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1. INTRODUCTION

Roughly speaking, Finsler metrics on a manifold are regular (but not neces-
sarily reversible) distance functions. In 1854, B. Riemann attempted to study
a special class of Finsler metrics—Riemannian metrics, and introduced the
so-called Riemann curvature.  This infinitesimal quantity faithfully reveals
the local geometry of a Riemannian manifold and becomes the central concept
of Riemannian geometry. It is a natural problem to understand general regu-
lar distance functions by introducing suitable infinitesimal quantities. For more
than half a century, there had been no essential progress until P. Finsler studied
the variational problem in a Finsler manifold. However, it was L. Berwald who
first successfully extended the notion of Riemann curvature to Finsler metrics
by introducing the so-called Berwald connection. Berwald also introduced some
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non-Riemannian quantities via his connection [Berwald 1926], [Berwald 1928].
Since then, Finsler geometry has been developed gradually.

The Riemann curvature is defined using the induced spray which is inde-
pendent of any well-known connection in Finsler geometry. It measures the
shape of the space. The Cartan torsion and the distortion are two primary
geometric quantities which describe the geometric properties of the Minkowski
norm in each tangent space. Differentiating them along geodesics gives rise to
the Landsberg curvature and the S-curvature. These quantities describe the
rates of change of the “color/pattern” on the space.

In this article, I am going to discuss the geometric meaning of the Landsberg
curvature, the S-curvature, the Riemann curvature, and their relationship. I
will give detailed proofs for several important local and global results.

2. FINSLER METRICS

By definition, a Finsler metric on a manifold is a family of Minkowski norms
on the tangent spaces. A Minkowski norm on a vector space V is a nonnegative
function F': V — [0, 00) with the following properties:

(i) F is positively y-homogeneous of degree one, i.e., for any y € V and
any A > 0,
F(Ay) = AF(y);
(if) Fis C*° on V\{0} and for any tangent vector y € V\{0}, the following
bilinear symmetric form g, : V' x V' — R is positive definite,

1o
2 0sOt

g, (u,v) = F2(y + s+ ) | l,=i=o.

A Minkowski norm is said to be reversible if F(—y) = F(y), y € V. In this
article, Minkowski norms are not assumed to be reversible. By (i) and (ii), one
can show that F(y) > 0 for y # 0 and F(u+v) < F(u) + F(v) for u,v € V.
See [Bao et al. 2000] for a proof.

Let ( , ) denote the standard inner product on R", defined by (u,v) :=
S utv’. Then |y| := \/(y,y) is called the standard Euclidean norm on R™.
Let b € R™ with [b] < 1, then F = |y| + (b,y) is a Minkowski norm on R",
which is called a Randers norm.

Let M be an n-dimensional C*° connected manifold. Denote by TM =
Uzenm T M the tangent bundle of M, where T, M is the tangent space at z € M.
We denote a point in TM by (z,y) where y € T, M. A Finsler metric on M is
a function F': TM — [0,00) with the following properties:

(a) Fis C*® on TM, :=TM\ {0};
(b) At each point € M, the restriction F, := F|r, s is a Minkowski norm
on T,M.

The pair (M, F) is called a Finsler manifold.

Let (M, F) be a Finsler manifold. Let (2, 3%) be a standard local coordinate
system in TM, i.e., y*’s are determined by y = yi% . For a vector y =
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yi% o 7 0, let gi;(2,y) == $[F?],i,i(z,y). The induced inner product g, is
given by

gy(u,v) = gij(z, y)u'r’,
where u = ui%h and v = vi%\z. By the homogeneity of F, we have

F(a,y) = \/gy(y, y) = \/gij (z, y)y'y?.

A Finsler metric F' = F(z,y) is called a Riemannian metric if g;; = g;;(x) are
functions of x € M only.
There are three special Riemannian metrics.

Example 2.1. (Euclidean Metric) The simplest metric is the Euclidean metric
ap = ap(x,y) on R™, which is defined by

(1) ao(z,y) = |yl y=(y') € T,R" = R".
We will simply denote (R™, ag) by R™, which is called Euclidean space.

Example 2.2. (Spherical Metric) Let S := {z € R"™!, || = 1} denote the
standard unit sphere in R"*!. Every tangent vector y € T,,S™ can be identified
with a vector in R"*! in a natural way. The induced metric ay; on S is
defined by ay1 = ||y, y € TS™ € R, where || - ||, denotes the induced
Euclidean norm on T,S™. Let ¢ : R* — S™ C R"*! be defined by

(2) o(@) = (

T +1 )
VI+P It/
Then ¢ pulls back a4 1 on the upper (lower) hemisphere to a Riemannian metric
on R"™, which is given by

_ VP + (=Plyl = (=,9)%)
L+ [zf?

(3) Q41 ) y € T,R" =2 R".

Example 2.3. (Hyperbolic Metric) Let B denote the unit ball in R™. Define
_ VP = (2Ply — (,9)?)
' 1—|zf? ’

We call a_y the Klein metric and denote (B", a_1) by H™.

(4) o_q yeT,B"=R".

The above metrics in (1), (3) and (4) can be combined into one formula:

VI + plz[A)y? — plz, y)?
1+ plzf? '

(5) Qp =

Of course, there are many non-Riemannian Finsler metrics on R™ with spe-
cial geometric properties. We just list some of them below and discuss their
geometric properties later.
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Example 2.4. (Funk Metric) Let

VP = (2PlyP = (@, 9)?) + (z,y)
6 6= S ,

O = O(z,y) is a Finsler metric on B". We call © the Funk metric on B™.
For an arbitrary constant vector a € R"™ with |a| < 1, let

_ VP = (2Pl = 9)?) + (y) | (ay)
1—|zf? 1+ (a,z)
where y € T,B® 2 R". ©, = O,(z,y) is a Finsler metric on B". Note that

O = O is the Funk metric on B"™. We call ©, the generalized Funk metric on
B™ [Shen 2003a].

y € T,B" ~R".

(7) O, :

Example 2.5. ([Shen 2003b]) Let ¢ be an arbitrary number with § < 1. Let
VIyP? = (2 Plyl? — (x,9)%) + (2, y)
2(1 — [=[?)
(8) VPP = P (aPlyP — (2,9)%) + 3z, y)
2(1 - 6%[z]?) ’
where y € T,B" 2 R". Fj is a Finsler metric on B". Note that F_; = a_; is

the Klein metric on B™. Let © be the Funk metric on B" defined in (6). We
can express Fs by

F5 =

= O = 000ny)

Example 2.6. ([Berwald 1929b]) Let

2
(VI = 2Py = (@ 5)) + (. )
(9) Bi= 2)2 2 2|42 2y’
(1= 1222/ Ty? = (2Ply]> = (z,)?)
where y € T,B® = R". B = B(xz,y) is a Finsler metric on B™.

Example 2.7. Let € be an arbitrary number with |¢] < 1. Let

\/\P[ PHAAWIERY L (1 2y ()2 + I = e, y)
F,

(10) L= T ,

where
© = ely + (|2lyl? = (2,9)%),  Vi=1+ 2efaf + 2]
F. = F.(z,y) is a Finsler metric on R"™. Note that if € = 1, then F} = a4 is
the spherical metric on R".
In [Bryant 1996], [Bryant 1997], R. Bryant classifies Finsler metrics on the

standard unit sphere S? with constant flag curvature equal to +1 and geodesics
being great circles. The Finsler metrics F, in (10) is a special family of Bryant’s
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metrics expressed in a local coordinate system. See Example 12.7 below for
further discussion.

The above mentioned Finsler metrics all have special geometric properties.
They are locally projectively flat with constant flag curvature. Some of them
belong to the class of the so-called («, 3)-metrics in the following form:

(11) F=a qs(é),
o
where a = y/a;;(z)y’y7 is a Riemannian metric on M and 8 = b;(z)y’ is a
1-form on M. Here the function ¢ = ¢(s) is a C°° positive function on some
symmetric open interval I = [—r,r]. It is easy to see that any function F
expressed in the form (11) is positively homogeneous of degree one.
Let F := a¢(s) where s = §/a and ¢ = ¢(s) is a C*° function on some
symmetric interval I = [—r,r]. Assume that

18]ls := sup Bely) r, xeM.
yE€T, M ax(y)

[F?],i,: as follows,

Using a Maple program, we compute the Hessian g;; := %

y
gij = paij+ pobibj + p1(bicj + bjoy) + paoviaj,
where a; = a,: and
P = ¢2 - 8¢¢/a pPo = ¢¢H + ¢/¢la

pr=—s(¢¢" +¢'¢') + b9, pr=5*(¢d" + ') — 564,
where s := §/a with |s| < ||8]|z < r. Then det(g;;) is given by

det (gig) = "1 (6 — s6/)" 2 [(6 — s6/) + (1B — )6 det (as)
If ¢ = ¢(s) satisfies the following conditions:
(12) ¢(s) >0, ¢(s) —sd'(s) >0, ¢"(s) =0, V[s|<r,

then (g;;) is positive definite, hence F' is a Finsler metric.

Sabau—Shimada have classified («, 3)-metrics into several classes and they
have also computed the Hessian g;; for each class [Sabau-Shimada 2001]. Below
are some special (a, 3)-metrics.

(a) ¢(s) =14 s. The defined function F = o+ (3 is a Finsler metric if and
only if the norm of § with respect to « is less than one at any point,

18|z := y/a® (2)b;(x)b;(x) < 1, x e M.

A Finsler metric in this form is called a Randers metric. The Finsler
metrics in Example 2.4 are Randers metrics. The Finsler metrics in
Example 2.5 is the sum of two Randers metrics.

(b) ¢(s) = (1 + s)2. The defined function F = (o + 3)?/a is a Finsler
metric if and only if ||8|l, < 1 at any point € M. The Finsler metric
in Example 2.6 are in this form.
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By a Finsler structure on a manifold M, we usually mean a Finsler metric.
Sometimes, we also define a Finsler structure as a scalar function F* on T* M
such that F* is C* on T*M \ {0} and F := F*|r:p is a Minkowski norm
on TXM for x € M. Such a function F™* is called a co-Finsler metric. Given
a co-Finsler metric, one can always define a Finsler metric via the standard
duality which is defined below.

Let F* = F*(x,€) be a co-Finsler metric on a manifold M. Define a non-
negative scalar function F' = F(z,y) on TM by

o £(y)
Flay) = EETPMF (z,8)

Then F F(x,y) is a Finsler metric on M. F is said to be dual to F*.
F* = F*(z,€) is also dual to F in the same sense that

. B £(y)
Flad= s Fa)

Every vector y € T, M \ {0} uniquely determines a co-vector & € T*M \ {0} by

1d
¢(w) == f—[FQ(a: y—|—tw)} , welM.
2dt
The resulting map ¢, : y € T, M — £ € T M is called the Legendre transfor-
mation at x. Similarly, every co-vector £ € T M \ {0} uniquely determines a
vector y € T, M \ {0} by

1d
2dt

n(y) ==

[F*Q( ,£+tn)}|t . nerT, M.

The resulting map ¢} : £ € T)M — y € T, M is called the inverse Legendre
transformation at x. Indeed, ¢, and ¢} are inverses of each other. Moreover,
they preserve the Minkowski norms, i.e.,

(13) Flr,y) = F(2,l(y),  F(x,8) = F(2,£5(5)).

Let ® = ®(z,y) be a Finsler metric on a manifold M and ®* = &*(z,§) be
the co-Finsler metric dual to ®. By the above formulas, one can easily show
that if y € T, M \ {0} and £ € T M \ {0} satisfy

(x£+77)} =n(y), nel,M.

[t=0

dt
Then

(14) ®(x,y) = 1.

Let V be a vector field on M with ®(z,—V,) < 1 and V* : T*M — [0, 00)
denote the 1-form dual to V', which is defined by

Vi) =£&WVe), €T, M.
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We have ®*(z, —V*) = ®(x,—-V,) < 1. Thus F* := &* + V* is a co-Finsler
metric on M. Define F' = F(x,y) by

(15) F(z,y) := ye T, M.

Y
sup ————
cersm F*(2,6)
I is a Finsler metric on M, which is called the Finsler metric generated from

the pair (®,V). One can also define F' in a different way without using the
duality.

Lemma 2.8. Let ® = ®(x,y) be a Finsler metric on M and V' be a vector
field on M with ®(z,—V,) < 1 for all x € M. Then F = F(x,y) defined in
(15) satisfies the following

Y
16 (e, —2  _v,)=1, T, M.
(16) (m F(x,y) ) ye
Conversely, if F = F(x,y) is defined by (16), then it is dual to the co-Finsler
metric F* := ®* +V* as defined in (15).

Proof: For the co-Finsler metric F* = ®*+V* let F = F(z,y) be defined in
(15). Fix an arbitrary non-zero vector y € T, M. There is a co-vector £ € T) M
such that

an Fle,y) = =)

- Fr(2,9)
Let n € T¥ M be an arbitrary co-vector. Consider the function

£(y) +tn(y)
O*(x, & +tn) + E(Va) +tn(Va)

Then h(t) < h(0) = F(z,y). Thus h'(0) = 0, namely,
M) F* (,€) — ) & [ (@, 6+ )] omo +n(Ve) } =0
By (17), £(y) = F(x,y)F*(x,£), one obtains

n(0) ~ F.){ [0 (2.6 )] oo + (V) } =00

From the above identity it follows that

h(t) :==

%[Cb*(m,€+ tn)} lt=0 = U(FL) - Vw), ne TM.

(z,y
Thus F(x,y) satisfies (16) as we have explained in (14).
Conversely, let F' = F(x,y) be defined by (16). Then for any £ € T M,

* _ Yy
P06 = s (V)

One obtains

wp S0 (L) rem)

Yy
yerom F(z,y) yerom  NF(x,y)
Q" (x,&) + V(&)
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This means that F* := ®*4+V™* is dual to F' and hence F' is dual to F'*, namely,
F is given by (15). O

Let ® = \/¢i;(z)y’y7 be a Riemannian metric and V = V* (I)% be a vector
field on a manifold M with

Oz, —Vo) =|V|z := \/qbij(x)Vi(x)Vj(x) <1, xe M.

Solving (16) for F' = F(x,y), one obtains
VI =05 VIVI)ijy'yd + (¢iy'VI)? — dijy' VI

1=, ViVi '
Clearly, F' is a Randers metric. It is easy to verify that any Randers metric
F = a+ 3, where a = y/a;;(z)y’y? and 8 = b;(z)y’, can be expressed in the
form (18). According to Lemma 2.8, any Randers metric F' = a+( expressed in
the form (18) can be constructed in the following way. Let ®* := {/¢% (x);&;
be the Riemannian metric dual to ® = /¢;;(x)y'y? and V* := £(V,) = Vi(2)§;
be the 1-form dual to V. Then F* := ®* (2, &)+ V*(£) = /¢ (2):6;+ Vi(x)E;
is a co-Finsler metric on M. Moreover, the dual Finsler metric F' of F’* is given
by (18). This fact is proved by Hrimuic-Shimada [Hrimiuc-Shimada 1996].

(18) F=

It is discovered in [Shen 2003c], [Shen 2002] that if ® is a Riemannian metric
of constant curvature and V' is a special vector field, then the generated metric
F is of constant flag curvature. This discovery is simply a matter of luck. But
Maple programs play an important role in the computations which lead to this
discovery, and open the door for classifying Randers metrics of constant flag
curvature [Bao et al. 2003].

Example 2.9. Let ¢ = ¢(y) be a Minkowski norm on R™ and let

Ug = {y eR" | o(y) < 1}.

Define

O(x,y) == o(y), y € T,R" = R".
O = O(x,y) is called a Minkowski metric on R™. Let V, := —z, z € R™. V' is
a radial vector field pointing toward the origin. Observe that for any = € Uy,

<I>(x, —Vx) =¢(x) < 1.
The pair (®, V) generates a Finsler metric © = O(xz,y) on U, by (16), i.e.,

(19) O(z,y) = fb(er@(Ly)l’)-
Differentiating (19) with respect to 2* and y* respectively, one obtains
(20) (1= dur(@)a)Ou(@,y) = bu()O(w,y),

(21) (1=t @a')Ou@y) = durlw),
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where w := y + O(z,y)x. It follows from (20) and (21) that

The above argument is given by T. Okada [Okada 1983].

A domain Uy in R™ defined by a Minkowski norm ¢ is called a strongly
conver domain. A Finsler metric © = O(z,y) defined in (19) is called the
Funk metric on a strongly convex domain in R”. When ¢ = |y| is the standard
Euclidean metric on R", Uy = B™ is the standard unit ball and © = O(z,y)
is given by (6). Equation (22) is the key property of ©, by which one can find
other geometric properties of ©. Therefore we make the following

Definition 2.10. A Finsler function © = O(z,y) on an open subset in R™ is
called a Funk metric if it satisfies (22).

Example 2.11. Let ®(z,y) := |y| be the standard Euclidean metric on R™
and let V = V(x) be a vector field on R™ defined by

Ve = |z|?a — 2(a, z)z,

where a € R™ is a constant vector. Note that

O(z,—Vy) = /i VIVI = |V, | = lal|z]? < 1, x € B"(1/+/]al)
and o
¢iy' V7 = |z[*(a,y) — 2(a, z)(z,y).
Given the above pair {®,V'}, solving (16) for F', one obtains
V([z[*(a,y) — 2{(a, x)(z,9))% + [y[P (1 = [a]*[z[*)
1= [aP[a]?

o \x|2<a,y> B 2<a,x><x,y>

1 — |af?[x[* '
This Randers metric F' has very important properties. It is of scalar curvature

and isotropic S-curvature. But the flag curvature and the S-curvature are not
constant. See Example 11.2 below for further discussion.

F =

(23)

3. CARTAN TORSION AND MATSUMOTO TORSION

To characterize Euclidean norms, E. Cartan introduces the Cartan torsion
[Cartan 1934]. Let F' = F(y) be a Minkowski norm on a vector space V. Fix
a basis {b;} for V. Then F = F(y'b;) is a function of (y*). Let

1 1

i[Fz]yiyja Cij = Z[FQ]yiyjy"(y)v I; := ¢7*(y)Ciju(y),

where (g) := (g;;) ' It is easy to see that

(24) I, = (‘%’ [ln 1/ det (gjk)}.

Gij ‘=
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For y € V'\ {0}, set
Cy(“a v, ’LU) = Cijk(y)uivjwk7 Iy(u) = Il(y)u17

where u := u'b;, v := v/b; and w := w¥by. The family C := {C, | y € V\{0}}
is called the Cartan torsion and the family I := {I, | y € V\ {0}} is called the
mean Cartan torsion. They are not tensors in a usual sense. In later sections,
we will convert them to tensors on T'M, and call them the (mean) Cartan
tensor.

We view a Minkowski norm F' on a vector space V as a color pattern. When
F' is Euclidean, the color pattern is trivial or Fuclidean. The Cartan torsion
C, describes the non-Euclidean features of the color pattern in the direction
y € V\ {0}. And the mean Cartan torsion I, is the average value of C,.

A trivial fact is that a Minkowski norm F' on a vector space V is Euclidean
if and only if C, = 0 for all y € V\ {0}. This can be improved to the following

Proposition 3.1. ([Deicke 1953]) A Minkowski norm is Euclidean if and only
if1=0.

To characterize Randers norms, M. Matsumoto introduces the following
quantity:
1
(25) Miji = Cijr — m{jihjk + Ll + Ikhij}v
where hij = FFyiyi = gij — 9ipy?9iqy?/F?. For y € V\ {0}, set
My(U, v, ’LU) = Mijk(y)uivjwkv

where u = u'b;, v = v/b; and w := w*by. The family M := {M,, | y € V\{0}}
is called the Matsumoto torsion. A Minkowski norm is said to be C-reducible
if M =0.

Lemma 3.2. ([Matsumoto 1972b]) Every Randers metric satisfies M = 0.

Proof: Let F' = o+ 3 be an arbitrary Randers norm on a vector space V,

where o = \/a;;y'y? and 8 = by’ with [|8]» < 1. By a direct computation,

gij = $[F?]yiys are given by

F Yiy Yi Yj
B Ea 285 )0 2))
(26) Jig « i a o + F + « it «a
where y; := a;;y7. Then hij = FF,i, = gij — 9ipy?9jqy?/F? are given by
a+p Yiyj
(27) iy = = (o = 7 ):

The inverse matrix (¢%/) = (g;;) ! is given by
R e |

The determinant det(g;;) is given by

(20) det (g,)) = (27

n+1
) det (aij) .
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By (24) and (29), one obtains

n+1 yi B
% L Y)Y
(30) 2(a+P) a o
Differentiating (26) yields
1
(31) Cuge = g { Lihge + Ik + Iy }.
This implies that M;;, = 0. ([l

Later on, Matsumoto and HGjo proved that the converse is true as well,
whenever dimV > 3.

Proposition 3.3. ([Matsumoto 1972b], [Matsumoto—Hojo 1978]) Let F' be a
Minkowski norm on a vector space V of dimensionn > 3. Then the Matsumoto
torsion vanishes if and only if F' is a Randers norm.

The proof given by Matsumoto and Hojo seems quite long and the author
could not find a shorter proof which fits into this article.

4. GEODESICS AND SPRAYS

Every Finsler metric F' on a manifold M defines a length structure Lz on
oriented curves in M. Let ¢ : [a,b] — M be a piecewise C*° curve. The length
of ¢ is defined by

b
Li(e) = / P(e(t).é(t)) .
a
For any two points p,q € M, define
dr(p,q) == irclf Lr(c),

where the infimum is taken over all piecewise C*° curves c¢ from p to q. The
quantity dp = dr(p, q) is a nonnegative function on M x M. It has the following
properties

(a) dr(p,q) > 0 and equality holds if and only if p = ¢;

(b) dF(pv q) < dF(pv 7“) + dF(rv q) for any p,q,r € M.
dp is called the distance function induced by F. If the Finsler metric F is
reversible, i.e., F(x,—y) = F(x,y), y € T, M, dr satisfies the reversibility
condition: dr(p,q) = dr(q,p), p,q € M. In this article, the notion of distance
function is weaker than the usual one.

Given an ordered pair of points p,q € M, a piecewise C* curve o : [ =
[a,b] = M from p = o(a) to ¢ = o(b) is said to be minimizing if

LF(J) - dF(pa q)

Definition 4.1. A C*° curve o(t), t € I, is called a geodesic if it has constant
speed (F(o(t),d(t)) = constant) and it is locally minimizing, i.e., for any ¢, €
I, there is a small number € > 0 such that ¢ is minimizing on [t, — €, ¢, + €| N 1.
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By the calculus of variation, one can show that geodesics are characterized
by a system of 2nd order ordinary differential equations (see e.g. [Shen 2001a],
[Shen 2001b]).

Lemma 4.2. A C* curve o(t) in a Finsler manifold (M, F) is a geodesic if
and only if o(t) satisfies the following system of 2nd order ordinary differential
equations

(32) ' (t) +2G(a(t),6(t)) = 0,
where G* = G(x,y) are local functions on TM defined by
(33) G = 10" @ ) { [Py ()" = [Pl ) |-

Let {%, 8%1'} denote the natural local frame on T'M in a standard local
coordinate system, and define

.0 .0
34 G =y'— —2G"—
( ) Y (?x’ ayl’
where G* = G*(z,y) are given in (33) with the homogeneity property:
(35) G'(z, \y) = NG (2, y), A>0.

G is a well-defined vector field on TM. Any vector field G on T M in the
above form (34) with homogeneity (35) is called a spray on M, where G°
are called the spray coefficients. Let N;j = % and 52,3 = a?ci — N;aiyj.
Then HTM := span{%} and VT M := span{aiyi} are well-defined such that
T(TM,) = HTM ®VTM. That is, every spray naturally determines a decom-
position of T(T'M,).

For a Finsler metric on a manifold M and its spray G, a C™ curve o(t) in
M is a geodesic of F if and only if the canonical lift v(¢) := 6(t) in TM is an
integral curve of G. One can use this fact to define the notion of geodesics for

sprays.

It is usually difficult to compute the spray coefficients of a Finsler metric
in general. However, for an («, 8)-metric, the computation is relatively simple
using a Maple program. Let F' be an («, §)-metric on a manifold M, which is
a Finsler metric in the following form,

F= aqﬁ(é),
a
where ¢ = ¢(s) is a C*° function on some interval [—r,r] satisfying (12),

a = +/a;;(z)y’y’ is a Riemannian metric and 8 = b;(x)y" is a 1-form satisfying
18z = v/a¥ (x)b;(z)b;(z) < r for all z € M. Let G* = G'(x,y) denote the

spray coefficients of a.. By (33), G* = %f‘;k(x)yjyk are given by

=i a” 8ajl aakl aajk
ik = 7{6‘:0’“ ori Oz }

f‘;k are called the Christoffel symbols of a. To find a formula for the spray

coefficients G* = G*(x,y) of F in terms of « and 3, we need to introduce the
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covariant derivatives of 3 with respect to o. Let 6% := dz? and Hji = f;kdmk.
We have
do' =67 N0, day; = agi0,* + aib;”.
Define bi;j by
bij07 = db; — b0,

Let
1 1
(36) rij =g (bi;j + b»ﬂ-), Sij = 5 (bz‘;j - bj;z)’
(37) stio=alsyy, o sji=bist, ey =i 4 bisj + s

By (33) and using a Maple program, one obtains the following relationship
between G* and G".

Lemma 4.3. The geodesic coefficients G* are related to G* by

] . (bl ¢ (¢¢” + (b/(b/)
G" = G'+ a
et 26((6 — s6/) + (12— 2)¢" )
—2a¢’ Yy ¢¢H i
(38) X{¢—sw%+”“}{*+¢¢—swwh+wwf}’

where s = 3/a, sio = sijyj, 50 := Sy, roo = rijyzyj and b? = a”bibj.
Consider the following metric

(o + )
a )

where a = y/a;;(z)y'y’ is a Riemannian metric and 3 = b;(z)y" is a 1-form
with ||8||z < 1 for every x € M. By (38), we obtain a formula for the spray
coefficients of I,

F =

ala—20) "
20202 + a2 — 332

G' = G'+ as’y +

2
a—0
i

x{a_faﬂaso + roo}{% + %wbi}

where b = || ..

Given a spray G, we define the covariant derivatives of a vector field X =
Xt( )Bml |c(t) along a curve ¢ by

B0) DX = {X0+ XN (0. 60)) ) sl
(40) VeX(t) = {Xi(t)+éj(t)N;(c(t)7X(t))}%|c(t)

D:X(t) and VX (t) are called the linear covariant derivative and the covariant
derivative of X (t) along ¢, respectively. X (t) is said to be linearly parallel (resp.
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parallel) along ¢ if DeX (t) = 0 (resp. VX (t) = 0). It is known that for linearly
parallel vector fields X = X (¢) and Y = Y (¢) along a geodesic ¢,

8e(t) <X(t)v Y(t)) = constant,
and for a parallel vector field X = X (¢) along a curve c,

F(c(t),X(t)) = constant.

5. BERWALD METRICS

First let us consider a Riemannian metric F' = /g;;(z)y*y’ on a manifold
M. By (33), we obtain G' = %F;k(x)yjyk, where

(a1) @) = 10 )| 2 ) 4 Sy D))

In this case G* = Gi(x,y) are quadratic in y € T, M at any point + € M.
A Finsler metric F = F(z,y) is called a Berwald metric if in any standard
local coordinate system, the spray coefficients G = G*(z,y) are quadratic in
y €T, M at any point z € M.

There are many non-Riemannian Berwald metrics.

Example 5.1. Let (M;,«;), i = 1,2, be arbitrary Riemannian manifolds and
M = My x Ms. Let f:[0,00) x [0,00) — [0,00) be an arbitrary C'*° function
satisfying

F(As, At) = Af(s,t), (A>0) and f(s,t) #0if (s,t) #0.
Define

(12 Fe.p) =1 (oo m)l, las(es ),

where © = (z1,22) € M and y = y1 ®y2 € T,M = T, My & T,,M>. Now
we are going to find additional condition on f(s,t) under which the matrix
gij = 3[F?]yi,s is positive definite. Take standard local coordinate systems
(x%,y*) in TM; and (2%,y®) in TMy. Then (2%,y7) := (2% 2% y%,y®) is a
standard local coordinate system in T'M. Express a1 and ay by

a1 (w1, Y1) = £/ Jab(21)yy°, az(z2,y2) = \/gaﬁ(x2)yay67

where y; = y* aga and yo = yaa%. We obtain

(43) Gab = 2fssgagb + fsgaba Gap = zfstgagﬁv Jap = 2fttyagﬁ + ftgaﬂa

where 7, = Gapy® and 7o = gagy'@ . By an elementary argument, one can
show that (g;;) is positive definite if and only if f(s,t) satisfies the following
conditions:

fs>()7 ft>07 fs+28fss>07 ft+2tftt>oa

and

fsft _2ffst > 0.
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In this case,

(44) dmmgﬁ)zzh(qu,[aﬂ2)dm4gw)dmxgaﬁy
where
(45) b= (R () o = 2F

where ny := dim M7 and ns := dim M.
By a direct computation, one can show that the spray coefficients of F split
as the direct sum of the spray coefficients of oy and as, that is,

(46) G(z,y) = G*(z1,51),  G(z,y) = G%(z1,1n),
where G* = G%(z1,y1) and G = G(x4, o) are the spray coefficients of a; and
ap respectively. From (46), one can see that the spray of F' is independent of
the choice of a particular function f(s,t). In particular, G*(z,y) are quadratic
iny e T, M. Thus F is a Berwald metric.

A typical example of f = fc is given by

fer =s+t+ed/ sk +1tk,

where € is a nonnegative real number and k is a positive integer. The resulting
Berwald metric using fe j is discussed in [Szabé 1981].

Let (M, F) be a Berwald manifold and p,q € M be an arbitrary pair of
points in M. Let ¢ : [0,1] — M be a geodesic emanating from p = ¢(0) to
g = ¢(1). Define a linear isomorphism 7" : T,M — T, M by T(X(0)) := X (1),
where X (t) is a linearly parallel vector field along ¢, i.e., D:X(¢) = 0. Since
F' is a Berwald metric, the linear covariant derivative V. coincides with the
covariant derivative D; along c. See (39) and (40). Thus X (¢) is also parallel
along ¢, i.e., V. X(t) = 0. Therefore, F(c(t), X (t)) = constant. This implies
that T : (T,M, F,) — (T,M,F,) preserves the Minkowski norms. We have
proved the following well-known result.

Proposition 5.2. ([Ichijyo 1976]) On a Berwald manifold (M, F), all tangent
spaces (T, M, Fy,) are linearly isometric to each other.

On a Finsler manifold (M, F'), we view the Minkowski norm F, on T, M as
an infinitesimal color pattern at x. As we have mentioned early in Section 3, the
Cartan torsion C, describes the non-Euclidean features of the pattern in the
direction y € T, M \ {0}. In the case when F' is a Berwald metric on a manifold
M, by Proposition 5.2, all tangent spaces (T, M, F,) are linearly isometric to
each other, and (M, F') is modeled on a single Minkowski space. More precisely,
for any pair points z, 2’ € M and a geodesic from z to z’, the (linearly) parallel
translation defines a linear isometry T : (T, M, F,) — (T M, F,,). This linear
isometry T maps the infinitesimal color pattern at z to that at 2’. Thus the
infinitesimal color patterns do not change over the manifold. If one looks at a
Berwald manifold on a large scale, with the infinitesimal color pattern at each
point shrunken to a single spot of color, then one can only see a space with
uniform color. The color depends on the Minkowski model.
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A Finsler metric F' on a manifold M is said to be affinely equivalent to
another Finsler metric F' on M if F' and F induce the same sprays. By (46),
one can see that the family of Berwald metrics in (42) are affinely equivalent.

Proposition 5.3. ([Szab6 1981]) Every Berwald metric on a manifold is affine-
ly equivalent to a Riemannian metric.

Based on this observation, Z.I. Szabo determined the local structure of
Berwald metrics [Szabé 1981].

6. GRADIENT, DIVERGENCE AND L APLACIAN

Let F = F(z,y) be a Finsler metric on a manifold M and let F'* = F*(z, &)
be dual to F. Let f be a C! function on M. At a point € M, the differential
dfy € T M is a 1-form. Define the dual vector V f, € T,,M by

where £} : Ty M — T, M is the inverse Legendre transformation. By definition,
V fr is uniquely determined by
1d
V/.) = f—[F*Q Jdfs 4+t } , T* M.
N(Vfe) =5 £ (@, dfe + tn) o net;
V fz is called the gradient of f at x. We have
F(z,Vf,)=F*(z,df).

If fis C¥ (k> 1), then Vf is C*~! on {df, # 0} and C° at any point x € M
with df, = 0.

Given a closed subset A C M, let p(z) = d(A,z) = sup,c4d(z,z) or

p(z) == —d(z,A) := —sup,c4d(x,2z). Then p = p(x) is a locally Lipschitz
function, hence it is differentiable almost everywhere. It is easy to verify that
(48) F(x,Vp;) = F*(z,dp,) =1

holds almost everywhere [Shen 2001b].

A function p is called a distance function of a Finsler metric F if it satisfies
(48). For a C'*° distance function of F, p = p(x), on an open subset U C M,
Vp induces a Riemannian metric F o= \/8v,(v,v) on U. Then p is a distance

function of F' and Vp = @p is the gradient of p with respect to F. See
[Shen 2001b].

Every Finsler metric F' defines a volume form
dVp := op(x)dz" - da™,
where
. Vol(B")
T Vol{(y) e R | Flayyigkln) < 1)

Here Vol(U) denotes the Euclidean volume of an open subset U C R™. It is
proved by H. Busemann that if F' is reversible, the Hausdorff measure of the

(49)
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induced distance function dp is represented by dVp [Busemann 1947]. When

F = /gij(z)y'y? is Riemannian, op = /det(g;;(x)) and

dV = y/det(g;j(z))dx" - - - da™.

For a vector field X = Xi($)%
by

« on M, the divergence div(X) is defined

1 0 -
_ X' .
op(x) Ox? [UF (z) (x)}
The Laplacian A on C* (k > 2) functions is defined by

Af :=div(Vf).

(50) div(X) :=

A is a non-linear elliptic operator. Since Vf is only C° at points = where
df, =0, Af is only defined weakly in the sense of distributions.

For a C*° distance function p = p(z) on an open subset U C M, the level
set N, := p~!(r) C U is a C* hypersurface in U. The quantity H := Ap|y,
can be defined as the mean curvature of N, with respect to the normal vector
n=Vp|n,.

7. S-CURVATURE

Consider an n-dimensional Finsler manifold (M, F'). As we have mentioned
in Section 5, we view the Minkowski norm F}, on T,, M as an infinitesimal color
pattern at x. The Cartan torsion C, describes the non-Euclidean features of
the pattern in the direction y € T, M \ {0}. The mean Cartan torsion I, is
the average value of C,. Besides the (mean) Cartan torsion, there is another
geometric quantity of F,. Take an arbitrary standard local coordinate system
(2%, y*) and let

det (gz’j(% y))
51 T:=1n ,
(51) or (@)
where op = op(x) is defined in (49). 7 is called the distortion [Shen 1997]
[Shen 2001b]. Intuitively, the distortion 7 = 7(z,y) is the directional twisting
number of the infinitesimal color pattern at x. Observe that

0 / 1 . 0g; ,
(52) Tyi = 3 {ln det (gjk(x,y))} = 59“% = ¢'*Ciji = L.

Here o does not occur in the first equality, because it is independent of y at
each point z. If the distortion is isotropic at z, i.e, 7 = 7(z) is independent
of the direction y € T,,M, then 7(x) = 0 and F, is Euclidean (see Proposition
3.1). In this case, the infinitesimal color pattern is in the simplest form at every
point.

It is natural to study the rate of change of the distortion along geodesics. For
a vector y € T, M \ {0}, let o(t) be the geodesic with ¢(0) = = and &(0) = y.
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(53) S = %[T(a(t),d(t)ﬂ oo,

S = S(z,y) is positively y-homogeneous of degree one,
S(z, A\y) = AS(z,y), A>0.
S is called the S-curvature.

In a standard local coordinate system (x%,y?), let G* = G*(z,y) denote the
spray coefficients of F. Contracting (56) with g% yields
9G™ 1 00w

— = 'yt — 2I,GE
ay™ 29" i Y

Then
R
= %gml%yi —2I,G* — ymaximOno’F)
(54) = G V" g (wor).

Proposition 7.1. ([Shen 1997]) For any Berwald metric, the S-curvature
vanishes, S = 0.

There are many non-Berwaldian Finsler metrics with S = 0. Namely, the
class of Finsler metrics with S = 0 strictly contains all Berwald metrics. Some
comparison theorems in Riemannian geometry are still valid for Finsler metrics
in this class [Shen 1997], [Shen 2001b].

By definition, the S-curvature is the covariant derivative of the distortion
along geodesics. Let o(t) be a geodesic and

7(t) :==7(c(t),5(t)), S(t):=8S(c(t),a(t)).
By (53),
S(t) = 7'(t).

Thus if S = 0, then 7(¢t) = constant. Intuitively, the distortion (twisting
number) of the infinitesimal color pattern in the direction (¢) does not change
along any geodesic o = o(t). However, the distortion might take different
values along different geodesics. In the case when F' is a Berwald metric, the
infinitesimal color patterns do not change over the manifold (Proposition 5.2),
thus the distortion of the pattern in the direction &(t) does not change along
any geodesic o = o(t).

A Finsler metric F' is said to have isotropic S-curvature if

S =(n+1)cF.
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More generally, F' is said to have almost isotropic S-curvature if
S=(n+ 1){cF—|—77}7
where ¢ = ¢(z) is a scalar function and n = 7;(z)y’ is a closed 1-form.

Differentiating the S-curvature gives rise to another quantity. Let

1

(55) Ei' = §Syzy] (:L’,y)

For y € T,M \ {0}, E, = E;j(z,y)dz' @ dz’ is a symmetric bilinear form
on T, M. We call the family E := {E, | y € TM \ {0}} the mean Berwald
curvature, or simply the E-curvature [Shen 2001a]. Let hy, := h;;(z, y)dz'®@dz?,
where h;; := FFyi,;. I is said to have isotropic E-curvature if

n+1

E = cF~1h,

where ¢ = ¢(x) is a scalar function on M. Clearly, if the S-curvature is almost
isotropic, then the E-curvature is isotropic. Conversely, if the E-curvature
is isotropic, E = "T'HCF_lh, then there is a 1-form 1 = 7;(z)d2’ such that
S = (n+ 1){cF + n}. However, this 1 is not closed in general.

Finally, let us give another geometric significance of the S-curvature. Let p =
p(z) be a C* distance function on an open subset U C M, i.e., F(z,Vp,) =
F*(x,dpy) = 1, x € U. The gradient Vp induces a Riemannian metric F' =

F(z,v) = \/gvp(v,v), wveT.U.

F(z,v) on U by
Let A and A denote the Laplacians on functions with respect to F and F,
respectively. Then H = Ap|y, and H = Ap|y, are the mean curvature of
N, := p~Y(r) with respect to F' and ﬁ'7 respectively. The S-curvature can be
expressed by

S(Vp) =Ap—Ap=H—H.

By the above identities, one can estimate A, and obtain an estimate on Ap
under a Ricci curvature bound and a S-curvature bound. By these estimates,
one can establish a volume comparison on the metric balls. See [Shen 2001b]
for more details.

8. LANDSBERG CURVATURE

The (mean) Cartan torsion is a geometric quantity which characterizes the
Euclidean norms among Minkowski norms on a vector space. On a Finsler man-
ifold (M, F'), one can view the Minkowski norm F, on T, M as an infinitesimal
color pattern at x. The Cartan torsion C, describes the non-Euclidean features
of the pattern in the direction y € T, M \ {0}. The mean Cartan torsion I,
is the average value of C,. They reveal the non-Euclidean features which are
different from that revealed by the distortion. Therefore, it is natural to study
the rate of change of the (mean) Cartan torsion along geodesics.
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Let (M, F) be a Finsler manifold. To differentiate the (mean) Cartan torsion
along geodesics, we need linearly parallel vector fields along a geodesic. Recall
that a vector field U(t) = U’(T)% o) along a geodesic o(t) is said to be
linearly parallel along o if D;U(t) =0, i.e.,

(56) U'(t) + U/ (t)Ni(a(t),6(t)) = 0.

By a direct computation using (33), one can verify that
09i; dgij

57 m_2t_oGqm 2 — g N™ 4 g N

( ) Yy amm aym g J +g J "

Using (55) and (56), one can verify that for any linearly parallel vector fields
U(t),V(t) along o,

d

=g (V. vm)] =o.
In this sense, the family of inner products g, does not change along any geo-
desic. However, for linearly parallel vector fields U(t), V(¢) and W (t) along o,
the functions Cg ) (U(t),V(t),W(t)) and I (U(t)) do change, in general.
Set

(58) L, (u,v,w) = % [Coto (U0, V), W(0))] o
(59) 3) = 5 Lo (VO]

where v = U(0),v = V(0),w = W(0) and y = ¢(0) € T, M. The family
L={L,|yeTM)\{0}}is called the Landsberg curvature and the family
J={J, | ye TM\{0}} is called the mean Landsberg curvature. For the sake
of simplicity, we call L and J the L-curvature and the J-curvature, respectively.
A Finsler metric is called a Landsberg metric (resp. weakly Landsberg metric)
if L=0 (resp. J =0).

Let (2%,y') be a standard local coordinate system in TM and Cijr =

1[F?]yiyiye. From the definition, Ly, = L;jrdz’ ® dad ® da* is given by
oC;; 0C;;

(60) Lijk = ymﬁ — QGWW% _ mjk'Nz‘m — OimkN]m — Ciij;T,
and J = J;ydz! is given by

oI, oI;
61 Ji=y"m— —2G™ - — I, N™.
(61) " S By ;
We have

Ji = g"" Lijp.

It follows from (33) that

m 1 agsk agkm k m
(62) oG = 4{2(‘3xm Ox* }y v
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Differentiating (61) with respect to y%, 3’ and %", then contracting the resulting
identity by %ys, one obtains

1 BG™

2 Ayt 0yI Dy
Thus if G™ = G™(x,y) are quadratic in y € T, M, then L;;; = 0. This proves
the following well-known result.

(63) L =

Proposition 8.1. Fvery Berwald metric is a Landsberg metric.

By definition, the (mean) Landsberg curvature is the covariant derivative of
the (mean) Cartan torsion along a geodesic. Let 0 = o(t) be a geodesic and
U=U(t),V=V(t),W =W(t) be parallel vector fields along o. Let

L(t) i= Lo (U0 VO, WD), CW) = Cop (UM, V1), W(1)).

By (57),

L(t) = C'(t).
If F' is Landsbergian, i.e., L = 0, then the Cartan torsion C; in the direction
&(t) is constant along o. Intuitively, the infinitesimal color pattern in the
direction (t) does not change along o. But the patterns might look different
at neighboring points.

It is easy to see that in dimension two, a Finsler metric is Berwaldian if and
only if E=0 (or S =0) and J = 0. It seems that E and L are complementary
to each other. So we may ask the followsing question: Is a Finsler metric
Berwaldian if E =0 and L = 07 A more difficult problem is as follows: Is a
Finsler metric Berwaldian if L = 07 So far, we do not know any answer yet.

Finsler metrics with L = 0 can be generalized as follows. Let F' be a Finsler
metric on an n-dimensional manifold M. F is said to have relatively isotropic
L-curvature (resp. relatively isotropic J-curvature) if

L+ cFC =0, (resp. J+ cFI=0),

where ¢ = ¢(z) is a scalar function on M.
Many interesting Finsler metrics having isotropic L-curvature or (almost)
isotropic S-curvature that will be discussed in the following two sections.

9. RANDERS METRICS WITH ISOTROPIC S-CURVATURE

In this section, we are going to discuss Randers metrics of isotropic S-
curvature. Let F' = a + (8 be a Randers metric on an n-dimensional manifold
M, where a = \/a;;(z)y'y? and 3 = b;(x)y’. The Randers metric is a special
(o, B)-metric in the form F' = a¢(G/a), where ¢(s) = 1+ s. By (38), the spray
coefficients G* of F and G' of « are related via:

(64) G'=G+Py +Q,
where
(65) P=2_ s Q =as,,

2F
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and eqo = eijy'y’, s0 = siy’, s'g = s';37. The above formula can be found in
[Antonelli et al. 1993].
Let

pi=In\/I— B2

The volume forms dVy and dV,, are related by
dVp = etVr@ gy,

Since s;; = sji, S00 := $i;y'y? = 0 and s°; = a"s;; = 0. Observe that

o(Py™) oP
= m P = 1P,
o oy T (n+1)P,
8 m
785/27" = a 'sp+as™ =0.
Since « is Riemannian, the following holds,

%C;:L = ymaxim(lnoa).

By the above identities, one obtains
oG™ m 0

S = Gygr V" g (o)

aG™  o(Py™) oQ™

ap 0
ay™ + ay™ + oy™ (n+1)y oz Y 635’”( ne )

= v+ ){P-n}

(n+D{5E — (s0+ ) }.

where pg := p,i(x)y’. We have the following

(66)

Lemma 9.1. ([Chen-Shen 2003a]) For a Randers metric F' = o+ 3 on an
n-dimensional manifold M, the following are equivalent

(a) the S-curvature is isotropic, S = (n + 1)cF;
(b) the S-curvature is almost isotropic, S = (n + 1){cF + n},
(c) the E-curvature is isotropic, E = 2(n + 1)cF~'h,
(d) eoo = 2¢(a? - 3?),
where ¢ = c¢(x) is a scalar function on M and 1 = n;(z)dz® is a closed 1-form
on M.
Proof: The proofs for (a) = (b) and (b) = (c) are obvious.
(¢) = (d). First, we have

S = (n+ D){cF +n},
where 7 is a 1-form on M. By (65), (c) is equivalent to the following
eon = 2¢F? + 20F,
where 6 := sy + po + 7. This implies that
eoo = 2c(a® 4+ %) + 208, 0= 4cB + 26.
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Solving for # from the above equation on the right, § = —2¢(, then plugging it
into the one on the left, one obtains (d).
(d) = (a). Plugging ego = 2¢(a?® — 4?) into (65) yields

(67) S = (n+1){c(a ~B) — (s0+po) }-.
On the other hand, contracting e;; = 2¢(a;; — b;b;) with b’ gives
s; + pi + 2¢b; = 0.
Thus sg + po = —2¢f. Plugging it into (66) yields (a). O

Example 9.2. Let V = (4, B, C) be a vector field on a domain U C R?, where
A= A(r,s,t), B= B(r,s,t) and C = C(r,s,t) are C* functions on U with
[V(z) = VA@)?2+ B(z)2 + C(x)2 <1, Yz =(rs,t)eU.
Let @ := |y| be the standard Euclidean metric on R3. Define F' = o + 3 by
(16) for the pair (®,V). a and g are given by
VV(@), )% + [y~ [V(2))
1—|V(z)P?
~ (V(=),y)
1—[V(2)*’
where y = (u,v,w) € T,U = R3. One can easily verify that |||, < 1 for
x € U. By a direct computation, one obtains
B%*(A, — B,)+C*(A, —C,) — A, + H

8 =

ar = 1-A2_B2_(?
 A*B,—-A,)+C*(B,—Cy) —B,+H
2 = 1-A2-B2_ (2
o _ AAC AN+ B(C-B)-Ci+ H
B 1- A2 - B2 (C?
A+ B,
ez = ———0—
_ At+OT
€13 = — 9
€23 _ _Bt+Cs
5

where H := 2ABeqs + 2ACe 3 + 2BCes3. Here as usual, we denote A, = %,
etc. On the other hand,

5ij
1—- A2 -B2_-C?

aij — bzb] =
It is easy to verify that
eij = 2c(aij — blbj)
holds if and only if A, B, and C satisfy the following equations:
Ar = Bs = Ctv



24 ZHONGMIN SHEN

and
A+C.=0, A;+B.=0, B +C,=0.

In this case,
A, By Cy

C=—— = —— = ——

2 2 2
By Lemma 9.1, we know that S = 4cF.

If F = a+ [ on an n-dimensional manifold M is generated from the pair
(®,V), where ® = /¢;;y'y7 is a Riemannian metric and V = V* 321- is a vector
field on M with ¢;;(z)V(z)vi(xz) < 1 for any € M, then F has isotropic
S-curvature, S = (n + 1)c(z)F, if and only if

Visj + Vi = —dcdiy,

where V; = ¢;;V7 and V;.; denote the covariant derivatives of V with respect
to ®. This observation is made by Hao Xing [Xing 2003]. This fact also follows
from [Bao—Robles 2003b], although it is not proved directly.

10. RANDERS METRICS WITH RELATIVELY ISOTROPIC L-CURVATURE

In this section we are going to study Randers metrics with relatively isotropic
(mean) Landsberg curvature. From its definition, the mean Landsberg curva-
ture is the mean value of the Landsberg curvature. Thus if a Finsler metric
has isotropic Landsberg curvature, then it must have isotropic mean Landsberg
curvature. The author does not know whether or not the converse is true as
well. So far no counter-example has been founded yet. Nevertheless, for Ran-
ders metrics, “having isotropic mean Landsberg curvature” implies “having
isotropic Landsberg curvature”. According to Lemma 3.2, the Cartan torsion
is given by (31). Differentiating (31) along a geodesic and using (59) and (60),
we obtain

1
(68) Lijk = m{thjk + thik + thlj}

Here we have used the fact that the angular form h,, is constant along geodesics.
By (31) and (67), one can easily show that J; + ¢FI; = 0 if and only if L;; +
cF'Cyj, = 0. This proves the above claim.

Lemma 10.1. ([Chen—Shen 2003a]) For any non-Riemannian Randers metric
F = a+ B on an n-dimensional manifold M, the following are equivalent

(a) I+ c¢(x)FI=0 (orL+c(z)FC=0);

(b) S=(n+ 1)c(x)F and B is closed;

¢) E=1ic(z)F~'h and B is closed;

(d) ego = 2¢(x)(a? — B2) and 3 is closed,

where ¢(x) is a scalar function on M.

Proof: By (67), to compute L;jy, it suffices to compute J;. First, the mean
Cartan torsion is given by

(69) I, = %(n + 1)F*1a*2{a2bi - ﬁy}
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where y; := a;;3’. By a direct computation using (60), one obtains

1
J, = Z(n + 1)F*2a*2{2a [(eioaz — Yi€00)

—2f(si0® — yiso) + sio(a® + 52)]
+0a®(ei0f8 — bieoo) + Bleina”® — yiego)
(70) —2(s;0% — y;50) (0 + 32) + 4si0a2ﬁ}.
Using the above formulas (68) and (69), one can easily prove the lemma. [

According to Lemma 10.1, for any Randers metric F' = a + 8, J = 0 if and
only if ego = 0 and dB = 0. This is equivalent to b;;; = 0, in which case, the
spray coefficients of F' coincide with that of a. This observation leads to the
following result, which was first established by the collective efforts of the fol-
lowing papers: [Matsumoto 1974], [Hashiguchi-Ichijyo 1975], [Kikuchi 1979],
and [Shibata et al. 1977].

Proposition 10.2. For a Randers metric F' = o+ 3, the following are equiv-
alent:

(a) F is a weakly Landsberg metric, J = 0;
(b) F is a Landsberg metric, L = 0;
(¢) F is a Berwald metric;

(d) B is parallel with respect to «.

Example 10.3. Consider the Randers metric F = « + 8 on R™, where a =
Qij (z)y'y’ and 3 = bz<x)yL are defined by

VA=), + dyP T )
1+ e|x|?
_ Y1i-¢€(zy)
P TR RE
where € is an arbitrary constant with 0 < e < 1. Since 3 is closed, s;; = 0 and
s; = 0. After computing b;;;, one obtains
o eVl —e? 5
T U P e+ loP)

a =

On the other hand

€

aij = bibj = 5 a2’

Thus €ij = QC(CLU‘ — ble) with

By Lemma 10.1, F satisfies

1
L+cFC=0, S=(n+1)cF, E= §CF’1h.
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See [Mo—Yang 2003] for a family of more general Randers metrics with non-
constant isotropic S-curvature.

11. RIEMANN CURVATURE

The Riemann curvature is an important quantity in Finsler geometry. This
quantity is introduced by Riemann for Riemannian metrics in 1854. Later
on, L. Berwald extended this notion to Finsler metrics using the Berwald con-
nection [Berwald 1926], [Berwald 1928]. Berwald’s extension of the Riemann
curvature is a milestone in Finsler geometry.

Let (M, F) be a Finsler manifold and let G' = 8‘; —2G? agi be the induced
spray. For a vector y € T, M \ {0}, set

; oG! . 0%GE - 02GY dG* 0GY
71 R :=2— — 9y — 2G7 — -
(71) k ok Y OxI Oyk * Oyidyk  Oyi Oy
The local curvature functions R?; and Rjj := g;; R', satisfy
(72) Riy* =0, Rjp=Ry;.
R, = Rik 8‘; ®dxk : T,M — T,M is a well-defined linear map. We call the

family R = {R, | y € TM \ {0}} the Riemann curvature. The Riemann curva-
ture is actually defined for sprays as shown in [Kosambi 1933], [Kosambi 1935].
When the Finsler metric is Riemannian, then

Ry (z,y) = R} (2)y’y),

where R(u,v)w = Rjikl(x)wjuivj 8?& |; denotes the Riemannian curvature ten-

sor. Namely, Ry (u) = R(u,y)y.

The geometric meaning of the Riemann curvature lies in the second variation
of geodesics. Let o(t), a <t < b, be a geodesic in M. Take a geodesic variation
H{(t,s) of o(t), that is, each curve o4(t) := H(t,s), a <t < b, is a geodesic and
g = 0. Let

oH

Then J(t) satisfies the following so-called Jacobi equation
(73) DsDsJ(t) + Ry (I (1) =0,

where D, is defined in (39). See [Kosambi 1933], [Kosambi 1935].

There is another way to define the Riemann curvature. For a vector y €
T, M, extend it to a non-zero C™ geodesic field Y in an open neighborhood U
of x. Here a vector field is said to be geodesic if every integral curve of it is a
geodesic. Define

F(z,v) == /gy, (v,0), veTl,U zeU.

F = F(z,v) is a Riemannian metric on U. Let § = gy denote the induced
inner product by F' and R denote the Riemann curvature of F. The following
properties are well-known in Riemannian geometry.

(74) Ry(u) =0, &R, (u),v) = &(u,Ry(v)),
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where u,v € T,,U. An important fact is
(75) R, (u) = Ry(u), wueT,M.

See Proposition 6.2.2 in [Shen 2001b] for a proof of (74). Note g, = g,. It
follows from (73) and (74) that

(76) Ry(y) = 07 g’lI(RTI(U)’ U) = gy(u7 Ry(U)),
where u,v € T, M. The equation (75) in local coordinates is just (71). See

[Shen 2001b] for the application of (74) in comparison theorems in conjunction
with the S-curvature.

For a two-dimensional subspace II C T, M, and a non-zero vector y € II,

define

gy(Ry(u),u)
gy(¥, )8y (u,u) — gy (y, u)*’
where u € II such that II = span{y,u}. One can use (75) to show that
K(II, y) is independent of the choice of a particular vector u, but it is usually
dependent on y. We call K(II, y) the flag curvature of the “flag” (IL,y). When
F = \/gij(z)y'y? is a Riemannian, K(II,y) = K(II) is independent of y € II,
in which case, K(II) is usually called the sectional curvature of the “section”
Il c T, M.

A Finsler metric F' on a manifold M is said to be of scalar curvature K =
K(z,y) if for any y € T M \ {0} the flag curvature K(II,y) = K(z,y) is
independent of the tangent planes II containing y. From the definition, the
flag curvature is a scalar function K = K(z,y) if and only if in a standard
local coordinate system,

(78) R, = KF2hj,

where h} 1= g h;, = g”Fijyk. F is said to be of constant flag curvature if
the flag curvature is a constant. For a Riemannian metric, if the flag curvature
K(IT,y) = K(z,y) is a scalar function on TM, then K(z,y) = K(z) is inde-
pendent of y € T,, M and it is a constant when n > 3 by the Schur Lemma. In
the next section, we are going to show that any locally projectively flat Finsler
metric is of scalar curvature. Thus such metrics are our rich source of Finsler

metrics of scalar curvature.

(77) K(ILy) :=

One of the important problems in Finsler geometry is to classify Finsler
metrics of scalar curvature, in particular those of constant flag curvature. In
[Shen 2003b], we characterized the local structures of projectively flat Finsler
metrics of constant flag curvature. At an earlier time, R. Bryant successfully
classified the global structures of projectively flat Finsler metrics of K =1 on
S™, he also gave some ideas for constructing non-projectively flat metrics of
K =1 on S™. See [Bryant 1996], [Bryant 1997], [Bryant 2002].

Very recently, some non-projectively flat metrics of constant flag curva-
ture have been explicitly constructed [Bao—Shen 2002], [Bejancu—Farran 2002],
[Shen 2003a]-[Shen 2002], [Bao—-Robles 2003a], etc. These metrics are Ran-
ders metrics. Therefore it is a natural problem to classify Randers metrics of
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constant flag curvature. In fact, this problem was first attacked by Yasuda—
Shimada [Yasuda-Shimada 1977] and Matsumoto [Matsumoto 1989]. They
obtained “sufficient and necessary conditions” for a Randers metric to be of
constant flag curvature. Using Yasuda—Shimada’s result strictly as an inspi-
ration, Bao-Shen constructed a family of Randers metrics on S? with K = 1
[Bao—Shen 2002]. Bao-Shen’s examples satisfy the “sufficient and necessary
conditions” listed in [Yasuda—Shimada 1977] and [Matsumoto 1989]. It was
generally believed that Yasuda—Shimada’s result was completely true, until
Shen found some new examples in [Shen 2003c] and [Shen 2002]. Shortly af-
ter these examples were found, Randers metrics of constant flag curvature were
characterized by Bao—Robles [Bao—Robles 2003a] using a system of PDEs. The
same conclusion was simultaneously obtained in [Matsumoto—Shimada 2002]
by a different method. This characterization subsequently led to the corrected
version of the Yasuda—Shimada theorem. Finally, using the characterization in
[Bao—Robles 2003a], and motivated by some constructions in [Shen 2003c] and
[Shen 2002], Bao-Robles—Shen have classified Randers metrics of constant flag
curvature with the help of formula (18).

Theorem 11.1. ([Bao et al. 2003]) Let & = /¢;;y'y’ be a Riemannian metric
and V =V? 821, be a vector field on a manifold M with ®(x,V,) < 1 for all
x € M. Let F be the Randers metric defined by (18). F is of constant flag
curvature K = X if and only if

(a) there is a constant ¢ such that V = V* a?c'i satisfies
(79) Viig + Vi = —4dcdij,

where V; := (bijVj,
(b) @ has constant sectional curvature K = \ + 2,
where “ | " denotes the covariant derivative with respect to ® and c is a constant.

We should remark that the equation (78) alone is always equivalent to that
S = (n+1)cF, even ¢ = ¢(x) is a scalar function on M [Xing 2003].

An analogue of Theorem 11.1 still holds for Randers metrics of isotropic
Ricci curvature, i.e., Ric = (n — 1)AF?, where A = \(x) is a scalar function on
M. See Bao—Robles’ article [Bao—Robles 2003b] in the same volume.

We have not extended the above result to Randers metrics of scalar curva-
ture. Usually, the isotropic S-curvature condition simplifies the classification
problem. It seems possible to classify Randers metrics of scalar curvature and
isotropic S-curvature. The following example is our first attempt to understand
Randers metrics of scalar curvature and isotropic S-curvature.

Example 11.2. Let F = a + (8 be the Randers metric defined in (23). Let
A =1 — |a]?|z]|*. We can write o = \/a;;(x)y'y? and B = b;(z)y’, where
_ 0y, (zPa’ —2(a, x)2")(|2]*a’ — 2(a, x)a7)
a;; = N + A2 )
|z|%a’ — 2{a, )
_ A )
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Using the notations as in Section 9, by a direct computation using a Maple
program, we obtain

2a, z)|y|?
egop = <T>|y| — 2<G,QIJ>(O{2 _ 52)7
a,y)zd — (z,y)a’
sjo = 2< y) A2< i ,
so = biSiO — 2|a|2|x‘2<xay> + <a,:17><a,v> )

A
By Lemma 9.1, we see that F' has isotropic S-curvature,
S=(n+1){a,z)F.
By (63), the spray coefficients G* = G*(z,y) of F are given by
G' = G' + Py’ + aa" s,
where

P:%—s():(a,x)(a—ﬁ)—so.

Using the formulas for G* and R’ in (70), we can show that F is also of scalar
curvature with flag curvature

(a,y)

K=3
F

+ 3{a,z)? — 2|a)?|z|*.

12. PROJECTIVELY FLAT METRICS

A Finsler metric F' = F(z,y) on an open subset U C R™ is said to be
projectively flat if every geodesic o(t) is straight in U, i.e.,

o'(t) ="+ f(t)y,
where f(t) is a C* function with f(0) = 0, f/(0) = 1 and = = (2%),y = (y)

are constant vectors. This is equivalent to that G* = Py’, where P = P(x,y)
is positively y-homogeneous of degree one. P is called the projective factor.

In general, it is difficult to compute the Riemann curvature. For locally pro-
jectively flat Finsler metrics, however, the formula for the Riemann curvature
is relatively simple.

Consider a projectively flat Finsler metric F' = F(z,y) on an open subset
U C R™. By definition, its spray coefficients are in the form G* = Py’. Plugging
them into (70), one obtains

(80) R, = E6, + Ty,
where

E=P?>—PuyF, 7 =3(Pp —PPu)+E
Using (75), one can show that 7, = —EF~'F,. and

yk.

(81) Ri, = 5{5,@ - F;i’” y}
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Thus F is of scalar curvature with flag curvature

= P2 PuyF
Using (54), one obtains
0
(83) S=(n+1)P(z,y) — ym(%—m(lnaF(x)).

By (80), one immediately obtains the following

Proposition 12.1. ([Berwald 1929a], [Berwald 1929b]) Every locally projec-
tively flat Finsler metric is of scalar curvature.

See also [Szabd6 1977] and [Matsumoto 1980] for related discussions. There
is another way to characterize projectively flat Finsler metrics.

Theorem 12.2. ([Hamel 1903], [Rapcsék 1961]) Let F' = F(x,y) be a Finsler
metric on an open subset U C R™. F' is projectively flat if and only if F' satisfies

(84) F’I'k yk - F’tl = Oa

xhyl

F oy®

in which case, the spray coefficients are given by G* = Py’ where P = T

Proof: Let G* = G*(x,y) denote the spray coefficients of F' in the standard
coordinate system in TU = U x R™. One can rewrite (33) as follows

(85) G' =Py +Q,
where i
Fury T k
p—taty lszZ@ﬂ —F}.
o Q 2 g zhyllY !

Thus F is projectively flat if and only if there is a scalar function P = P(z,y)
such that G* = Py, i.e.,

(86) Py’ +Q' = Py'.
Observe that

.y 1

9iy° Q' = iFyl{szyzyk - sz} =0.
Assume that (85) holds. Contracting (85) with y; := g;;47 yields
P=P.
Then Q° = 0 by (85). This implies that (83) holds. O
Since the equation (83) is linear, if F; and Fy are projectively flat on an

open subset U C R", then the sum F' = Fy + I3 is projectively flat on U too.
If F = F(x,y) is projectively flat on U C R", then its reverse F' := F(z, —y)
is also projectively flat on U. Thus its symmetrization

- 1

is projectively flat.
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The Finsler metric F' = a,(x,y) in (5) satisfies (83), thus it is projectively
flat.

Theorem 12.3. (Beltrami) A Riemannian metric F = F(x,y) on a manifold
M s locally projectively flat if and only if it is locally isometric to the metric
o, i (5).

Using the formula (63), one can easily prove the following

Theorem 12.4. A Randers metric ' = a+ (8 on a manifold is locally projec-
tively flat if and only if a is locally projectively flat and 3 is closed.

Besides projectively flat Randers metrics, we have the following example.

Example 12.5. Let ¢ = ¢(y) be a Minkowski norm on R™ and U be the
strongly convex domain enclosed by the indicatrix of ¢. Let © = O(x,y) be
the Funk metric on U. See Example 2.9. By (22),

1 1
@xkylyk = (@@yk)ylyk = 5(62)ykylyk = 5[@2@1 = @Iz.
Thus O is projectively flat with projective factor
@xkyk i @@ykyk B 1

P=—6 =30 2

By (81), the flag curvature is given by
02 —20,yF  ©2-202 1

K:

4062 4062 4

Example 12.6. ([Shen 2003b]) Let ¢ = ¢(y) be a Minkowski norm on R"
and U be the strongly convex domain enclosed by the indicatrix of ¢. Let
© = O(x,y) be the Funk metric on U and define

F:= @(amy){l + Oy (:v,y)xk}.
Since F(0,y) = ©(0,y) = ¢(y) is a Minkowski norm, by continuity, F' is a
Finsler metric for x nearby the origin. By (22), one can verify that

kaylyk = Fzz, kayk = 20F.
Thus F' is projectively flat with projective factor P = ©(z,y). By (22) and
(81), we obtain
02 - @rkyk - 02 — @@ykyk

K= F? 2

=0.

Now let us take a look at the Finsler metric F' = F,(x,y) defined in (10).
Example 12.7. Let

\/\I][ PHAAWIER L (1 ) (3,12 + I = o, y)
(87) F = v ’
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where
@ = |y’ + (|zly]> = (z,9)%),  ©i=1+2efzf + [a|".

First, one can verify that F' = F.(x,y) satisfies (83). Thus F' is projectively

F i (z,y)y"

flat with spray coefficients in the form G* = Py’, where P = )

. Bya
direct computation using a Maple program, one obtains

(88) P= \/‘I’[mﬂ — (= )z.9)? = (e + |2[*) 2. v)

2

v
Further, one can verify that P satisfies the following equation,
(89) Pyf = P2 — F2
Thus

P? — Poy¥ B P? — (P2 - F?)
F? - F?
That is, F' has constant flag curvature K = 1.
The projectively flat Finsler metrics constructed above are incomplete. They
can be pulled back to S™ by (2) to form complete irreversible projectively

flat Finsler metrics of constant flag curvature K = 1. See [Bryant 1996] and
[Bryant 1997].

K: :]..

13. CHERN CONNECTION AND SOME IDENTITIES

In the previous sections, we have introduced several geometric quantities,
such as the Cartan torsion, the Landsberg curvature, the S-curvature and the
Riemann curvature. These quantities are not completely independent of each
other. To reveal the relationship among them, we use the Chern connection
to describe these quantities as tensors on the slit tangent bundle, and use the
exterior differentiation method to derive some important identities.

Let M be an n-dimensional manifold and T'M the tangent bundle. Denote
the elements in TM by (z,y) where y € T, M. The natural projection 7 :
TM — M pulls back the tangent bundle T'M over M to a vector bundle 7*T M
over the slit tangent bundle TM, := TM \ {0}. The fiber of 7*TM at each
point (x,y) € TM, is a copy of T,, M. Thus we denote the elements in 7*T' M by
(z,y,v) where y € T, M\ {0} and v € T M. Let 0;|(y,y) := (w,y, %\z). Then
{0;} is a local frame for 7T M. Let (z%,y') be a standard local coordinate
system in TM,. Then HT*M := span{dz’} is a well-defined subbundle of
T*(T'M,). Let

Syt = dy' — N;dxj,
where N/ := % Then VT*M := span{dy'} is a well-defined subbundle of
T*(TM,), so that T*(T'M,) = HT*M @ VT*M. The Chern connection is a
linear connection on 7*T' M, locally expressed by

DX = {dXi + Xiwji} 08, X=X
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where the set of 1-forms {w;"} are uniquely determined by

(90) dow' = W AW,
(91) dg;; = gikwjk + gkjwik + QCijkwn+kv
where g;; == 2[F?|yiyi, Cijk = 1[F?|yiyiyr, w' = da’, and w" " := §y’. See

[Bao—Chern 1993], [Bao et al. 2000], [Chern 1943], [Chern 1948], [Chern 1992].

Each 1-form w," is horizontal, i.e., w;," = F;kdxk. The coefficients I, =

F;k(x, y) are called the Christoffel symbols. We have N; = ku;'-k. Thus

(92) W' = dyt + ijji.

Put
(93) Q= dw" T — W A wji.
One can express €2 in the following form

1. .
where
; ON}  ON} ON} ON}
95 Rl = P k N3 k _ NS l ,
(95) MU 0zk 9l N Ay  oys
and
) oI N .

(96) L'y =y Ik 0 b &

Let R'; be defined in (70) and L;j; be defined in (59). Then

, , , 1 (OR? OR?
i ) 1 7 . k l
(97) R =Ry, sz—g{ dyl _8y’“}'
and
(98) L' =9"Ljn.
Put

jS = dwji - wjk A wy.
One can express jS in the following form
. 1 . .
le = iRjZklwk A Wl + leklwk A wn+l.
Differentiating (91) yields
0 = ijji.
Thus
Ry =y R, L'y ==y Py

There is a canonical way to define the covariant derivatives of a tensor on
T'M, using the Chern connection. For the distortion 7 on TM \ {0}, define 7,5,
and 7., by

(99) dr = 1w’ + Tt
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It follows from (52) that
or .
oyt "

For the induced Riemannian tensor, g = g;;w’ ® w’, define 9ij |k and gij.k by

(100) i

k ko _ k ntk
dgij — grjw;" — JikW;" = Gij|kwW" + gij-kW .

It follows from (90) that
gijik = 0, Gij-k = 2C;jk.

Similarly, one can define Cj5; at I;;. Equations (59) and (60) can be expressed
as follows

(101) Liji = Cijrpmy™,  Ji = Lipmy™.

Differentiating (92) yields the following Bianchi identity

(102) dQ' = -V Aw + W AQS
It follows from (101) that
(103) Rjikl = Rikbj + Likj\l - Lilj|k +LY, "k~ L'y -

We are going to find other relationship between the curvature tensors and
the Finsler metric. Differentiating (90) yields

0 = giQ;" + gy 0" + 2(Cijpe’ + Cijraw™ ) Aw™ ™ + 200",
It follows that
(104) Ry + Rijra + QOiijnél =0,
(105) Pjiry + Pijrr + 2055 — 2Cijm Ly = 0,
where Rji := gim R, and Pjigr := gim P} "} Then (102) can be expressed by
Rjiri = gim R + Lingjt — Latjjx + Lim L"y; — Likm L")
Plugging the formulas for Rj;i; and R;jx; into (103) yields

1 m m m
(106) Lijep — Ligiyk = {gimR wi-j T Gim kl.i} — CiijmR".

2
(107) Ty = Iy = =R — I R
The identity (96) can be written as
(108) Ry = %{Rim - Rilk}-
Lemma 13.1. ([Mo 1999]) L;;x and R’ are related by the following equation,
Cijkiplgy’y? + Cijm Ry, = *%gimR”ﬁj - %gjm i
1

m 1 m
(109) “gImit kT ggij ik
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In particular,
1
(110) Lyp1gy?y? 4+ L R, = —5{21%”};_,” + Rmm.k}-
Proof: By (100), we have

Lijk\mym = Ci'k,|p|qypyq7 Jk|mym = Ik|p|qypyq'

Then contracting (105) with y' yield (108), and contracting (108) with g%/
yields (109). Here we have made use of (107). O

The above equations are crucial in the study of Finsler metrics of scalar
curvature. Let F' = F(z,y) be a Finsler metric of scalar curvature with flag
curvature K = K(z,y). Then (77) holds. Plugging (77) into (108) and (109)
yields

1
(111) Cijk|p|qypyq + KFZCijk = _gFQ{K-ihjk + K.jhik + K.khij}

(112) Liplgy"y? + KF?I, = — F2K ;.

3

Using (110), one can show that any compact Finsler manifold of negative
constant flag curvature must be Riemannian [Akbar-Zadeh 1988].

It follows from (110) and (111) that for any Finsler metric F' of scalar cur-
vature with flag curvature K, the Matsumoto torsion satisfies

(113) Mijniplqy"y? + KF?* My, = 0.

One can use (112) to show that for any Landsberg metric F of scalar curvature,
if K # 0, then it is Riemannian, provided that n > 3 [Numata 1975]. See also
Corollary 17.4 below.

Using (112), one can easily prove the following

Theorem 13.2. ([Mo—Shen 2003]) Let (M, F) be a compact Finsler manifold
of dimension n > 3. If F is of scalar curvature with negative flag curvature,
then F' must be a Randers metric.

Now we derive some important identities for the S-curvature. Differentiating
(98) and using (92) and (99), one obtains

0=d*r = {ﬂkuwl + T|k_lw"+l} A WP
+{Ik|lwl + Ik.lwnJrl} AN Wk + Ianer.
This yields the following Ricci identities
(114) Tkl = T‘l|k+IpRpk,l,
(115) T\k-l = I”k - IPkal'
From the definition (53), the S-curvature can be defined by
(116) S = Tmy™.
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Contracting (114) with y* yields
Sk = (Mm¥™) k= Timax¥™ + Tk
= Dymy™ — LLyy" + Tk = Ji + T

Here we have made use of (114) and (115). Let us restate the above equation
as follows

(117) S.kZT‘k-i-Jk.

Lemma 13.3. ([Mo 2002], [Mo—Shen 2003]) The S-curvature satisfies the fol-
lowing equation:

1
(118) S kimy™ = Sk = —3 {ZR”;A,,,L + Rmm.k}.

Proof: It follows from (116) that

(119) S.k” :7—|k\l+Jk|l~
By (113) and (118), one obtains
Skmy™ =Sk = {Skim — Somphy”

= ATkim = Tl Y™+ {Tkim = T y™
= LR",y" + Jemy™
1
= IPRpk - I,,Rpk - gIm{ 1 — Rnfk}
1
- —glm{R”,;,l - R%}.

14. NONPOSITIVELY CURVED FINSLER MANIFOLDS

In the previous section, we have derived several identities on the geometric
quantities. Now we are going to use them to establish some global rigidity
theorems.

First, let us consider the mean Cartan torsion. Let (M, F') be an n-dimen-
sional Finsler manifold. The norm of the mean Cartan torsion I at a point
x € M is defined by

ITle = sup /T, 9)g" (2. y)T;(x.9).
0#£y€eTy M

It is known that if F' = o + 3 is a Randers metric, then

n+1 n+1

Ij; < 1-— 1-— 925 < .

1Tl 7 V1=18l 7

The bound in dimension two is suggested by B. Lackey. See Proposition 7.1.2

in [Shen 2001b] or [Ji-Shen 2002] for a proof. Below is our first global rigidity
theorem.
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Theorem 14.1. ([Shen 2003d]) Let (M, F) be an n-dimensional complete Fins-
ler manifold with nonpositive flag curvature. Suppose that F has almost con-
stant S-curvature S = (n + 1){cF' + n} (c = constant and 1 is a closed 1-
form) and bounded mean Cartan torsion sup,¢c,, Il < oo. Then J = 0 and
RolI =0. Moreover F is Riemannian at points where the flag curvature is
negative.

Proof: Tt follows from (109) and (117) that
(120) Ik‘p‘qypyq + ImRn}C = S,k|mym - S|k.
Assume that the S-curvature is almost isotropic, i.e.,

S=(n+D{cF+n},

where ¢ = c(z) is a scalar function on M and n = n;dx’ is a closed 1-form on
M. Observe that

OO

U.k\mym — Mk = {Uk|m - 77m|k}ym = {&Tm T oLk

Thus
Skmy™ =S = (n+ 1){CmmymF-k = F + Npmy™ — n\k}
- (n+ 1){cxmymF.k - qu}.

In this case, (117) becomes

(121) 9R™ + R™ . = —3(n+ 1){czmymm - c|kF}
and (119) becomes
(122) Tiipiat"y" + In R = (n+ 1){cxmymF.k - c‘kF}.

By assumption, ¢ = constant. Thus ¢, = 0 and (121) is reduced to
(123) Tiiplgy?y? + I R, = 0.

Let y € T, M be an arbitrary vector and let o(t) be the geodesic with
0(0) = x and ¢(0) = y. Since the Finsler metric is complete, one may assume
that o(t) is defined on (—o00,00). The mean Cartan torsion I and the mean
Landsberg curvature J restricted to o(t) are vector fields along o(t),

1(0) == 0,60 sclory 3(0) = (00, 5(0) 5ot

It follows from (60) or (100) that
3}

(124) DyT(t) = I (0(8), 50)5™ (1) oy = ().
It follows from (122) that

(125) DsDsI(t) + Ryr) (L)) = 0.

Let

(1) = gogo) (10, 1(1)).
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‘We obtain
"
&) = 28a00)(DaDsT(1), 1(1)) + 2850 (Do(1), Do1(1))
(126) = 2850 (Roen (10)), 1)) + 28500 (3(8), 3().
By assumption, K < 0. Thus
8s(t) (Rz'r(t) (I(t))>l(t)) < 0.
It follows from (125) that

¢"(t) = 0.

Thus ¢(t) is convex and nonnegative. Suppose that ¢'(t,) # 0 for some t,.
By an elementary argument, lim;_, o ¢(t) = 0o or lim;—, o ¢(t) = oo. This
implies that the mean Cartan torsion is unbounded, which contradicts the
assumption. Therefore, ¢'(t) = 0 and hence ¢”(¢) = 0. Since each term in
(125) is nonnegative, one concludes that

go (Roeo (1), 1)) =0, () = 0.
Setting t = 0 yields
(127) gy(Ry(Iy), I,) =0

and J, = 0. By (75), R,(y) = 0 and R, is self-adjoint with respect to g, i.e.,
gy (Ry(u),v) = gy(u, Ry(v)), u,v € T, M. Thus there is an orthonormal basis
{e;}", with e, = y such that

Ry(ei):/\iei, Z:1, , N,
with A\, = 0. By assumption, the flag curvature is nonpositive. Then
gy(Ry(ei),ei):)\iSO, izl,--- 771—1.

Since 1, is perpendicular to y with respect to g, one can express it by I, =
pier + -+ pip—1€,—1. By (126), one obtains

n—1
0=gy(Ry(Iy), L) = Z 13 N
i=1
Since each term uf/\i < 0, one concludes that p;A\; = 0, namely,
n—1
(128) R,(I,) =Y pii=0.
i=1
Now suppose that F' has negative flag curvature at a point z € M. Then

Ai <Ofori=1,--- ,n—1. By (127), one concludes that y; = 0,i =1,--- ;n—1,
namely, I, = 0. By Deicke’s theorem [Deicke 1953], F' is Riemannian. O

Corollary 14.2. Every complete Berwald manifold with negative flag curvature
is Riemannian.
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Proof: This is because for a Berwald metric F' on a manifold M, the
Minkowski spaces (T, M, F;,) are all linearly isometric (Proposition 5.2). Thus
the Cartan torsion is bounded from above. Meanwhile, the S-curvature van-
ishes (Proposition 7.1). Thus F must be Riemannian. ]

Example 14.3. Let (M;,«;), ¢ = 1,2, be Riemannian manifolds and F =
F(z,y) be the product metric on M = M; X Ms, defined in Example 5.1.

Fle) =1 (o), fas(es)P).

We have computed the spray coefficients of F' in Example 5.1. Using (70), one
obtains the Riemann tensor of F',

sz _ sz7 Raﬁ =0= ab? Raﬁ — aﬁ’

where R“b and RO‘B are the coefficients of the Riemann tensor of ay and as
respectively. Let R;; := gikRkj, Rap = gaCRCb and Raﬁ = gw,]?ﬂﬂ. Using
(43), one obtains

Rab = staln Ra,@’ =0= Rab7 Raﬁ = ftRaﬁ~
z € T:vM,

For any vector v = vi%
8y (Ry (’U)7 ’U) = stab'Ua'Ub + ftRaﬁ’Uaﬂﬁ.

Thus if a7 and as both have nonpositive sectional curvature, then F has non-
positive flag curvature.
Using (44), one can compute the mean Cartan torsion. First, observe that

0 0
9 =L 2 2
I; oy [ln det(gjk)] oy [ln h([al] , [ea] )},
where h = h(s,t) is defined in (45). One obtains
hs _ ht —

Iaziia Ia—ioc;
hY nY

where 7, = Japy® and g, = gagyﬁ. Since yaR“b = 0 and gaRaﬁ = 0, one
obtains
_ 7 '_hs— Sa 1b ht— Do 168 _
g, (Ry(Iy),Iy) = LRI = SR + SR 17 = 0.
Since R, is self-adjoint and nonpositive definite with respect to g,, Ry (I,) = 0.
Therefore F satisfies the conditions and conclusions in Theorem 14.1.

The following example shows that the completeness in Theorem 14.1 can
not be replaced by positive completeness.

Example 14.4. Let ¢(y) be a Minkowski norm on R™. Let © = O(x,y) be
the Funk metric on U := {y € R" | ¢(y) < 1} defined in (19). Let a € R™ be
an arbitrary constant vector. Let

(a,y)

F = @(:v,y) + m

, yeTUXU xR
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Clearly, F' is a Finsler metric nearby the origin. By (22), one sees that the
spray coefficients of F' are given by G* = Py*, where

P = %{@(m,y) — %}.

Using the above formula for G* and (81), one obtains

1 ww 12 1lg2 o (tew) \?

K — Z[@_ 1+(Lz,a:):| - 5[6 + (1+<:1,w)) } 1

= > = __.

a, 4

(0,y) + 1525
That is, F' has constant flag curvature K = f% (see also Example 5.3 in
[Shen 2003b]). Now let us compute the S-curvature of F'. A direct computation
gives

oG™

aym
Let dV = op(x)dz'---dz™ be the Finsler volume form on M. By (82), we
obtain

=(n+1)P.

R N e

= 4 D{3F@y) + e},

where p(z) ;== —1In {(1 + {(a, J:))Up(ﬂc)n%l] Thus

n+1

E = F~'h,
where hy, = h;;(z,y)dz’ ® da? is given by h;j = F(z,y)Fyiyi (x,y).

When ¢(y) = |y| is the standard Euclidean norm, U = B™ is the standard
unit ball in R™ and

o _ VI = (PP =@y

1= [a]?

Thus

g YW= (PP =~ (@y)?)  (ay)
1— |z|? 1+ {(a,z)
Assume that |a| < 1. It is easy to verify that F' is a Randers metric defined on
the whole B with constant S-curvature, i.e., S = 2(n+1)F(z,y). Further, one
can show that F' is positively complete on B™, namely, every geodesic defined
on an interval (A, 1) can be extended to a geodesic defined on (A, +00).

15. FLAG CURVATURE AND ISOTROPIC S-CURVATURE

It is a difficult task to classify Finsler metrics of scalar curvature. All known
Randers metrics of scalar curvature have isotropic S-curvature. Thus it is a
natural idea to investigate Finsler metrics of scalar curvature which also have
isotropic S-curvature.
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Proposition 15.1. ([Chen et al. 2003]) Let (M, F) be an n-dimensional Fins-
ler manifold of scalar curvature with flag curvature K = K(z,y). Suppose that
the S-curvature is almost isotropic,

(129) S = (n+1){cF+n},

where ¢ = c(z) is a scalar function on M and n = n;(x)y" is a closed 1-form.
Then there is a scalar function o = o(x) on M such that the flag curvature is
in the following form,

Cgm ym

(130) K=3 + 0.

Proof: By assumption, the flag curvature K = K(z,y) is a scalar function
on TM,. Thus (77) holds. Plugging (77) into (120) yields

1
(131) Camy™Fp, — cou F = —gKkuQ.
Rewriting (130) as follows
-K- =0
3 F yk ’

one concludes that the following quantity

[1 Camy™

3me ym
F
is a scalar function on M. This proves the proposition. O

c.=K

Corollary 15.2. ([Mo 2002]) Let F be an n-dimensional Finsler metric of
scalar curvature with flag curvature K = K(z,y). If F has almost constant
S-curvature, S = (n + 1){cF + n}, where ¢ = constant and n is closed, then
K = K(x) is a scalar function on M.

From the definition of flag curvature, one can see that every two-dimensional
Finsler metric is of scalar curvature. One immediately obtains the following

Corollary 15.3. Let F' be a two-dimensional Finsler metric with almost isotro-
pic S-curvature. Then the flag curvature is in the form (129).

Let F = F(x,y) be a two-dimensional Berwald metric on a surface M. It
follows from Corollaries 15.3 and 15.2 that the Gauss curvature K = K(z) is
a scalar function of ¥ € M. Since F is a Berwald metric, G = %F;k(x)yjyk
are quadratic in y = yi%|m € T, M. By (70), the Riemann curvature, R’, =
R, (x,y), are quadratic in y. This implies that the Ricci scalar Ric = R™ (x,y)
is quadratic in y. Suppose that K(z,) # 0 at some point x, € M. Then

- > Ric(zo,y)
F( o»y) - K(l‘o)

is quadratic in y € T,, M. Namely, F,, = F|r, v is Euclidean at z,. By
Proposition 5.2, all tangent spaces (1, M, F,) are linearly isometric to each
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other. One concludes that F; is Euclidean for any « € M and F is Riemann-
ian. Now we suppose that K = 0. Since F' is Berwaldian, F' must be locally
Minkowskian. See [Szabé 1981] for a different argument.

16. PROJECTIVELY FLAT METRICS WITH ISOTROPIC S-CURVATURE

Recall that a Finsler metric ' on a manifold M is locally projectively flat if
at any point x € M, there is a local coordinate system (%) in M such that every
geodesic o(t) is straight, i.e., o?(t) = f(t)a’ + b’. This is equivalent to saying
that in the standard local coordinate system (z%,%%), the spray coefficients G*
are in the form G = Py' with P = 5=F,.y". It is well-known that any
locally projectively flat Finsler metric F' is of scalar curvature and the flag
curvature is given by K = 25 {P? — P,xy*} (see Proposition 12.1). Our goal is
to characterize those with almost isotropic S-curvature.

First, by Beltrami’s theorem and the Cartan classification theorem, a Rie-
mannian metric is locally projectively flat if and only if it is of constant sectional
curvature. Every Riemannian metric of constant sectional curvature p is lo-
cally isometric to the metric o, on a ball in R”, which is defined in (5). A
Randers metric F' = a + § is locally projectively flat if and only if « is locally
projectively flat (hence, it is of constant sectional curvature) and g is closed.
This is a direct consequence of a result in [Bacs6—Matsumoto 1997] and the
Beltrami theorem on projectively flat Riemannian metrics. If in addition, the
S-curvature is almost isotropic, then 3 can be determined explicitly.

Proposition 16.1. ([Chen et al. 2003]) Let F = a+ 3 be a locally projectively
flat Randers metric on an n-dimensional manifold M. Suppose that F has
almost isotropic S-curvature, S = (n + 1){cF + n}, where ¢ = ¢(x) is a scalar
function on M and n = n;(z)y" is a closed 1-form on M. Then « is locally
isometric to oy, and 3 is a closed 1-form which satisfies

(n+4¢%)8 = —cory.
In this case, the flag curvature is given by

_ 3c ey

(132) K P

+

=
=

3 a—
32 :7{ 42}
+3c” +pu 4u+c n

e

=

Furthermore,

(A) if u+4c® =0, then ¢ is a constant and the flag curvature K = —c?.

In this case, F' = a+ (3 is either locally Minkowskian (¢ =0) or, up to
a scaling (c = +1/2), locally isometric to the generalized Funk metric
Oy = O4(x,y) in (7) or its reverse O, = O4(x, —y);
(B) if u+4c® #0, then F = o+ (3 must be locally given by
2¢,1 (2)y"*
g 2e(@)

(133) a=ay(z,y), T



LANDSBERG, S- AND RIEMANN CURVATURES 43

where ¢ := ¢, (x) is given by

1
O+ o T e “F0)
+1

c, = , =0
e Wovs e ar A

where a € R™ is a constant vector and X € R is a constant number.

Proof: Let o, = \/a;;(z)y’y? and 8 = b;i(x)y’. We may assume that o = oy,
in a local coordinate system

(134) ¢,

0y px'z
S ltpa (L4 ple?)?
The Christoffel symbols of « are given by

aij

al 6], + a6

f‘i, = —
L R
Thus
i w,y)
Gz - _ (3
1+ plaf? ¥

The spray coefficients of F' are given by
G'=G'+ Py +Q',
where P = sLeg and Q' = as’| are given by (63) and (64) respectively. Since

B is closed, s;; := %{bi;j +b;;} =0 and s; := bjsji = 0. Thus Q* = 0. By
assumption, S = (n 4+ 1){cF + n} and Lemma 9.1,

(135) eoo = By" = 2c(a® — B7).
Thus
Pzg%—sozc(a—ﬁ)
and
~ 2p(z, y) B
E_ k k _ 2 2
Then G* = Py’, where
D M<xa y>
P: _W—’_C(Q_ﬂ)'
By (81), we obtain
KF? = P Pyt
(136) = pa® 4+ (Ba+ B)(a—B) = eyt (a—B).
On the other hand, by Theorem 15.1, the flag curvature is in the following form
k
(137) _ 3wy,

o+ 3 ’
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where 0 = o(x) is a scalar function on M. It follows from (135) and (136) that
Z{Qkayk + (o + cz)ﬁ}a + {2crkyk + (o + 02)5}ﬂ

+{G —3c — u}aQ =0.

This gives

(138) 2e,1y" + (0 +*)B =0,

(139) o—3c%—pu=0.

From (138), one obtains that o = 3c? + u. Plugging it into (137) yields
(140) (1 + 4¢3 = —2c .

Case A: Suppose that y + 4¢? = 0. Then ¢ = constant. It follows from (131)
that

K=3+pu=—c
In this case, the local structure of F' can be easily determined [Shen 2003a].
Case B: Suppose that pu + 4c? # 0 on an open subset U C M. Then by (139),
0 is given by

2¢,:y*
141 =— .
(141) B Y

Note that 3 is exact. It follows from (134) and (140) that

(@i, + aicy)
Crigi +

1+ pfaf?
8 patad 12¢c..ic..;
142 S +402{ i } 2t Cal
(142) A AN T e ™ T e T T e

We are going to solve (141) for c. Let

o 2ey/1+ pfxf?
(143 ;o= RS w0
fo= o (w=0)

where the sign + depends on the value of ¢ such that +(pu + 4¢?) > 0. Then
(141) is reduced to the following equation:

We obtain
f=A+{a,z) (p#0),
[ =40+ 20a,a) + o) (4 =0),
where a € R™ is a constant vector and A is a constant. This gives (133). O

By Proposition 16.1, one immediately obtains the following
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Corollary 16.2. Let F' = a+ 3 be a locally projectively flat Randers metric on
an n-dimensional manifold M. Suppose that F' has almost constant S-curvature
S = (n+ 1){cF + n}, where ¢ is a constant. Then F is locally Minkowskian,
or Riemannian with constant curvature, or up to a scaling, locally isometric to
the generalized Funk metric in (7).

Proof: Let p be the constant sectional curvature of «. First assume that
p+ 4c? = 0. Then by Proposition 16.1 (A), F = «a + f3 is either locally
Minkowskian or, up to a scaling, locally isometric to the generalized Funk
metric in (7). Suppose that p + 4c¢*> # 0. Then by Proposition 16.1 (B),
F = «a+ (3 is given by (132). Since ¢zr =0, 8 =0 and F = « is a Riemannian
metric. (]

In Proposition 16.1, we have completely classified projectively flat Randers
metrics of almost isotropic S-curvature. If a Randers metric ' = « + 3 has
almost isotropic S-curvature, then the E-curvature is isotropic. By Lemma 9.1,
the S-curvature is isotropic. Thus a Randers metric is of almost isotropic S-
curvature if and only if it is of isotropic S-curvature. We emphasize that this
is not true for general Finsler metrics. Consider the following Finsler metric,

{a,y) ~ R
F—@(w,y)+1+<a7x>, y € T, U =2 R",
where O(z,y) is the Funk metric on a strongly convex domain U C R™. Accord-
ing to Example 14.4, F' is projectively flat with almost isotropic S-curvature.
Thus it has isotropic E-curvature. However, this F' is of isotropic S-curvature
only when U is a special domain (such as the standard unit ball B™).
A natural problem is whether or not there are other types of projectively
flat Finsler metrics of almost isotropic S-curvature. We answer the question in
the following

Proposition 16.3. ([Chen—Shen 2003b]) Let F' = F(x,y) be a projectively flat
Finsler metric on a simply connected open subset U C R™. Suppose that F' has
almost isotropic S-curvature, i.e.,

(144) S = (n+1)c{F+n},

where ¢ = c¢(x) is a scalar function on M and 1 = n;(x)dz® is a closed 1-form
on U. Then F is determined as follows.

(a) IfK # —c2+% at every point x € U, then F = a+ (3 is a Randers
metric on U. Further, a is of constant sectional curvature K = p with
p+4c® #0 and o and B are given by (132) and (133);

(b) If K= —c*+ % on U, then c is a constant, and either F is locally
Minkowskian (¢ =0) or up to a scaling, F can be expressed as

(145) F = @(w,y)Jr% ifc:%
F = @(%—y)—i@’y) ifcz—l,
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where a € R™ is a constant vector and © = O(z,y) is a Funk metric
defined by (22).

Proof: Since F is projectively flat, the spray coefficients are given by G* =

Py, where
F, kyk

146 pP=-: -
Thus the S-curvature is given by (82) and the flag curvature of F' is given by
(81).

By assumption, S is in the form (143). Since n = n(z,y) is closed on U,
it can be expressed in the form n(z,y) = dh,(y) where h = h(z) is a scalar
function on U. Thus

(147) P = cF +dg,,
where p(z) := h(z) + n}H Infop(z)]. It follows from (145) and (146) that
(148) Fiyl = 2FP = QF{CF n Wyi}.

Plugging (146) into (81) and using (147), one obtains

N2 ) . o
{cF + wxz‘y’} - {cxyF +cFyiy' + %ixjy’yj}
2
—c?F? — Ca:mymF + {pri(pxj — Paigi }yiyj
F? '
On the other hand, since F' is of scalar curvature, by Proposition 15.1, the flag
curvature of F' is given by (129), i.e.,

(149) K

meym

(150) K=3

+ o,
where o = o(z) is a scalar function on U. Comparing (148) with (149) yields
(151) {U + 02}F2 +degmy™F + {%m — Vi Pas }yy] = 0.

Assume that K # —c? + # at every point z € U. Then, by (149), for
any x € U, there is a non-zero vector y € T, U such that
QCwm,ym

- #o.

We claim that o + ¢ # 0 on U. If not, there is a point x, € U such that
o(xo) + ¢(1,)? = 0. The above inequality implies that dc # 0 at z,. Then
(150) at z, is reduced to

(152) degm (xo)ymF(xm y) + {@xixj (xo) = Py (%)%J‘ (xo)}yiyj =0.

Differentiating (151) with respect to y*, then restricting it to the hyperplane
Vi:={y | cam(x,)y™ = 0}, one obtains

degi (xo)F(movy) + {‘Pmiaﬂ' (330) — P (xo)@mj (xo)}yj =0.

o+ A+
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Namely, F(z,,y) is a homogeneous linear function of y € V. This is impossible,
because F'(z,,y) is always positive for y € V' \ {0}.

Now we may assume that o 4+ ¢ # 0 on U. One can solve the quadratic
equation (150) for F,

Vo + Al[Quini — PuiPei Y YT + Alcemy™]?2 — 2cmy™
F =
o+ c? '
That is, I is expressed in the form F' = a + 3, where o = Vaiytyl and
0 = b;y" are given by

[o + CQ] [(Paizi = PuiPai] + 4CqiCai 2cyi
= , by = — .
(o0 + c?)? o+ c?
Since F' is a Randers metric, by Lemma 9.1, one concludes that S is isotropic,
ie., n=0and

CLZ‘j =

S = (n+1)cF.
Since F is projectively flat, o is of constant sectional curvature K = p and 8
is closed. Moreover, by Proposition 16.1, the flag curvature is given by (149)
with o = 3¢% + u. See (131). Note that the inequality o + ¢ # 0 is equivalent
to the following inequality
w4 4c? #0.
By Proposition 16.1 (B), F' is given by (132).

We now assume that K = —c? + % It follows from (149) that
2cwmym
F

Suppose that ¢,m (x,)y™ # 0 at some point x,. Then from the above identity,
one can see that o(z,) + ¢(z,)? # 0. Thus

o+ A+ =0.

m

2¢,m (T0)Y
o(x,) + ¢(x,)?
is a linear function. This is impossible. One concludes that c;my™ = 0 on U,
and hence c is a constant and o(x) = —c? is a constant too. In this case, the
flag curvature is given by K = —c?. The equation (150) is reduced to

F(xo,y) = -

It is easy to solve the above equation,
p=—1In (1—|— (a,x)) +C,

where a € R™ is a constant vector and C' is a constant.

Assume that ¢ = 0. Then K = —c¢? = 0. It follows from (146) that the
projective factor P = dy, is a 1-form, hence the spray coefficients G* = Py’
are quadratic in y € T,,U. By definition, F' is a Berwald metric. Every Berwald
metric with K = 0 is locally Minkowskian. See [Bao et al. 2000] for a proof.

Assume that ¢ # 0. By (146), P = ¢F' + dp. Let

U :=P—+cF =2cF +dy,.
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Then

P %C{W(x’w —dgoz} = %C{\Il(x,y) + %}.

Since F is projectively flat and P is the projective factor,

Fy = (PF)y., Pg=PPp+FF,.
These equations imply that W,; = ¥W¥,.. Let © := ¥(x,y) if ¢ > 0 and
O := —U(x,—y) if ¢ < 0. Then O satisfies (22) and F' can be expressed in the
form (144). O

17. FLAG CURVATURE AND RELATIVELY ISOTROPIC L-CURVATURE

Although the relatively isotropic J-curvature condition is stronger than the
isotropic S-curvature condition for Randers metrics (Lemma 10.1), it seems that
there is no direct relationship between these two conditions. Nevertheless, for
Finsler metrics of scalar curvature, the relatively isotropic J-curvature condition
also implies that the flag curvature takes a special form in certain cases.

Proposition 17.1. ([Chen et al. 2003]) Let F be an n-dimensional Finsler
manifold of scalar curvature. Suppose it has relatively constant J-curvature,
i.e.,

(153) J+cF1=0,
where ¢ = constant. Then
K=-c+ Ue_"%,
where T = 7(x,y) is the distortion and o = o(x) is a scalar function on M;
Proof: By assumption Jy, = —cFI;. Using (99) and (100), one obtains
Loplg¥Py? = Jymy™ = —cFlymy™ = AF?r,.
Plugging it into (111) yields
n+1
3

K. + (K + CZ)T.k = 0.
This implies that

n+1 n

5 1
[(K+c2> ’ eT]k:(KJrcz) ’ eT{n;r K.k+KT.k}:0.

Thus the function (K + 02)%& is independent of y € T, M. O

Proposition 17.1 in the case when ¢ = 0 is essentially proved in Matsumoto’s
book. See Proposition 26.2 in [Matsumoto 1972a]. Matsumoto assumes that
F' is a Landsberg metric, but what he actually needs in his proof is that J = 0.
Since the notion of distortion has not been introduced in [Matsumoto 1972a],
his result is stated in a local coordinate system.

Corollary 17.2. Let F be a Finsler metric on a manifold M. Suppose that
the following hold,

(i) F has isotropic flag curvature which is not equal to —c?, i.e., K =
K(z) # —c? is a scalar function on M,
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(ii) F has relatively constant J-curvature, i.e., J+ cFI = 0.

Then F' is Riemannian.
Proof: By Proposition 17.1,
K(z) = —c* + U(J;)e_n%.

Since K (z) # —c?, one concludes that o(z) # 0 and hence 7 = 7(x) is indepen-
dent of y € T, M. It follows from (52) that I; = 7,s = 0. Thus F is Riemannian
by Deicke’s theorem [Deicke 1953]. O

Proposition 17.3. Let F' be a Finsler metric of scalar curvature on an n-
dimensional manifold. Suppose that F has relatively isotropic L-curvature,
i.e.,

(154) L+ cFC =0,

where ¢ = c(x) is a scalar function on M.

(a) If ¢ = constant, then
K=-c+ Je_n%,
where o = o(x) is a scalar function on M.
(b) If n >3 and K # —c® + # for almost all y € T,M \ {0} at any
point x in an open domain U of M, then F = o+ (8 is a Randers
metric in U.

Proof: Note that if (153) holds, then (152) holds by taking the average of
(153) on both sides. Proposition 17.3 (a) follows from Proposition 17.1.

Now we assume that K # —c? + c,m (z)y™/F for almost all y € T, M \ {0}
at any point x in an open domain U C M. By assumption, L;j, = —cFCjjp,
one obtains

Cijklplgy’y? = —Camy™ FCiji — cFLiji = <62 - %)FQGM-

Since Ji = —cF I by (152), we have

Cpm ym

Tijplq¥?y? = —Camy™ FIy — cFJy = (02 - )F?Ik.

By the formula for M;;; in (25), one obtains
, 9  Cgmy™
Mijkiplqy”y? = (C T F

Since F is of scalar curvature, equation (112) holds. One obtains

)2 M.

(155) (K - C9”’%3’)1?21\@% —0.
It follows from (154) that the Matsumoto torsion vanishes, M;j; = 0. By
Proposition 3.3, F' = a + [ is a Randers metric on U. (]

Proposition 17.3 is proved by H. Izumi. See [Izumi 1976], [Izumi 1977], and
[Izumi 1982]. Proposition 17.3 in the case when ¢ = 0 is proved by S. Numata
[Numata 1975].
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Corollary 17.4. ([Numata 1975]) Let F' be a Finsler metric of scalar curvature
on an n-dimensional manifold (n > 3). Suppose that L =0 and K # 0. Then
F' is Riemannian.

Proof: By Proposition 17.3, F' = a + (3 is a Randers metric with L = 0. By
Lemma 10.1, S = 0 and S is closed. By Proposition 15.1, one concludes that
K = o(z) is a scalar function on M. It follows from (109) that

0=—F%0(z)Is.
By assumption, K = o(z) # 0. Thus I = 0 and F' is Riemannian by Deicke’s
theorem. (]
We may ask the following question again: is there any non-Berwaldian
Finsler metric satisfying the following conditions
K=0, L=0 (orJ=0)?

If such a metric exists, it can not be locally projectively flat and it can not be
a Randers metric. Why?

Example 17.5. Let F' = o+ 8 be a Randers metric on R™ defined by
(z,y)

F =y + ——=—, yeT,R" =2 R"
| V14 |x)?
Note that
o7 = 2 <4
L+ ]z2 =

F is indeed a Randers metric on the whole R™. One can verify that F' satisfies
(83). Thus it is a projectively flat Randers metric on R™. Further, the spray
coefficients G = Py’ are given by

P = C{Iyl - \/%}

L . Let

where ¢ = m
p:=In/1—|B|I?=—-In/1+ |z|.

By (65), one obtains
S=(n+ 1){P - po} = (n+1)cF.

Since ( is closed, by Proposition 10.1, the above identity is equivalent to the
following identity:

L+cFC=0.
Since F' is projectively flat, it is of scalar curvature. By further computation,
one can find the flag curvature

o PPoPuyt 3 VIt - (o)

F? C4(1 4+ |x)?) lyl /14 |z|? + (x,y)
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k
Note that K # —c? + % and F' is a Randers metric. This matches the

conclusion in Proposition 17.3 (b).

The Randers metric in Example 17.5 is locally projectively flat. There
are non-projectively flat Randers metrics of scalar curvature and isotropic S-
curvature. See Example 11.2. This example is a Randers metric generated by
a special vector field on the Euclidean space by (16). In fact, we can determine
all vector fields V' on a Riemannian space form (M, «,,) of constant curvature
p such that the generated Randers metric F' = a + § by (o, V) is of scalar
curvature and isotropic S-curvature. This work will appear somewhere else.
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