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Abstract

We study an important class of Finsler metrics — Randers metrics.
We classify Randers metrics of scalar flag curvature whose S-curvatures
are isotropic. This class of Randers metrics contains all projectively flat
Randers metrics with isotropic S-curvature and Randers metrics of con-
stant flag curvature.

1 Introduction

Curvatures are the central concept of Finsler geometry. In this paper, our main
focus is on the flag curvature, the S-curvature and their interaction.

For a Finsler manifold (M, F'), the flag curvature K = K(P, y) is a function of
a tangent plane P C T, M and a non-zero vector y € P. When F' is Riemannian,
K = K(P) is independent of y € P\ {0}, which is called the sectional curvature.
Thus the flag curvature is an analogue of sectional curvature in Riemannian
geometry. A Finsler metric F' is of scalar flag curvature if for any non-zero
vector y € T, M, K = K(x,y) is independent of P containing y € T, M (hence
K = o(x) when F is Riemannian). It is of almost isotropic flag curvature if

0
K=+, (1)

where 0 = o(z) and ¢ = ¢(x) are scalar functions, and 6 = czm (z)y™ [4].
It is of isotropic flag curvature if K = o(z) in (1). In this case, o(z) =
constant if dimension n > 3 (Schur Lemma). It is one of important problems
in Finsler geometry to study and characterize Finsler metrics of scalar/almost
isotropic/constant flag curvature.

There is another important quantity closely related to the flag curvature.
That is the so-called S-curvature S = S(z,y). The S-curvature is introduced
by the second author when he studied volume comparison in Riemann-Finsler
geometry [11] [12]. The S-curvature is said to be isotropic if S = (n 4+ 1)cF'
where ¢ = ¢(z) is a scalar function on M. It is proved that, for a Finsler metric
F of scalar flag curvature, if it is of isotropic S-curvature S = (n + 1)cF, then
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the flag curvature must be in the form (1). See [8] for further developments.
Thus the flag curvature and the S-curvature are closely related.

Studying Randers metrics is an important step to understand general Finsler
metrics. A Randers metric on a manifold M is a special Finsler metric expressed
in the following form:

F=a+p0,

where o = y/a;;(z)y’y? is a Riemannian metric and 3 = b;(z)y’ is a 1-form
on M with ||8z]la < 1. Randers metrics arise naturally from the navigation
problem on a Riemannian space (M, h) under an external force field W. The
least time path from one point to another is a geodesic of a Randers metric
F = o+ [ defined by

VARZ+WE W, -
p=YAENG R0 gy (2)
A A
where _ _
Wi = hijWJ, Ai=1-— W1W1

See [14]. It is easy to see that every Randers metric can be expressed in the
form (2).

For Randers metrics of scalar flag curvature with isotropic S-curvature, we
prove the following

Theorem 1.1 Let ' = o+ 8 be a Randers metric on a manifold M of di-
mension n > 3, which is expressed in terms of a Riemannian metric h and a
vector field W by (2). Then F is of scalar flag curvature K = K(x,y) and of
isotropic S-curvature S = (n + 1)c(x)F if and only if at any point, there is a
local coordinate system in which h, ¢ and W are given by

, _ VW AP = (@)
1+ pla?

: (3)

_tiaa) W
NiESTEE
|z%a
V1+plz?2+1

where , i are constants, QQ = (qji) is an anti-symmetric matrix and a,b € R™
are constant vectors. In this case, the flag curvature is given by

W:—Z{(5 1+,u|x|2+<a,x>)x }—i—xQ—l—b—l—,u(b,:c}x, (5)

K:3cx+y+0', (6)

where 0 = |t — c? — 2¢cm W™,

Locally projectively flat Randers metrics are always of scalar flag curvature,
hence Theorem 1.1 generalizes Theorem 1.3 in [4] which classifies the locally



projectively flat Randers metrics with isotropic S-curvature. Furthermore, since
every Einstein-Randers metric F' must have constant S-curvature [2], the class
of Randers metrics of scalar flag curvature and isotropic S-curvature contains all
Randers metrics of constant flag curvature. Therefore, Theorem 1.1 also gener-
alizes the classification theorem on Randers metrics of constant flag curvature
in [3].

Let us take a look at a special example. In (3)-(5), let p=0,0 =0,Q =0
and b = 0. We get

h = |y|a c= <CL,{E>, W= —2<CL,{E>{E+ |$|2CL.
The Randers metric F' = o + 3 is given by

VU= [Pl + (2 e y) — 2{a, 2)(z,5))°
1= [aa]®
Jaf2a,y) — 2a, 7))
L= [aPl®

F =

The above defined Randers metric F' is of isotropic S-curvature and scalar flag
curvature, i.e.,

S=(n+1)a,z)F, K= @ +3(a, z)? — 2|al?|z|2.

This example has already been constructed by the second author in [15].

The authors would like to thank D. Bao for showing us the proof of a formula
for the spray coefficients (see equation (7) below) which is given in C. Robles’
paper [10]. This formula is our starting point to prove Theorem 1.1.

2 Preliminaries

Consider a Randers metric F' = a + 3 on a manifold M. We can express it in

the form (2),
po YA WE W
A A
where h = \/h;;y'y7 be a Riemannian metric and W = W* 621‘ be a vector field
on M. Let DW = W, dz' ® dz’ denote the covariant derivative of W with
respect to h. Let

1 1
Rij = §(Wz‘;j +Wii),  Sij = §(Wz‘;j = W),

Rj = WiRij, R = WjRj, Sj = WlS”
The spray coefficients G* of F' are defined by (cf. [13])

G' = ig“{[Fz]xjyzyj - [F2]xl}'



Let G* denote the spray coefficients of h. We have the following
A | . . . 1 . .
G'=G"— §F2($1 +RY) — FS'y + 5(;f/F —WH(2RoF — Roo — RF?), (7)

where S° ::.hliij, R' := hR;, Sij = hilS,;, Sy = Sijyj, Ro = Ry’ and
Roo := Rijy"y’ . Formula (7) is given in [10].

Let dVp := op(z)dz! - -dz™ denote the volume form of a Finsler metric F,
where Vol(B" (1))
fo) n
op(x) = - .
Vol{(y)|F(z,y) < 1}
Here Vol denotes the Euclidean volume and Vol(B™(1)) denotes the Euclidean
volume of the unit ball in R™. Then the S-curvature S of F' is given by (cf.
[12][13])

oG™ 0

=~y (Inor).

S(29) = Gy~ g (Im0r ®)

The S-curvature S(z,y) measures the average rate of changes of (T, M, Fy) in

the direction y € T,M . An important property is that S = 0 for Berwald
spaces [11]]12].

Lemma 2.1 ([17]) Let F' be a Randers metric defined by (2) and ¢ = c(z) be a
scalar function on an n-dimensional manifold. Then S = (n+ 1)cF if and only
if

ROO = —2Ch2. (9)

Assume that F' has isotropic S-curvature, S = (n + 1)cF. By Lemma 2.1,
W satisfies (9). Then the spray coefficients G are reduced to the following
expression:

) _. ) 1 ) )
G' =G -FS',— §F251 +cFy'. (10)

It is known that a Randers metric ' = a4 [ expressed in the form (2) is of
constant flag curvature K = £ if and only if h has constant sectional curvature
K = p and W is homothetic, i.e., it satisfies (9). In this case, k = pu — c2.
Moreover, ¢ = 0 if g # 0. This leads to the classification of Randers metrics
of constant flag curvature [3]. See also [1], [2] and [7] for some early work on
Randers metrics of constant flag curvature.

According to [5] and [17], for any scalar function ¢ = ¢(x), the equation (?7?)
is equivalent to the following condition on the S-curvature:

S = (n + 1)cF. (11)

This fact also follows from the arguments in [2]. Thus a Randers metric of
constant flag curvature must have constant S-curvature.



3 The Riemann Curvature

Let F be a Finsler metric on a manifold M and G be the spray coefficients of
F. The Riemann curvature R = R’, a?ci ® dx* is defined by

0?G? B IG* OG™
Oymoy*  oym oyF
It is known that (cf. ([13]) F is of scalar flag curvature K = K (x,y) if and only
if in a standard local coordinate system,

o o
oxk  dxmoyk 4

R, =2 ™ 2G™ (12)

R, = K(z,y){F?*§'), — FFy'}. (13)

From now on, we always assume that F' is a Randers metric given by (2)
with isotropic S-curvature, S = (n + 1)cF. We are going to use (10) to express
the Riemann curvature in terms of h and W.

Rewrite (10) as follows
where )

Q' = —-FS', — §F2Si +cFy'.

Then

R = R +2Q", — [Q'n]yry™ +2Q" Q] ymyr — [Q]ym[Q7]yr,  (14)

where R = Rik 621‘ ® dx* denote the Riemann curvature of h, “” denotes the
horizontal covariant differentiation with respect to h (cf. [13]). We first compute
the horizontal and vertical derivatives of Q° and express them in terms of h, W
and the covariant derivatives of W with respect to h. Since W satisfies (9), we
have

Wi;j;k = Z(Cxihjk — ijhik — kahij) - Rk;m'ij; (15)

where ka‘j denote the Riemann curvature tensor of h.
Equation (15) is proved in Lemma 3.1 in [16]. By (15) and the properties of
the Riemann curvature tensor of h, we obtain

Sik;O = 2(h’imcmmyk - Cx"yl) - Rki qumyqa
Sio;k = 2(hlmcxmyk — meymisllc) + Rpiqupwq,
Sy = 268 — 8,8+ 2(cam WS}, — B eem W) — R JWPWY,
Sy = 28— 8,8% 4 2(cam W™y — h'"coemWo) — R, s WPW Y™,
SiO;O = 2(h’imc§mh’2 - C;Oyi) - Rpi mqypqum'
Let A := \/Ah? + W¢. From (2), we have A = A\F + Wy. It is easy to verify
that
h? —2FWy = A\F?. (16)



By (16), we have the following identity
h? — FWy — AF = 0. (17)
Further, by (17) and (9) we obtain the following formulas

2¢F (y, — FWy) + F(FSk + Sko)

Fy = A )
2 F2
F. = 2cF —
-0 c + ) So,
h? F F? F
(Fyk);o = (ESO + QCZ){yk — FWk} — ESOW]@ — Zsko.

By (14) and the above identities and in virtue of Maple program, we first obtain
the following very simple formula:

Rik = Rpiqupyq - FRpiqupyq - FRpiququ
+F?R)  WPWT = FyeR) L Py W™ + FER) Ly WPW™
3czmy™ m i i
+(T — = 2w W ){F25k — FFuy } (18)

It is surprised that all the terms with S* or 8%, do not occur in (18).
Observe that
R, 1q(yF — FWP)(y? — FW1)
=R} vy — FR) /W —FR), WPy' + F’R ), WPW1
and

Rpl mq (yp - FWZD) (yq - FWq)Wm
=R, WY W™ —FR/, WPyIiw™
—FR,) ,*WIW™ + F?R,}, WPWIW™

=R, 'Y W™ — FR), WPyTW™.

Substituting them into (18), we obtain

Rik = Rpikq(yp - pr)(yq - FWQ)
—FyR) ., (F — FWP)(y? — FWO)W™
3egmy™ m i i
+(T — 2 = 2 W ){F25k — FFy } (19)

=y — Flx,y)W"', & = hix



and

h = h(z,§) = V hpg€PEL = v/ §rék, I/T/O = szl
We have
h? = hyg(y” = FWP)(y" = FW) = h* — 2F Wy + F*h(x, W)? = F*.

Thus _ o

Y =&+ hWe.
Observe that

A = AMF=A-W,
= A-Wi(€ +hW?)
A=Wy —h(1—=)).

This gives o
A=h+W,.
By the above identities, we obtain
1 &k
F = — — FW = = =
yk A (yk k) B+ WO )
. o . 1 L .
251 i 251 1 261 1
F=6; — FFry" = h=0p, — &€ — T Wofk(h by — EpE WP,

where yj, 1= hipyt. Let B o
Ry = R €00,
By (19), we obtain the following
Lemma 3.1 Let F = a+ 3 be a Randers metric expressed by (2). Suppose

that it has isotropic S-curvature, S = (n+ 1)cF. Then for any scalar function
p=p(z) on M,

Ri, — (Lx;ym fu—c— 2cxmwm) {F25,§ — FFyky}
= R - (R} - 6ug”) - = fkwo (R, = n(R2o, - 6e") Jwr (20)

4 The Ricci Curvature

In this section, we shall study the Ricci curvature of a Randers metric with
isotropic S-curvature. Let Ric and Ric denote the Ricci curvature of F and h
respectively. They are defined by
Ric:= R™ ,  Ric:=R",.
Let . ~ -
Ric:= R", = R,",,§"¢".
Clearly, Ric = (n — 1)ph? if and only if Ric = (n — 1)uh2.
First we have the following



Lemma 4.1 Let F = a+ 3 be a Randers metric expressed by (2). Suppose
that it has isotropic S-curvature, S = (n+ 1)cF. Then for any scalar function
p=p(z) on M,

3eymy™

F

Ric—(n—l)( +ILL—C2—ZmeWm)F2:§\iE—(n—1),uiL2. (21)

Proof: Observe that
gmén; = é.mRzn;nggJ = §mRimpj§i§j =0
and R R R
En (B2 — 6™ = h2g, — &% = 0.
Then (21) follows from (20). Q.E.D.

From Lemma 4.1 we immediately obtain the following

Theorem 4.2 Let I’ be a Randers metric on n-dimensional manifold M defined
by (2) and let ¢ = c(x) and p = p(x) be scalar functions on M. Suppose
S = (n+1)cF. Then Ric = (n — 1)uh? if and only if

3cymy™

F

Corollary 4.3 Let F be a Randers metric defined by (2). If W is an in-
finitesimal homothety of h (or equivalently, S = (n + 1)cF for some constant

c), then for any scalar function p = p(x), Ric = (n — V)uh? if and only if
Ric = (n —1)(u — &) F?.

Ric = (n — 1){ —i—,u—cQ—ZmeWm}FQ. (22)

Corollary 4.3 is already proved in Theorem 9 in [2] (see also [9]). In fact,
Bao-Robles prove that for a Randers metric F' defined by (2), F is Einstein
Ric = (n — 1)K(2)F?, if and only if S = (n + 1)cF for some constant ¢ and
Ric = (n —1)(K(z) + ¢®)h2.

5 Proof of Theorem 1.1

In this section, we are going to prove Theorem 1.1. First we prove the following

Theorem 5.1 Let F' be a Randers metric on n-dimensional manifold M defined
by (2). Suppose that S = (n + 1)cF where ¢ = ¢(z) is a scalar function. Then
F is of scalar flag curvature if and only if h is of sectional curvature K = p,
where p = p(x) is a scalar function (=constant if n > 3). In this case, the flag
curvature of F is given by

- 3cymy™

K
F

+o, (23)

where 0 1= p — c? — 2c,m W™.



Proof. Assume that F' is of scalar curvature, then by Theorem 1.1 in [4], the

flag curvature is given by
3cymy™
K=—"
F7

where o = o(x) is a scalar function on M. That is, we have

3cymy™

F

Ry = ( +0){F?, — FFy'}.

Let
pi=0+c2 4 2cm WM.

It suffices to show that h has sectional curvature K = . It follows from (20)
that

1
iL—‘rWo

Ry = u(h20) - &g’ - {1, - n(R25, - ,6") fwr = o.

Clearly, we have
R = (20— '), (24)

Thus & has sectional curvature K = p. By the Schur lemma, y = constant in
dimension n > 3.

Conversely, if h has sectional curvature K = pu, then (24) holds. By (20)
again, we get
3cymy™

R = (

where 0 = p1 — ¢? — 2c,mW™. Thus F is of scalar curvature. Q.E.D.

+ a) {F25,§ - FFyky} (25)

Proof of Theorem 1.1: By assumption, the dimension of M is not less than 3.
First we assume that F' = a + ( is of isotropic S-curvature and of scalar flag
curvature. By Theorem 5.1, the flag curvature of F' is given by (23) and h has
constant sectional curvature K = p. At any point, there is a local coordinate
system in which h is given by (3). By the Theorem 1.2 in [16], if S = (n+1)cF,
then ¢ and W are given by (4) and (5) respectively in the same local coordinate
system.

Conversely, assume that there is a local coordinate system in which h, ¢
and W are given by (3), (4) and (5) respectively, then by Theorem 1.2 in [16],
S = (n + 1)cF. Since h has constant sectional curvature K = p, by Theorem
5.1, F is of scalar curvature with flag curvature given by (23). Q.E.D.
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