Projectively Flat Fourth Root Finsler Metrics

Benling Li*and Zhongmin Shen'

1 Introduction

One of important problems in Finsler geometry is to study the geometric prop-
erties of locally projectively flat Finsler manifolds. Locally projectively flat met-
rics are of scalar flag curvature, namely, the flag curvature is a scalar function
of tangent vectors, independent of the tangent planes containing the tangent
vector.

A Finsler metric on an open domain in R" is said to be projectively flat if its
geodesics are straight lines. Hilbert’s Fourth Problem in the regular case is to
study and characterize projectively flat metrics on a convex open domain in R™.
Projectively flat Riemannian metrics are those of constant sectional curvature
K = p, which can be expressed in the following form on an appropriate ball in

R™:
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There are many non-Riemannian projectively flat Finsler metrics. For example,
the well-known Funk metric and Hilbert metric on a strongly convex domain
are projectively flat. These metrics even have constant flag curvature. See
[1] for more information on projectively flat Finsler metrics of constant flag
curvature. In [2], we study and characterize projectively flat (a, 3)-metrics
which are defined by a Riemannian metric a = y/a;;(x)y*y? and a 1-form § =
b;(z)y". Two special examples are given as follows:
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The metric in (2) is the Funk metric in a unit ball B”(1) C R™ and the metric
in (3) is constructed by L. Berwald [3].
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There are two important classes of reversible Finsler metrics.

F = AY4 (4)
F = (A1/2+B)1/2 (5)

where A = a;jr(z)y'y/y*y! and B = b;;(z)y'y’. A Finsler metric in the form
(4) is called a fourth root metric and a Finsler metric in the form (5) is called a
generalized fourth root metric. When A is a perfect square of a quadratic form,
F = A'Y* is just a Riemannian metric. Thus (generalized) fourth root metrics
include Riemannian. Similarly, one can consider m-th root metrics and their
generalizations. In four-dimension, the special fourth root metric in the form
F = Yyly?y3y* is called the Berwald-Moore metric. This metric is singular in
y and not positive definite. Recently, physicists are interested in fourth-root of
metrics [6]. Thus it is important to study the geometric properties of fourth
root metrics.

A Finsler metric F' = F(z,y) is said to be locally Minkowskian if at every
point, there is a local coordinate domain in which the metric F = F(y) is
independent of its position z. In this case, all geodesics are linear lines x%(t) =
ta® + b'. A Finsler metric F = F(x,y) is said to be locally projectively flat if
at every point, there is a local coordinate domain in which the geodesics are
straight lines, namely, () = f(¢)a’ + b*. The main purpose of this paper is to
study locally projectively flat fourth root metrics and its generalized metrics.
We prove the following

Theorem 1.1 Let F = AY* be a fourth root metric on a manifold of dimension
n > 3. Assume that A is irreducible. If F' is locally projectively flat, then it is
locally Minkowskian.

If A= (a;;(z)y'y?)? is the square of a Riemannian metric of constant sec-
tional curvature K = p, then F = AY* = | /a;;(z)y'y is locally projectively
flat. But it is not locally Minkowskian when p # 0. Thus the condition on the
irreducibility condition of A can not be removed although it might be slightly
weakenned.

Theorem 1.2 Let F = (A% + B)'/? be a generalized fourth root metric on a
manifold of dimension n > 3. Assume that A and A — B? are both irreducible
and B # 0. If F is locally projectively flat, then it is locally Minkowskian.

The following example shows that the irreducibility condition on A — B? can
not be dropped although it might be slightly weakended.

Example 1.1 Let F = (A'/2 + B)!Y/2 be a fourth root metric on B" C R"
defined by
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Note that
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Thus A — B2 is reducible. F is projectively flat, but not locally Minkowskian.

The classification of projectively flat generalized fourth root metrics without
assumption on the irreducibility has not been done yet. Certainly, this is an
interesting problem which needs attention.

2 Preliminaries

Let F' be a Finsler metric on a manifold M. We always assume that F' is posi-
tive definite (or strongly convex), namely, the matrix g;; = g;;(x,y) is positive
definite, where

gs(w,9) = 5Py (@9), (5 £0)

The geodesics of F' are characterized by a system of equations:

A2zt ; dx
T 26 (e g) =0,

where

G' = Zgll{[F2]xmylym - [F2]xl}
Clearly, if F' is Riemannian, then G* = G%(x, %) are quadratic in y. F is called
a Berwald metric if G = G'(z,y) are quadratic in y. It is called a Landsberg
metric if _

Thus every Riemannian metric is a Berwald metric and every Berwald metric
is a Landsberg metric.

For a Finsler metric, the Riemann curvature R, : T, M — T, M is defined
by R, (u) = R (2, y)uF -2 u= uka;gkh, where
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For each tangent plane II C T, M and y € P, the flag curvature of (II,y) is
defined by

gim (2, y) R (x, y)uFu™
F)(z,y2gi;(x, y)uivd — [gij(2, y)ytul]?’

K(Ha y) =

where u € II such that IT = span{y, u}. There is a large class of Finsler metrics
whose flag curvature K(II,y) = K(z,y) is independent of tangent planes II
containing y € T, M. Such metrics are said to be of scalar flag curvature. When
the metric is Riemannian, the flag curvature K(II, y) = K(II) is independent of



y € T, M. Thus it is of scalar flag curvature K = K(x,y) if and only if is of
isotropic sectional curvature K = K (z) (constant if dimension > 3). We have
the following important theorem.

Theorem 2.1 (Numata [5]) Let F' be a Landsberg metric of scalar flag curva-
ture on a manifold of dimension n > 3. If the flag curvature K # 0, then it is
Riemannian.

On the other hand, we have the following well-known theorem.
Theorem 2.2 Every Berwald metric with K = 0 is locally Minkowskian.

A simple fact is that a Finsler metric F' = F(z,y) on an open subset 4 C R™
is projectively flat if and only if the spray coefficients are in the form G* = Py’.
It is equivalent to the following Hamel equation

Fxmykym = ka. (6)

In this case, P = Fymy™ /(2F) and the metric is of scalar flag curvature given
by
P? _ Pomy™
F? '
Thus, locally projectively flat Finsler metrics are of scalar flag curvature.
Let us consider the special case when G = Py’ where P = P;(x)y" is a local
1-form. Assume that the dimension n > 3. Let

K = (7)

U:= {xEM | K(x,y);éOforsomeyeTxM}.

Assume that U # (). By Theorem 2.1, F is Riemannian on U with K =
constant # 0. By continuity, one can easily conclude that U = M, namely, F’
is Riemannian on the whole manifold. Assume that U = 0, i.e., K = 0 on M.
Since F' is a Berwald metric, it must be locally Minkowskian.

The two-dimensional case is solved by L. Berwald.

Theorem 2.3 Berwald ([4]) Let F be a locally projectively flat Landsberg metric
on a surface M. Then it is either Riemannian with non-zero constant Gauss
curvature or locally Minkowskian.

If one allows singular metrics in Theorem 2.3, then besides the above two
cases, the metric might be a Berwald metric which can be locally expressed in
the following form

F=(y'+ fla' 2y (y*)?,
where f = f(z!,2?) is a function satusfies x! + 22f = (f) for some function

¥ with 9" # 0.



We now consider fourth root metrics. Let A(z,y) = a;jr(7)y'y/y*y' be a
homogeneous polynomial of degree four on tangent spaces. Assume that A =
A(z,y) > 0 for any y # 0. Then the Hessian g;; := 3[F?],:,s is given by

Y
1
9ij = gA 3/2{214141']' — AiAj},
where
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Thus if 24A;; — A;A; is positive definite, then F' is a positive definite Finsler
metric.

Example 2.1 Let

For some directions, say, y = (1,0,---,0), det(g;;) = 0. Thus F' = AY/* is not
positive definite.

Example 2.2 Let A be a two-dimensional homogenous polynomial of degree
four in the following form:

A= (y") +2ey) () + ()"
It is easy to show that F = A'/* is positive definite if and only if 1 < ¢ < 3.

Example 2.3 Let a := /a;;y'y/ be an Euclidean norm and 8 := b;y’ be a
1-form on R"™ with b:= /a%b;b; < b,. Then

A=a' +ea’p + 54
is strongly convex if
14es® +5* >0, (Is] < bo)

4+ 2ep” + (de + 12p% — p?e?)s® + (2p%c — 8 + 3¢?)s* > 0, (Is| < p < bo).

3 Projectively flat fourth root metrics

In this section, we are going to discuss projectively flat fourth root metrics
F = AY* on an open subset 4 C R". For simplicity, we let

Ag = Apmy™, Ago = AprzayPyl.

First we have the following



Lemma 3.1 Let F = A'Y* be a fourth root metric on an open subset U C R™.
It is projectively flat if and only if

4A(Axmykym - Axk) = 3AOAyk (8)
Proof: (8) follows from (6) immediately. Q.E.D.

Proof of Theorem 1.1: Assume that F is projectively flat. Since A is irreducible
and deg(A,x) = 3, by (8), one can conclude that Ay is divisible by A, that is,
there is a 1-form 7 such that

Thus the spray coefficients G* = Py* are given by

We see that G = iy’ are quadratic in y. Therefore F' is a Berwald metric.
Assume that n > 3. By Theorem 2.1, if K # 0, then F' is Riemannian. Thus
A is a perfect square of a Riemannian metric. This contradicts our assumption.
Thus K = 0. That is, F' is a Berwald metric with K = 0. Therefore, F is locally
Minkowskian. Q.E.D.

4 Generalized Fourth Root Metrics

In this section, we shall consider the generalized fourth root metrics
F = (AY? 4+ B)'/2, (10)

where A = a;ji(2)y'y’y*y! and B = b;;(x)y'y’. We denote Ag and Agg as
above and let By := Bymy™ and Bog = ByrzayPy?.

Let
 BA,. —24B, _ 2BB, - A

K
Xk = Y

2(B2—A) T TABE - A)

Lemma 4.1 Let ' = (A2 4+ B)Y/2 be a generalized fourth root metric on a
domain in R™. Assume that A = a;j(z)y'y?y*y' is irreducible. A generalized

fourth root metric F = (A2 4+ B)Y/2 is projectively flat on an open domain in
R™ if and only if

A

Agmgpeyf™ — Agi = 2—%‘/10 4 Y Ao + X1 Bo (11)
1

meykym — B,x = HXkAO + YiBo. (12)



Proof: By a direct computation, we get

F, = =—(AY24+B)"Y247Y2(A,. +2A4Y2B,)

1
4
1
Fpgy® = _1—6(A1/2 + B)™32A7 YAy +24Y2B)(Ag + 2A4Y2By)
1
+§(A1/2 + B)TM2ATIE(— Ay Ag + 24 A m g™ + AAY 2B iy™).

Then using the fact that A is not a perfect square of a quadratic form and the
equation Fyk,iy* — F = 0, we obtain (11) and (12).

Proposition 4.2 Assume that A is irreducible and B # 0. F = (AY/? 4+ B)'/2
is projectively flat if and only if there is a 1-form n such that

A(A - BQ){meykyk — By — 2nByk} = (Bo—4B)(A— BY),.. (13

2(Age —Any A—nAyn) = 2B{meykym — By —21B,. } —(Bo—4nB)B,.. (14)

Proof: Assume that F is projectively flat. Then A and B satisfy (11) and (12)
respectively. It follows from (11) that

MyA = (2ABB,« +2B* A« — 3AA,1) A, (15)
where
M, = 4(B2 — A)(Axmykym — Axk) — 2(BAyk — 2AByk)B0

First we claim that Ag is divisible by A. If this is not true, then from
(15), one can see that 2ABB,x + 2B?A,. — 3AA,. is divisible by A since A is
irreducible. That is, there is a 3-form wy such that

2ABBy. + 2B* Ay — 3AAx = wiA.
Rewriting the above equation as follows
2B? A, = (w4 3A,. — 2BB,i ) A.

The right hand side is divisible by B2. This is impossible since A is irreducible
and deg(wg + 3A,» — 2BByx) = 3. This proves our claim.
Therefore Ag is divisible by A. There is a 1-form 7 such that

Rewrite (12) as follows
A BAy — 2AB
k 0 0 0



Plugging Ay = 8nA into (17) yields (13).
Rewrite (11) as follows

Axmykym - Axk = A

ﬁAyk + ByBy + (Ag — 2BBy)Ys. (18)

Plugging Ay = 8nA into (18) yields

2(A—BQ){2(Axk — A, A=Ay )+ (Bo —4nB)Byk} = B(By—4nB)(A—B?),.

(19)
Then (14) follows from (13) and (19).
It is easy to prove that the converse is true too. Q.E.D.

Proof of Theorem 1.2: Assume that F' = (A'/? 4 B)'/? is projectively flat. Then
by Proposition 4.2, (13) and (14) hold.

The right side of (13) is divisible by A — B?%. Since A — B? is irreducible and
deg[(A — B?),x] = 3, we conclude

By = 41B. (20)
Contracting (14) with y* yields

Ay = 8nA. (21)
By a direct computation, we get the spray coefficients G* = Py’ with

P Ao +2A4Y2By  8nA+8nA/?B
T SAU2(AZ+B)  8AV2(A2+B) "

Thus F is a Berwald metric.

In dimension n > 3, by Theorem 2.1, every Berwald metric of non-zero scalar
flag curvature must be Riemannian. Then B = 0 and A is a perfect square of
a Riemannian metric. This contradicts our assumption. Thus K = 0 and F' is
locally Minkowskian. Q.E.D.
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