [=-——=a.
/2 _ 52 /b2 _ 2
Let 710 1= 71a¥%, 510 := S1aY%, To0 := rabyayb, etc. By a direct computation

using the formula (2.6), one can show that J; = 0 is equivalent to that
\113{521"11642 +(? 52)7:00} — B2y = O, (4.1)
and
{25\111 n b2\112}f10 " b2{\112 _ 2@\1:1}510 —0, (4.2)
Jo=0(a=2,---,n) is equivalent to that

{\Ilg (521"11642 + (b - 52)f00) - qu’zfoo}ya
o (4.3)

+ T{Fooya — (Fao + Af‘Tao)@Q} =0,

and

5{25\111 + b2\112}7:10ya + Sb2{\112 — 2@‘1’1}510:%1

b2 P
+ T{S(Floya - Tla&2) - (b2Q + As)(810Ya — sla&Q)} =0.

(4.4)

Contracting (4.3) with y* yields (4.1) and contracting (4.4) with y*/s yields
(4.2). In dimension two, (4.3) is equivalent to (4.1) and (4.4) is equivalent to
(4.2). In higher dimensions, we can use (4.3) and (4.4) to simplify (4.1) and
(4.2) respectively.
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Lemma 4.1 (n > 3) Assume that ¢ = ¢(s) satisfies ® # 0 at a point x. If
J; =0 at x, then we have,

Sab = 0, (4'5)
Tab = kb 6ap, (4.6)
r11 = cb?, (4.7)

where k and ¢ are numbers, and ¢ = ¢(s) satisfies (3.3).
Proof: Tt follows from (4.1) and (4.3) that
7:00ya - (FaO + Agao)@2 = O (48)

Since n > 3, (4.8) implies (4.5) and (4.6). Letting ¢ := r11/b%, we obtain (4.7).
Plugging (4.6) and (4.7) into (4.1) yields (3.3). Q.E.D.

Lemma 4.2 (n > 3) Assume that ¢ satisfies ® # 0 and ¢ # ki1 + kos? for
any numbers ki and ko. If J; =0 at a point x, then

S14 =0, 14 = 0.
Proof: Tt follows from (4.2) and (4.4) that
{sflo —(2Q + As)gw}ya - {rla —?Q + As)sla}&2 —0.  (4.9)
Since n > 3, we obtain from (4.9) that
sr1q — (02°Q + As)s1, = 0. (4.10)

We claim that so = 0. If not, s1,, # 0 for some a,, let d := r14,/(b*s14,)-
Plugging it into (4.10) with a = a, yields

db*s — (b*°Q + As) = 0. (4.11)

By Lemma 2.4, we get Q = ¢15 for some number ¢;. Then ¢ = kiv/1 + kos?
for some numbers k; and ks. This contradicts the assumption. Thus s1, = 0,
hence from (4.10), we conclude that ri, = 0. Q.E.D.

Let us summarize what we have proved.

Proposition 4.3 (n >3) Let F = a¢(6/a) be an almost reqular (o, 3)-metric
on an n-dimensional manifold. Suppose that ¢ # kiv/ 1+ kos? for any numbers
k1 and ko. Suppose that F' = ap(8/«a) is a weakly Landsberg metric at a point
x. Then

(i) If ® # 0, then (3 satisfies (3.1) and (3.2) and ¢ satisfies (3.3).
(ii) If ® =0, then 1o + so = 0.

Proposition 4.3 (ii) is already included in Proposition 3.2.

11



5 The Case: ® # 0

In the previous two sections we obtain necessary and sufficient conditions for an
(a, B)-metrics to be weakly Landsbergian. In this section, we shall make further
simplification on these equations in the case when ® # 0.

We prove the following

Proposition 5.1 Let F = a¢(f/a) be an (a, 3)-metric on a manifold M of
dimension n > 3. Suppose (B is not parallel with respect to o, ® # 0 and
¢ # kiv 1+ kas? for any constants k1 and ko. Then F is a weakly Landsberg
metric if and only if B satisfies the following equations

Tij = k(b2aij - bibj), (52)
(hence b = constant) and ¢ = ¢(s) satisfies the following ODE:
o = —#A?’/Q, (5.3)
72 — o2

where A is a constant.

Proof: Tt suffices to prove the necessary condition on § and ¢ = ¢(s). By
Proposition 4.3, 3 satisfies (3.1) and (3.2) and ¢ = ¢(s) satisfies

Wik + sUsc =0. (5.4)

By assumption, (3 is not parallel with respect to «, we see that (k, ¢) # (0, 0).
The proof of Proposition 5.1 is carried out in the following lemmas.

Lemma 5.2 (k =0, c#0) Assume that
Sij = O, Tij = Cbibj.
Then b # constant and Q = q18, where q1 is a constant.

Proof. Note that _
b2,y = 2cb?B # 0.
Thus b # constant. Since k = 0, (5.4) is reduced to

U3 =0.
Thus A?WU3 = 0. We can express it in terms of b as follows
Eabt + 52 + 50 =0, (5.5)

where Ty, Z9 and Z4 depend on Q"; Q", Q’, @ and s, but not on b. Since (5.5)
holds for the variable b, we have

Z0=0, Z,=0, Z,=0.



We get
s'24 + 5?5, + 5o = 0. (5.6)
This equation is A?¥3 = 0 with b replaced by s. Reformulating (5.6) we obtain
(n+1)s(1+5Q){201 +5Q) {2Q" + (@' - Q) } + s(s@' - Q)*} =

Thus
21+ 5Q){ Q"+ (Q' = Q) } +5(Q' = Q)* = 0. (5.7)

Let h:=s(sQ'—Q) and f = —(sQ'—Q)/(2(1+5Q)). Then (5.7) can be written
as

= fh.

—exp/f t)dt)h

Since h(0) = 0, we conclude that h(s) = 0. The
sQ' —Q=0.
It is easy to get @ = Q’(0)s. Q.E.D.

We obtain

By Lemma 5.2, the case k = 0 and ¢ # 0 does not occur under our assump-
tion in Proposition 5.1.

Lemma 5.3 (k#0,c#0). Assume that
s;5 = 0,
rij = k(b2aij — bib;) + cbib;.
Then Q@ = q1s where q1 is a constant.

Proof: Tt’s easy to get that b # constant. Let s =0 in (5.4). Then we get that
Uy ls—0 = 0. We write 20~ 2(1 + b2q1)?¥1|s—0 = 0 as follows.

{12(115 —q1q3) +2(n — 2)QoQ1Q2}b4
+ {12(qOQ2 —q3) + (n—2)qo0(2g2 + qOQl)}b2 +(n+1)g = 0.

By assumption b # constant, we obtain gg = 0, g2 = 0 and ¢3 = 0. Obviously
Q@ = ¢15 is a solution of (5.4). Note that (5.4) is a third order ODE with leading
coefficient (b? — s?)k + s%c which is not equal to zero when s = 0. Thus this
ODE is regular at s = 0. By uniqueness, @) = ¢;s is the unique regular solution
of (5.4) with Q'(0) = ¢1. Q.E.D.

By Lemma 5.3, the case k # 0, ¢ # 0 does not occur under our assumption
in Proposition 5.1. Therefore, the only case left is that k£ # 0 and ¢ = 0. In this
case,



Thus b = constant. Moreover, (5.4) is reduced to

We can easily get
d=——" N2
Substituting it for ® into the equation ¥; = 0 yields
nqob
\/ 1 + qlb2 '

We see that A must be a constant. This proves Proposition 5.1. Q.E.D.

6 Two-dimensional Case

In this section we are going to study and characterize Landsberg («, 3)-metrics
in dimension two.
First we need the following

Lemma 6.1 (n = 2) Let F = a¢(8/a) be a positively almost regular (o, 3)-
metric on a surface, where o = \/a;;y'y’ is a Riemannian metric and § =
byt # 0 is a 1-form. Then F is a Landsberg metric if and only if 3 satisfies

sij = biz{bisj —bjsi (6.1)

Tij = k(b2aij — blbj) + Cbibj + d(blsj + bjSi), (62)

where k = k(zx), ¢ = ¢(x) and d = d(x) are scalar functions, and ¢ = ¢(s)
satisfies the following ODFEs:

{k(b2 )y 052}\111 + b sWy = 0. (6.3)
If so £ 0, ¢ = ¢(s) satisfies the following additional ODE:
2(ds — Q)W¥q + (db* + 1)¥y = 0. (6.4)
Proof: («<). Assume that [ satisfies (6.1) and (6.2). Then
Too = {k(b2 -3+ 052}a2 + 2dsasg

ro = csb?a + db?so.
We get
\Ifl(TOO — 20[@50) —|— a\IJQ(TO + So) =
{(k(b2 — 53+ 052)\111 + cb2s\112}a2

+{2(ds — Q)W + (db® + 1)\112}a50.
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Then
\111(7"00 — 20[@50) + a\IJQ(TO + SO) =0. (65)

under the remaining assumptions on ¢. By (2.8), we see that J = J;b/ = 0.
Since J;y7 = 0, we conclude that J; = 0 in dimension two.
(=). By assumption J; = 0. Thus J = J;/ = 0. By (2.8), we get (6.5). At

a point x, we use the same special coordinate system as in the previous section.
We can easily show that ¥y (rgp — 2a@Qsg) + aWa(rg + sg) = 0 is equivalent to
the following two equations

((b2 —52)7”224—527”11)\1/1 —|—T11b2\112 = 0, (66)

2(57"12 — b2Q512)\111 + b2(7"12 + 512)\112 =0. (67)
First assume that so = 0. We have

S12 = 0
Let k := raa/b? and ¢ := r11/b%. We get
Tog9 = kb2, 11 = cb2_

Thus £ satisfies (6.1) and (6.2) with d arbitrary. In this case, (6.6) implies (6.3).
Now we assume that sg # 0. Then s12 # 0. Let d := 712/(b?*s12). Then

T12 = db2512.

We still let k := rao/b? and ¢ = r11/b%. Thus 3 satisfies (6.1) and (6.2). In this
case (6.7) implies (6.4). Q.E.D.

We have obtained a sufficient and necessary condition for a two-dimensional
(o, B)-metric to be Landsbergian. However, the ODEs (6.3) and (6.4) are much
more complicated. Next we are going to simplify these equations in two cases,
S5 —|—Tj:()and Sj‘FTj?éO.

Lemma 6.2 Let F = a¢(8/a) be an almost regular (o, 5)-metric satisfying the
equations in Lemma 6.1. Suppose that s; +7; =0 at a point x. Then c =0 and
if so # 0, then d = —1/b2.

Proof: Contracting (6.2) with b® yields

sj +1; = cb’b; + (db> 4+ 1)s; = 0. (6.8)
Contracting (6.8) with & yields
cb* = 0.
Thus ¢ = 0 and (6.8) reduced to
(db* +1)s; = 0. (6.9)
If so # 0, then it follows from (6.9) that d = —1/b2. Q.E.D.
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Lemma 6.3 Let F' = a¢(f/a) be an almost regular (a, 3)-metric on a surface
M. Suppose that s; +r; = 0 at a point x, but (s;j,7i;) # (0,0) at . Fur-
ther, suppose that ¢ # kiv 1+ kas? for any numbers k1 and ky. Then F is a
Landsberg metric at x if and only if B satisfies

1
sij = 33(bisy —bjsi), (6.10)
1
Tij = k(b2a1‘j - blbj) — b—2(blsj + bjSi), (611)

and ¢ = ¢(s) satisfies
T, = 0. (6.12)

Proof: In virtue of Lemma 6.1, it suffices to prove the necessary condition. First,
by Lemma 6.2, ¢ = 0 and if sg # 0, then d = —1/b?. Then (6.10) and (6.11)
follow from (6.1) and (6.2) respectively.

If & # 0, then (6.12) follows from (6.3). If k = 0, then sy # 0, otherwise,
sij = 0 and r;; = 0. In this case, (6.1) is trivial, but d = —1/b%. Since
ds —Q = —(b?Q + 5)/b* # 0, it follows from (6.4) that U3 = 0. Q.E.D.

The following lemma is trivial. For completeness, we state it and give a
short proof here.

Lemma 6.4 Let o = \/a;;y'y7 be a Riemannian metric and = by be a
1-form on a manifold M with b(x) :=||Bz]la # 0. Then at a point x € M, then
following holds

(a) db =0 if and only if so + 19 = 0.
(b) (n=2) so+ro=0 if and only if 5 satisfies (6.10) and (6.11).
Proof: (a) It is easy to get the following identity:
bb,i = s; +1;.

Then Lemma 6.4 follows.
(b) (=). Take a special orthogonal basis at x such that b; = b and by = 0.
Then sg 4+ 79 = 0 is equivalent to the following equations:

ri1 =0, S12 + 112 = 0. (613)

Note that in dimension two (6.10) always holds. Let k := r22/b*. Then (6.11)
follows from (6.13).
(«). Contracting (6.11) with b° gives s; +r; = 0. Q.E.D.

Lemma 6.5 Let F' = a¢(f/a) be an almost regular («, 3)-metric on a surface
M. Suppose that byi(z) # 0 at a point x. If F is a Landsberg metric on an
neighborhood of x, then ¢ = k1v/1 + kos? for some constants ki and k.
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Proof: By Lemma 6.1, § satisfies (6.1) and (6.2) and ¢ = ¢(s) satisfies (6.3).
We view b = b(x) is an independent variable in (6.3), and express © % (6.3)
as

_AT
14+sQ
Hgb® + Hub* + Hob® + Hy = 0, (6.14)
where Hy, Ho, Hy and Hg are independent on b and we have
Hy: = c{ —52(14+5Q)Q" +35(2Q's* — 1)Q" + 35°Q"* — 35@@’}
3
+k{252(1 +5Q)Q" + 6s(—Q's* + 1)Q" — SSQQ@ + §Q2}

—‘,-54 (C _ gk) (2Q///Q/ _ 3@//2)
2

Hy: = =2(c=3k)(2Q"Q = 3Q") +3(k(Q + Q) — 5 )Q"
k(14 sQ)Q"
He: = —%k(2Q”’Q’ - 3Q")

We obtain four ODEs
Hy=0, H;=0, H;,=0, Hgz=0. (6.15)
(i) k#0. Then from Hg = 0, we get

2@///@/ _ 3@//2 =0.

Then @ = ¢y or Q = C;jrs + ¢3, for any constant cg, c1, co # 0, c3. However,
substituting @ = C;jrs + ¢3 into Hy = 0, we get

2kcss? + {(cl + 14 3cse)k + ccl}s + (141 + csea)k

6c1 (2 + 5 =0.
Then we get
cieg =0, (6.16)
(c1 + 14 3czer)k + cep =0, (6.17)
02(1 “+c1 + 0302) =0. (618)

If ¢; # 0, then from (6.16) we have ¢s = 0. Noting that ¢ # 0 and from (6.18)
we get ¢; = —1. Substituting it into (6.17), we get ¢ = 0. Then substituting
Q= % and ¢ = 0 into Hy = 0, we get

3 6caks? + 5edks — ik
- =0.
2 (co + 8)°

This means ¢ = 0. It’s a contradiction to ¢z # 0. Thus ¢; =0, Q = cs3.
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(ii) £k =0, ¢ # 0. Then it follows from (6.15) that

56H6 + S4H4 + S2H2 + HO
A2

(1+sQ)=0.
This equation is (6.3) with b replaced by s. Then we get

2(1+5Q){s*Q" + (s -~ Q) } +5(:@' — Q)* = 0.
Then as the discussion in Lemma 5.2, we obtain @ = Q’(0)s.
(iii) (k,c¢) = (0,0). Then (6.3) becomes trivial. In this case, so # 0, other-
wise s;; = 0 and r;; = 0, hence b,i(z) = 0. By Lemma 6.1, ¢ = ¢(s) satisfies
(6.4). Then we get

A2{2(ds — Q)W + (db* + 1)\112} = 0. (6.19)

By the definition of ¥; and Wy, we can easily see that the left hand of the
above equation is a polynomial of b. Since b = b(x) in (6.4) is a variable, as the
discussion above we can replace b by s in (6.19). Then we get

(1+ 5Q)(1 + 25Q — 52d)(Q — 5Q') = 0.

Then we have
Q—sQ =0.
It’s easy to get @ = Q’(0)s.
Then in either case we get ¢ = k11 + kos? for some constants k; and ko.
Q.E.D.

Lemma 6.6 Let gy, q1 and X be arbitrary numbers. Then the ODE , ¥; = 0,
with Q(0) = go and Q’(0) = g1 has unique solution

Q= —b%—l—\/l—(s/b)?f, (6.20)

where

(1/b%+ q1)s

T= (/7 + (00— 31/ +ar)s

Proof: First it is easy to verify that the function @ = Q(s) in (6.20) satisfies
that Uy = 0 with @Q(0) = go and Q’(0) = ¢1. Note that ¥y = 0 is a third order
ODE in Q = Q(s) with leading coefficient —(b? —s%)%(1+5Q + (b* —s%)Q’). The
leading coeflicient is negative at s = 0. Thus this ODE is regular at s = 0. We
can apply the uniqueness theorem in ODE theory and conclude that Q = Q(s)
given in (6.20) is the unique solution of ¥; = 0. Q.E.D.

fi=q+ (6.21)

Proof of Theorem 1.2: We first prove the necessary condition. If b :(x) # 0
at some point z, then by Lemma 6.5, we conclude that ¢ = ki1+/1 + kos? for
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some constants k; and ke. This is impossible by assumption. Thus b,: = 0
on M. Then b = constant. Assume that (3 is not parallel, i.e., (75, s:;) # 0.
By Lemmas 6.3 and 6.4, ¢ satisfies (6.12). By Lemma 6.6 and the uniqueness
theorem in ODE theory, @ = ¢'/(¢ — s¢') is given by (6.20). Since ¢ = ¢(s) is
C® on (—by,,b,), we conclude that b = b,.

Conversely, if Q := ¢'/(¢ — s¢’) is given by (6.20), then it satisfies (6.12).
By Lemma 6.4, b = b, implies that (3 satisfies (6.10), (6.11) and s; +r; =0 at
any point . Thus F' is a Landsberg metric on M.

Now let us take a look at the spray coefficients of F' = a¢(8/a). We only
need to consider the case s; +r; = 0 and (7, si;) # (0,0). By Lemma 6.3, 3
satisfies (6.10) and (6.11). Thus

. 1 . s
sty = b—2(b150 —s'0), ro0 — 20Qsg = &’k(b* — 5?) — 2a(Q + b—2)50.

We have
G' = G'+ ‘Z—?(biso —5'3)

+0{ka(v? = 5%) = 2(Q + 75)s0 | {y" + QoiiQS/Q,b}

where
o vf s
2002 — s2)2f7  2(b% — 2)
o T= (/07 + (s = (0 = 52)")
Q-sQ (—b2f+s(b2—s2)f’) ’

where f = f(s) is given in (6.21). Taking the special coordinate as in Section
4, then

a=Vy)2+ )2 b=ty si=0.
Noting that

by directly computation we obtain

ot :{(1 v PPa+ 2@+ DA g0t + b8 + 1)) 52

0 T T i eg | 1+ b
_ ébk}? 4 : bjk_ﬁob);ql B Z(Ibikzéql) }(y1)2
+ \/“iqu{(_%oA + \/%)52 + %bk)\— \/%}ylyz’
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oo +1+ @b*)N @1 + 02} + qdb* +2¢3 + 2b2q1q8)52
by/1+ b2¢ 14+ b62¢:
b(b2q1 +2¢20% + DA qob*k(b*q1 + 1 + ¢2b?) }( 1y
414 02q, 2(1+0%q1)
1 200 (0%q1 + 1 4 ¢2b2 1 b kq?
{( oy 2qo(b°q1 +1+ g5 ))52—§b2kqo)\+ 406 }yl 2

+ -
St b2g L\ by/T 1 b2q, V1Tt 2,

(-3

1 k
+ quka)\Q -

1 2 Lo 212
—_ = —b“k } .
+ 1+b2q1{ qO52+2 q0 ¢(y°)
Obviously, G* and G? are both quadratic in . Thus F = a¢(8/a) is always
a Berwald metric. This proves Theorem 1.2. Q.E.D.
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