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Abstract

We construct a family of projectively flat Finsler metrics in the form F = o +
€8 + k3% /o, where € and k are constants with k # 0. In particular, we show that
if a Randers metric F = @+ 3 is projectively flat with isotropic S-curvature, then
the Finsler metric F := (@ + 3)2/a is conformally equivalent to a projectively flat
one. Further, we discover that a sub-family has zero flag curvature.

Key words and phrases: Randers metric, («, §)-metric, Finsler metric, projec-
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1 Introduction

It is the Hilbert Fourth Problem in the regular case to study and characterize
Finsler metrics on an open domain 2 in R™ such that geodesics are straight
lines. Finsler metrics on  with this property are said to be projectively flat.
According to G. Hamel [4], a Finsler metric F = F(z,y) on € is projectively
flat if and only if it satisfies the following partial differential equations

It is one of important problems in Finsler geometry to study the solutions of (1).
By the Beltrami theorem, if a Riemannian metric F' = /g;;(x)y'y’ satisfies (1),
then it has constant sectional curvature. Conversely, every Riemannian metric
with constant sectional curvature p is locally isometric to the following metric:

P+ 2Py = (&, 9)7)
1+ plaP?

a = : (2)
Clearly, F := & satisfies (1). However, there are lots of projectively flat Finsler
metrics which are not of constant flag curvature (the flag curvature is an ana-
logue of the sectional curvature in Finsler geometry). In [9], we characterize the
local structure of projectively flat metrics with constant flag curvature. In [1],
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we classify projectively flat Randers metrics with isotropic S-curvature. In [2],
we give a description on general projectively flat Finsler metrics with isotropic
S-curvature. The main purpose of this paper is to construct some projectively
flat Finsler metrics in the form F' = a¢(8/«), where « is a Riemannian metric,
[ is a 1-form and ¢ = ¢(s) is a positive C*° function (e.g., ¢(s) = 1 +es+ ks?).
Such metrics are called («, 5)-metrics.

First, let us recall two non-trivial solutions to (1):

o VP = (2Plyl? = (z,9)?) | ()
E 1= |a]? TR ®)

and

_ VP = (2PlyP — (@, 9)?) + (2.9)°

1 =122yl = (2 Plyl? = (2, 9)?)
F is the well-known Funk metric and F' is Berwald’s metric defined on the unit
ball B® C R™ centered at the origin [3]. Both metrics are projectively flat.

Moreover, F has negative constant flag curvature K = —1/4, and F has zero
flag curvature K = 0. F can be expressed as F = &+ (3, where

o VPGP =) 5 )

1= faf? ’ Sl faf

(4)

Let A :=1/(1—|z|?). Then F can be expressed as

@%ﬁ- +25+5—2 (5)

F =
where a ;= \a and 3 = \3 = 1d)\ Thus F and F are special («, §)-metrics.
Consider a general Randers metric F = @+ on a manifold. It is well-known
that F is locally projectively flat if and only if & is locally projectively flat
(equivalently, it is of constant sectional curvature p by the Beltrami theorem)
and 3 is closed. Locally, we can express @ by (2) and we can express 3 as a
differential of some scalar function p = p(x), i.e., 3 = %dp. In this paper, we are
going to find scalar functions A = A\(x) > 0 and o = o(z) such that for o := A&
and (§:= %da, the Finsler metric in the following form is projectively flat,

2
F: —a—l—eﬂ—i-kﬁ

where €, k are constants with k # 0 satisfy certain conditions (see (12) below) so
that F is a Finsler metric when ||3]|o < 1. In particular, we prove the following
theorems.

Theorem 1.1 Let

nla? dy + (a,7)
(L /TFAlP/I+ alal | I+ e




where n and dy are constants. Let
N: = ds+ 2kndyh — kpdah?, (6)

o = =£2 / VdaAdh, (7)

where da, ds are constants with do > 0 and ds + 2kndids — k,ud%dg > 0 so that
A > 0 on an open neighborhood of the origin. Then for a:= A& and 3 := %da,
the following Finsler metric

2
F: —a—|—eﬂ—|—k6

is projectively flat on its domain.
Whend; =do=1,ds =0, =0, u=—-1,e=2, k=1,

(1 + (a,z))*
)\ = =
=P 7
Then for a := Aa and § := %da, the Finsler metric F = (o + 8)?/a is projec-
tively flat. More important, this metric has zero flag curvature! Thus we obtain
the following

Theorem 1.2 Let a € R™ be an arbitrary constant vector with |a| < 1. The
following Finsler metric is projectively flat with zero flag curvature K = 0,

[(1+ ¢a, o)) (VIyl? = (2Ply? — (2,9)%) + (2, 9) + (1 — |2[*){a, )]
1= [z2V/1yl? = (2Plyl? — (2,9)%)
The metric in (8) is a slight generalization of Berwald’s famous example in

(5). The curvature property follows from the classification theorem in [9]. See
Section 6 below.

F .=

. (8)

As we know that if a projectively flat Randers metric F' = a+( has isotropic
S-curvature, S = 3(n + 1)c(z)F, where ¢ = ¢(z) is a scalar function, then @& is
given by (2) and 8 = 3dp for some scalar function p = p(z). Both ¢ = ¢(z) and
p = p(z) can be explicitly determined. See [1] or Section 5 below. By Theorem
1.1, there are scalar functions A = A(x) and 0 = o(z) in the forms (6) and (7)
with & = 1, respectively, such that for o := Aa and § := %da, the Finsler metric
F = a+ eB+ kB?/a is projectively flat. In fact, A and o can be chosen so that

0= lda = l)\dp = \3. Therefore, we obtain the following

Theorem 1.3 Let F = a + (3 be an n dimensional projectively flat Randers
metric with isotropic S-curvature, S = (n + )e(z)F, on an open domain in
R™. There is a scalar function A = A(x) > 0 such that for o :== A& and 3 := G,
the Finsler metric in the following form is projectively flat,

(a+p)*

(0%

F .= 9)



We will give a direct proof for Theorem 1.3 in Section 5 below. The special
case is when 1 = —1 and ¢ = 1. In this case, F' is a generalized Funk metric [8]
[9], i.e.,

- VWP = (2Plyl? = (=9 | () (a,y)
F= = |2 T RE T Tt

In this case, A = (1 + (a,2))?/(1 — |z|?). Then the Finsler metric F in (9) is
given by (8). As we have claimed in Theorem 1.2, this metric has zero flag
curvature.

Recently, P. Senarath and G. Thornley ([7]) have given an equation in local
coordinates that charaterizes projectively flat Finsler metrics in the form F' =
a + (?/a. In particular, they show that if F = a + (3 is projectively flat,
then F := a + (32 /@ can not be locally projectively flat unless it is locally
Minkowskian. According to our results, there are scalar functions A = A(z) > 0
and § = §(x) such that for a := @ and 8 := 83, F = o + %/« is projectively
flat (Theorem 1.1). If in addition, F has isotropic S-curvature, one can even
choose A = 0 (Theorem 1.3).

The Finsler metric F in (9) can be expressed as F = AF, where F :=
(@ + §)%/a. The Finsler metric F' is defined directly from F = &+ §. It is
then a natural problem to find a Randers metric F = a + [ with constant
flag curvature such that F := (a + 3)?/a is conformal to a Finsler metric with
constant flag curvature? Theorem 1.2 gives a solution to this problem. We
expect to find more solutions to this problem in the near future.

2 Projectively flat (o, f)-metrics

Let o := \/a;;y'y7 be a Riemannian metric, 3 := by’ a 1-form, and ¢ = ¢(s)
be a positive C*> function defined in a neighborhood of the origin s = 0. Let

F = ag(s), 5= —. (10)

(0%

It is known that F' = a¢(8/«a) is a Finsler metric for any « and 8 with || 3| < b
if and only if

$(s) >0, (6(s) = 58'(s)) + (b* = )¢ (s) >0, (ls[<b<bo)  (11)
By taking b = s, one obtains
d(s) —s9'(s) >0, (|s] < bo).

See [10]. A Finsler metric F is called an (o, §)-metric if it is in the above form
(10) with ¢ satistying (11) and (3 satisfying |5l < bo.
Let F = a¢(8/a) be an (o, f)-metric with o = \/a;;yy7 and 3 = b;y’. Let

1 1
Sij =5 (bz‘u - bj|1-), Tij 1= §(bi|j + bj|1-),



55 1= bkskj, b := +/bib;
where b;); denote the coefficients of the covariant derivative of 3 with respect
to a. The spray coefficients G* of F are given by

G'=G"+aQs' +‘IJ(— 204Q50+7"00){X%i +bl}a

where
_ ¢
QR = el
L s
¢¢// ’
v o— 1 ¢

20— 50+ (P = )"

The above formula is given in [5], [10].
Now we consider the following special function

¢ =1+es+ ks?,

where € and k are constants with k # 0. In virtue of (11), we obtain the following
condition on € and &:

l+es+ks* >0, 14+2kb*—3ks*>>0, (]s|<b<1) (12)

Namely, F' = a+ ¢3+ k3% /a is a Finsler metric for any a and 8 with [|3]. < 1
if and only if € and k satisfy (12).
From now on, we always assume that e and k satisfy (12). Then

Q= €+ 2ks - k _€e— 3kes? — 4k?s3
T 1 ks? o 1+ 2kb?—3ks2’ X 2k(1+est ks?)
Further, we assume that [ is closed, i.e.,
s9=0, s9=0, (13)
and it satisfies
roo = T{(1/k +26%)a? — 352}, (14)
where 7 = 7(x) is a scalar function. Then
G'=G' + T{axyi + a2bl}. (15)
If in addition,
G! = T{Hyi - a2bl}, (16)

where 0 = p;3 is a local 1-form, then
G' = T{ax + G}yi.

In this case, F' is projectively flat.



Lemma 2.1 Let € and k be constants satisfying (12). If « and § satisfies (13),
(14) and (16), then F = a + €3+ k(% /a is a solution of (1).

M. Matsumoto ([6]) has proved that in dimension n > 3, the Finsler metric
F = a+ (%/a with b # 0 is a Douglas metric if and only if there is a scalar
function 7 = 7(x) such that ( is closed and

Too = 7'{(1 +2b%)a? — 363}.
We conjecture that F' = a + €+ k3% /a satisfy (1) if and only if (13), (14) and
(16) hold.
3 Deformation of Randers metrics

First, for a scalar function f = f(x), we use the following notations:

0 - 0? :
for= L@ o= 5o @iy

Let & be given in (2) defined on a ball B"(r) in R™ and 3 = 1dp, where
p = p(z) is a scalar function on B"(r). We are going to find scalar functions
A = A(z) > 0 and 0 = o(z) such that for @ := A& and 8 := 100, the Finsler
metric F = a + €8 + k3% /a is projectively flat.

Let a:= A a and g := %0’0 for some scalar functions A and o. We have

1

2 = 12
The spray coefficients of o are given by
i i Ao 1—ij)‘xj _2
G, = G+ AR
{_ @, y) ﬁ}i_lijﬁog
1+ plz)2 A 27 X
Eq. (16) is equivalent to
Agi
N = TOgi. (18)
Since 3 is exact, it satisfies (13). Then roo = bg|o is given by
ob; , .
= —y'y —20,GD
700 &ij ) Ga
1 w(x, y) )\0} [ Agi _o
= Zogg—opd = ALY AL 2 G Al 52 19
9700 UO{ 1+,u|x|2+ A +20xa X (19)

By (17) and (18), we rewrite (19) as follows

ez, y)

W+700}+27b2a2. (20)

Too = 50'00 - UO{ -



By (20), we see that (14) is equivalent to

1 M, y) } T 2 2
z _ — g = —a‘ — . 21
5000 0’0{ T+ 2] + 700 e 375 (21)
By 8= %UO, we can simplify (21) to
2p(z, ) A, 1,
Y] =9 {— - } 22
ooo + 1+,u|x|200 Wi + 1 (22)

By Lemma 2.1 and the above arguments, we obtain the following

Lemma 3.1 Let € and k be constants satisfying (12). Let & be given in (2).
Suppose that there are scalar functions A = XNx) > 0, 0 = o(x) and 7 = 7(x)
such that (18) and (22) hold. Then for a := A\a and (3 := 109, the Finsler
metric F = o+ €3+ k% /a is projectively flat.

Let
A=A(h), o=o(h),

where h = h(z) is a scalar function. Thus both A and o are functions of . In
this case, (18) is equivalent to

)\/
T = W, (23)
and (22) is equivalent to
2u(z, y) () VAN
h ho = In — ) hg. 24
R e L P +(n|a’|) 0 (24)

By Lemma 3.1, we obtain the following

Lemma 3.2 Let € and k be constants satisfying (12). Let A = A(h) > 0 and
o = o(h) such that there is a scalar function h = h(x) satisfying (24). Then for
o=\, f:= %0’0, the Finsler metric F = a + 8 + k3?/a is projectively flat.

4 Proof of Theorem 1.1

In this section, we are going to use Lemma 3.2 to prove Theorem 1.1. We first
construct a scalar function h = h(z). Then we find A = A(h) and o = o(h) such
that (24) holds.

Let & = &(z) and

{(x)
NiEamres

We have
2u(zy) €00 o

0 — _luh’a )
T+ a2 = Tt aep

hoo +

(25)



where @ is given in (2). Assume that & satisfies the following equation

€0 = 1v/1 + plz|? @2, (26)

Then it follows from (25) that

2px, y) 2
h ——=h h — =0. 2
00 + T+ iz o+ (p n)a 0 (27)
Solving (26), we obtain
nja?
Ei=di + (a,2) + — oo,
L T A aer

where 77 and d; are constants and a € R™ is a constant vector. Then A is given
by

2
poo ditlan) sl o8)

VITHP (/T gleP) T+ plal®
In virtue of (27), in order to find A = A(h) and o = o(h) satisfying (24), it
suffices to solve the following equations:

!/
(1n Q) —0, (29)
o]
N
From (29), we obtain
o' = +2\/do), (31)

where ds is a positive constant. Plugging it to (30) yields
2kudoh — 2knds + N = 0.

We obtain
A =ds + 2kndah — k,uthQ.

Plugging it into (31) we obtain the following formula for o:

o= j:2/ v/ daXdh.

This proves the theorem. Q.E.D.



5 Proof of Theorem 1.3

In this section, we are going to prove Theorem 1.3. Let F' = & + (3 be a locally
projectively flat metric on an n-dimensional manifold. We may assume that &
is given by (2) on an open neighborhood of the origin and B = 1po for some
scalar function p = p(z). Now we assume that F' has isotropic S-curvature,
S = 1(n+1)cF, where ¢ = ¢(z) is a scalar function. According to [1],

1“% if p+dc? =0, p=-1

P=19 21+ (a,z)) ifp+4c>=0,pu=0

When p + 4c? # 0, the scalar function ¢ = ¢(x) is determined by

12003
A+ 4c?

2u(z, y)

Tt plep® = —clet Ac%)a? +

Coo +

The general solution of (32) will be given below. See [1].

Let
(14 (a,a))2/(1 = [2f2) i p+4c =0, = -1
N 1 ifu+4c2 =0, u=0
T ) 1/]16¢% £ 4] if p+4c2 #0, p==+1
4/c? if p4+4c>#0, p=0

We are going to show that for o := A\a, 3 = A3, the Finsler metric in the
following form is projectively flat,

(a +0)?

(0%

F= (33)

(a) Assume that p+4c¢? = 0 and g = 0. In this case, we let h = h(zx) be the
function in (28) with k =1 and = 0, i.e.,

h=di+(a,z)+ g|x|2.
Let
A=ds+2pdsh, o =42 / Vda\dh.

Then A = A(h),0 = o(h) and h = h(x) satisfy (24) with & = 1 and g = 0. By
Lemma 3.2, for o := MA@ and (3 := %UO, the Finsler metric F' = (o + )2/« is
projectively flat.

Ifdl = 1,d2: 1,d3: 1 andn:(),

h=1+4{a,z), p=2h=0, =1,

then



Then

is a Minkowski metric.

Assume that p+4c? = 0, u = —1. By reversing the metric, if necessary, We
can also assume that ¢ = 3. Let h = h(z) be the function in (28) with k = 1.

h,* d1+ <CL,$> T]|$|2

VI RE A TPy -

Let
X =ds + 2ndah 4+ doh?, o= i2/ \Vda Mdh.

Then A = A(h),0 = o(h) and h = h(x) satisfy (24) with k =1 and 4 = —1. By
Lemma 3.2, for a := A& and 3 := Log, the Finsler metric F' = (a + 8)?/a is
projectively flat.

Ifdl = 1, d2:1, ngO andn:(), then

1
2

h:M, p=2Inh, A=h2=0.
V1—[z?
In this case,
1 h 1 _
Then , I
polotfl_\(@+h) (34)
e o

(b) Assume that p+4c? # 0. There is a constant 7 and a function f = f(c)
satisfying

wf—n 2 I 12¢
7 c(p + 4c%), 7t 0 (35)
The function f is given by
—~— if u #0 (taking n = 0)
o) =q Vi (36)
—5z if p =0 (taking n = —4)

We use n and f to define a scalar function ¢ = ¢(x).

di+{a,z) if 0
f(e) = h(z) = Vitull® i :
di+ {a,z) = 2|z ifpu=0

By (27) and (35), one can easily verify that ¢ = ¢(x) satisfies (32). Thus we
obtain a general solution of (32) by solving f(¢) = h for ¢. Compare [1].

10



Let
A = dg + 27’]d2h - ILLthQ,

o: = :|:2/\/d2)\dh,

where n = 0if p #2 0 and n = —4 if u = 0. Then A = A(h),0 = o(h) and
h = h(z) satisfy (24) with k = 1. By Lemma 3.2, for a := A& and 3 := %0y,
the Finsler metric F' = (o + )2/« is projectively flat.

We can express 3 as

5= 500 = £V/dAhg = £/ S (c)eo = 07,
where )
5::¢5w+4w%viﬁf«»
We can choose ds and the sign of ¢ such that § = A.
Observe that dali 4 —dap®
5= { T v if u#0

2
dscfddy if p=0

py/dalds|ptac|—dapc?] .
IR if u#£0

5 = F 24/d2(d3c?2+4ds) lf'u, -0

cle|

Take
de — d"jT“sign(,u +4c?) ifu#0
>~ o if =0
Then )
d .
A= { Moraem Hn#O
dy if p=0

C

dop|p| .
5 = F 4|:jrt4lz2| if K 7£ 0
dy if p=0

cle|

Clearly, we can chose the sign of o such that 6 = \. This proves Theorem 1.3.

6 Zero flag curvature

In this section, we are going to show that the Finsler metric F' in (34) has zero
flag curvature. This fact follows from Theorem 1.3 in [9].

According to Theorem 1.3 in [9], for any Minkwski norm ¢ = #(y) on R"
and any positively homogeneous function of degree one, ¢ = ¢(y), on R™, the
following function F' is a projectively flat Finsler metric with zero flag curvature
on an open neigborhood of the origin in R",

F::¢@4<Rﬂ{L+Bmxm} (37)

11



where P = P(z,y) is defined by
P =¢(y + Px). (38)
The proof is based on the following important equation satisfied by P,
Py = PPy (39)

When ¢ is a Minkowski norm on R”, the function P is a Finsler metric on
the open domain

Q= {y ER" [ py) < 1}-
This metric is called the Funk metric of . Let
(a, y)
Vi=oo| — )
e(y) ( o)) )

where ¢ = ¢(s) is a positve C*° function of s and a € R™ is a constant vector
such that ¢ is a Minkowsi norm on R™. By (38), we have

(a,y+Px) (a,y)+ Pla,z) (a,y)
oly+Px) P =(a,2) + P
Thus
W+ P = iy Pao(SEE)
= P(b((a,x}—i-@).

Then the Finsler metric in (37) can be expressed by

F= P¢(<a,x> + %) {1 + Pymxm}.

By (39), we have
P{1+Pyna™} = P+ Puna™
Then we obtain the following version of Theorem 1.3 in [9].
Theorem 6.1 Let ¢ = p(y) be a Minkowski norm on R™ and P = P(z,y)

be the Funk metric of ¢ on a strongly convex domain Q,. Let ¢ = ¢(s) be
an arbitrary positive C*° function and a € R™ is a constant vector such that

Y= <p(y)¢(<a, y}/(p(y)) is a Minkowski norm on R™. Let

F:= (b((a, x) + ;?;g;)){P(x, y) + Pym(x, y)xm}

Then F' is projectively flat with projective factor P and flag curvature K = 0.

12



When ¢ = |y|, we have

Then

VIP = (2Plyl® = (&, 9)*) + (=,y)

In this case,

"= P
m V2= (zPly]2 = (z,9)?) + (2, 1))?
P+ Pymzx™ = .
" (1= |z2)2/[yl? = (lz2[y> = (z,9)?)
(1= |z*){a,y)
F = a
¢(< " VY2 = (zPlyl? — (z, y)?) + <$,y>) .

VP = (2Plyl® — (2,9)%) + (@.9)*
O 2P (PP — (@ 9)%)

Further, if ¢(s) = (1 + s)?, then

F:—

[(1+ (o, 2))(VIyP = (2Ply® — {£,9)%) + (@, 9) + (1~ |2[*) (e, 9)]*
Y)

(1= 2122/ Ty? = (2Pl = (z,9)?)
(40)

By Theorem 6.1, F' is projectively flat with K = 0. Note that the Finsler metric
n (40) is the same metric we obtained in (34).
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