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1 Introduction

One century ago, Hilbert announced his famous 23 problems. Hilbert’s fourth
problem in the regular case is to characterize projectively flat Finsler metrics.
G. Hamel [11] first found a simple system of PDE’s to characterize projectively
flat Finsler metrics on a convex open subset in R™ (see (9) below). Later on, L.
Berwald and P. Funk studied projectively flat Finsler metrics of constant flag
curvature [4], [9], [10].

The flag curvature K = K(P,y) is an analogue of the sectional curvature in
Riemannian geometry, which is a function of a two-dimensional plane P C T, M
and a non-zero vector y € P. It is known that any locally projectively flat
Finsler metric is of scalar curvature, namely, K = K(z,y) is a scalar function
of y € T, M [4]. But there is no simple way to characterize the local structure
of these metrics, except for the case when the flag curvature is constant [4], [9],
[10], [18]. R. Bryant finds an elegant way to describe Finsler metrics of K =1
on S™ whose geodesics are great circles (hence, projectively flat) [5], [6], [7]-

In [14], [15], [16], the second author introduces the notion of S-curvature.
This quantity has been discussed in the recent study on Finsler metrics of scalar
curvature. First, the examples constructed in [3], [19], [20], [2] are Randers
metrics with constant flag curvature K = A and constant S-curvature, S =
(n + 1)cF. Then C. Robles shows that all Randers metrics of constant flag
curvature have constant S-curvature. Inspired by these results, we eventually
classify all Randers metrics of constant flag curvature [1].

In [8], we show that for an n-dimensional Finsler metric F' of scalar curvature,
if the S-curvature is almost isotropic, i.e.,

S = (n + 1){cF +n}, 1)

where ¢ = ¢(z) is a scalar function and n = n(x,y) is a closed 1-form on M,
then the flag curvature is given by

K=3"Y 4, (2)
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where 0 = o(x) is a scalar function on I/ . There are lots of projectively flat
Randers metrics with almost isotropic S-curvature [8]. Besides these Randers
metrics, there is another special projectively flat Finsler metrics with almost
isotropic S-curvature. Let ©® = ©(z,y) be a Finsler metric on an open subset
U C R” satisfying

O, = OO k. (3)
O is called a Funk metric. Let
(a,y)
= AL T ~ R7 4
0, @(w,y)+1+<a’m), y € T,U =R", (4)

where a € R" is a constant vector. Assume that O, is still a Finsler metric on
U, then it is projectively flat with constant flag curvature K = —%. Further, it
has almost constant S-curvature

S = (n+1){%9a+dgp},

where ¢ = ¢(z) is a scalar function on M [18].
It is a natural problem to to study and characterize Finsler metrics of scalar
curvature with almost isotropic S-curvature.

Theorem 1.1 Let F = F(z,y) be a projectively flat Finsler metric on an open
subset U C R™. Suppose that F' has almost isotropic S-curvature satisfying (1).
Then the flag curvature is in the form (2).

(a) If K # —c% + # onU, then F = a+ 8 is a projectively flat Randers
metric with isotropic S-curvature S = (n + 1)cF;

) fK = - + % on U, then ¢ = constant, and F is either locally

Minkowskian (c = 0) or, up to a scaling, locally isometric to the metric

O, = O,(z,y) in (4) (c=1%) or its reverse ©, := Oy(z, —y) (c=—1).

In Theorem 1.1 (a), the local structure of F' has been completely determined

in [8]. Namely, if a Randers metric F' = a + § is locally projectively flat with
(1), then « is locally isometric to the standard projectively metric

VO + plzPlyP — ple,y)?
= , € T,B"(r) = R",
alt 1 + M|x|2 Y T (’f‘)

the scalar function o = o(x) in (2) is given by ¢ = p + 3¢? and f satisfies
2¢,1y* + (u+4c?)B = 0. Suppose that dc = 0 at a point = € I, then at the point
x, either B = 0 or u + 4¢? = 0. In the later case, K = pu+ 3¢? = —c® + #
This contradicts the assumption (a). We may assume that dc # 0 on . Then
p+4c? # 0 and S is given by

Cz’“yk

ﬂ:_u+402'




In this case, we can completely determine the scalar function ¢ = ¢(z) as follows.

(A + <aax>)\/i(1+mz‘2)li()\+<a’z))2 if p#0
£1 if p=0.

24/ A+2(a,z)+|z|?

where a € R™ is a constant vector and A € R is a constant number. See [8] for
more details.

CcC =

2 Projectively Flat Metrics

In this section, we are going to recall some basic facts about projecvtively flat
Finsler metrics. Let F' = F(xz,y) be a Finsler metric on an open subset 4 C R™.
The geodesics are characterized by

# 4 2G(x, %) = 0,

dz' i _ d%a’
g ' = ‘g, and

where 3t =

G = 10 [P — ()}

G =1y’ 3‘?“ —2G¢ 82,- is a globally defined vector field on TM. We call G the

spray and G* the spray coefficients of F'. The Riemann curvature is a family of
linear maps R, = lea%f ®dx* : T,M — T, M defined by

, 0G! . 92G? . 02GE 0G? 0G7
i =99 i g 77 9 O 5
By ok Y OxI Oy + Oyioyk Oy Oy* (5)

The S-curvature is a scalar function S : TM — R defined by

oOG™ mO(nor)
oy™

; (6)

where
Vol(B")

F = - -
Vol{(y') € R" | F(z,y 57

2) <1}

F is of scalar curvature if and only if there is a scalar function K = K(z, y)
such that

Ry =Ko, — g’ |. (7)
A Finsler metric FF = F(x,y) is said to be projectively flat if its geodesics
are straight line segment in /. It is easy to see that F' is projectively flat if and
only if G' = Py’ where
Fz’“yk

P=—tr )




G. Hamel [11] finds the following sufficient and necessary condition
Fpr = Fympy™.
By (8) and (9), one obtains
Fyr = P F + PFy.
Plugging G = Py’ into (5), one obtains
Ry =26, + Ty,

where
E=P>—Ppmy™, 74 =3(Po — PPp) +E .

It is well-known fact that g;; R'; = g R';. Then (7) holds with

= P2 _ Pomy™
Kem="=2 —
namely,
1 -
Pmk - P_Pyk = —3—F(.:F)yk.

In particular, if K = ) is a constant,
Py — PPy = —AFFy.

The above identities can be found in [4].

(10)

(11)

(12)

Funk constructed the following important example [9], [10]. Let ¢ = ¢(y) be
a Minkowski norm on R™ and Uy := {y € R" | ¢(y) < 1}. Define © = O(z,y)

by
O(z,y) = ¢(y - G(w,y)x), y € Toldy = R™.

(13)

The key property of © is that it satisfies (3) (see [13]). Using this equation, one
can easily show that © is projectively flat with K = —% and S = %(n +1)0

[16].
Taking the Euclidean norm ¢ = |y| in (13), one obtains

_ VP = (=PlyP — (@, )* + (z,9)
1= [af? ’

C)

y € T,B" = R".

One can directly verify that © satisfies (3). The metric ©, in (4) is given by

VIR = (2Ply? = (z,9)? + (z,y) L _lay)

O, = :
¢ 1— |z|? 1+ (a,z)

When |a| < 1, O, is a projectively flat Finsler metric on B" with K = —

S = L(n+1)0,. This fact is proved in [17].
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3 Proof of Theorem 1.1

By assumption, S is in the form (1). Since every closed 1-form on an connected
open subset in R™ is exact, we may assume that

S = (n+1){cF+dh},

where h = h(z) is a scalar function on U.
On the other hand, F' is projectively flat, hence the spray coefficients are in
the form G* = Py'. By (6), one obtains

d(lno)

S=(m+1)P-y"=5 "

Thus
P = cF + dy, (14)

where ¢ = [UF(a:)]#lh(a:) It follows from (8) and (14) that
Fuy' = 2FP = 2F{cF + ¢,y }. (15)
Plugging (14) into (11) and using (15), one obtains

N2 . . o
{cF+ wziyl} - {czyF +cF, iyt +sozizjylyj}

K = 7
_ =CF? — comy™F + [0y 00i — Paigi Y'Yy’ (16)
— i _
Comparing (16) with (2) yields
[0+ PIF? 4 dcamy™ F + [0riqs — 0uiaily'y’ = 0. (17)

Assume that K # —c? + % By (2), this is equivalent to the following
inequality:

2czmym

From (17) and (18), we can see that o + ¢® # 0. In this case, one can solve the
quadratic equation (17) for F,

o+c*+

Vo + Al[rizi — Pai@eilyiyd + Acamy™2 — 2cpmy™

F =
o+ c?

That is, F' = a + f is a Randers metric. We have classified projectively flat
Randers metrics with almost isotropic S-curvature [8].

We now assume that K = —c? + # It follows from (2) that
2¢,my™
2 x —
- - = 0-
o+c + I



This implies that ¢ = constant, hence ¢ = —¢c? is a constant too. In this case,

the flag curvature is given by K = —c?. The equation (17) is reduced to

Parizgi — PriPagi = 0.

It is easy to solve this equation,
p=—In (1—+— (a,x)) +C,

where a € R™ is a constant vector and C is a constant.

When ¢ = 0, K = —c = 0. It follows from (14) that the projective factor
P = dy is a 1-form, hence the spray coefficients G* = Py’ are quadratic in
y € T,U. By definition, F' is a Berwald metric. It is known that every Berwald
metric with vanishing flag curvature is locally Minkowskian.

When ¢ # 0, we may assume that ¢ = j:% after a suitable scaling. Let

¥ := P+ cF.

Since F' is projectively flat and P is the projective factor, it follows from By
(10) and (12), one can easily verify that

U, =00,
Let (2.9) ; |
U(x,y ife=3

9::{ ! . 2.

-¥(z,—y) ife=-1

Then © = O(z,y) satisfies (3). Thus by definition it is a Funk metric. By (14),
¥ = 2cF + dp. Thus

F = %{\I!(ac,y) — dgoﬁ}.

When ¢ = %, U (z,y) = O(z,y). Thus

F=0(z,y)+ % =: O4(7,y).

When ¢ < 0, ¥(z,y) = —O(z,—y). Thus

<a7 y) )

F = @(l‘, —y) - m = Ga(may)a

where O, (z,y) := O4(z, —y). Q.E.D.
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