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Abstract

We classify locally projectively flat Randers metrics with constant
Ricci curvature and obtain a new family of Randers metrics of negative
constant flag curvature.

1 Introduction

One of the fundamental problems in Finsler geometry is to study and character-
ize Finsler metrics of constant flag curvature. The flag curvature is an analogue
of sectional curvature in Riemannian geometry. It measures the rate of changes
of the Finsler metric modulo the changes of the geometry of tangent spaces.

Let (M, F') be a Finsler manifold. For a non-zero vector y € T,M, F induces
an inner product gy on T, M so that F?(y) = gy(y,y). The second variation
of geodesics gives rise to a family of linear maps Ry : T, M = T, M,y € T, M,
at any point p € M. Each Ry is self-adjoint with respect to gy and satisfies
R, (y) = 0. Ry is called the Riemann curvature in the direction y. The Ricci
curvature Ric(y) is the trace of Ry. For a tangent plane P = span{y,u} C
T, M, the flag curvature of {P,y} is defined by

_ gy(Ry(u)au)
K(P,y) = g, (v, y)gy (u,u) — g, (v, w)g, (y,u)’

If the flag curvature is a constant, K = A, then the Ricci curvature is a constant
in the sense that Ric = (n — 1)AF?. If F is Riemannian, i.e., g = gy is inde-
pendent of y, then the flag curvature K(P,y) = K(P) is independent of y € P
and it is the sectional curvature of P C T, M. Thus the flag curvature is an ana-
logue of the sectional curvature in Riemannian geometry. It is well-known that
a Riemannian metric has constant sectional curvature if and only if it is locally
projectively flat, and for any number A, there is, up to an isometry, a unique
local Riemannian metric with constant sectional curvature K = A. However,
this fact is no longer true for general Finsler metrics due to the complexity of
the geometry of tangent spaces (T, M, F).

In fact, there are infinitely many non-projectively flat Finsler metrics with
constant flag curvature. The first family of such examples are constructed in



[BaSh]. They are non-projectively flat Finsler metrics on S® with constant
flag curvature K = 1. Recently, the author has discovered many other non-
projectively flat Finsler metrics with constant flag curvature K = —1,0 and
1. For example, the following Finsler metric F' on the cylindrical domain Q :=
{p=(z,y,p) € R" | 22 + y* < 1} has zero flag curvature K = 0,

V(cyu+20)? +yP(1 - 2* —y?) — (-yu +2v)
1—22—y?

where y = (u,v,¥) € T, = R™ ([Sh3]). See [Sh4] and [BaRo] for other
examples. All of these non-projectively flat examples are in the form F = a+ 3,
where « is a Riemannian metric and 8 is a 1-form. Such Finsler metrics are
called the Randers metrics [Ra).

Randers metrics are special Finsler metrics. One would like to classify Ran-
ders metrics of constant flag curvature, namely, to find an explicit formula for
each isometry class. There are several equations on a and § that characterize
a Randers metric F = a + § of constant flag curvature [Ma] [YaSh] [BaRo].
However, it is still very difficult to find explicit solutions to these equations.
From examples in [BaSh] [Sh3] [Sh4] [BaRo], we do not see any hope to find an
explicit formula for each isometry class.

In this paper, we will classify locally projectively flat Randers metrics of
constant flag curvature. Besides the Minkowski metrics of Randers type, the
only known examples are the Funk metrics on the unit ball B, which are defined
by

F(y) =

?

o VIVP - (xPIyP - &69)%) | (o)
1—[x[? 1—|x*’

yeTB"=R". (1)

By a direct computation, we know that the Funk metrics on B” satisfy (a) K =
—1/4, (b) S =+i(n+1)F and (c) E = £1(n+1)F~'h. Then one would like to
know if there is any other Randers metrics of constant flag curvature. Before we
process to discuss this problem, let us give a brief description on the quantities
S and E. A more precise definition will be given in Section 2 below. Both S
and E measure the average rate of changes of the geometry of tangent spaces
(TyM, F,). S and E are related by Ey(u,v) = S, (y)u'v?, Vu,v € T, M.
Thus (b) implies (c). S(y) is called the S-curvature and Ey : T,M xT,M — R is
called the mean Berwald curvature (or simply the E-curvature) in the direction
y € T,M. S and E are said to be non-Riemannian, because they all vanish
when the Finsler metric is Riemannian.

In this paper, we prove the following

Theorem 1.1 Let F = a+ 8 be an n-dimensional Randers metric of constant
Ricci curvature Ric = (n — 1)AF2. Suppose that F is locally projectively flat
and B Z0. Then A < 0. If A\ =0, F is locally Minkowskian. If A\ = -1/4, F
can be expressed in the following form

_ VIvP = (=PlyP? - &) | (%) (a,y)
F= 1-|x? i1—|x|2i1+(a,x)’

y € ILR", (2)



where a € R™ is a constant vector with |a| < 1. The Randers metric in (2) has
the following properties

(a) K= -1/4,
(b) S=+i(n+1)F,

() E=+i(n+1)F'h,

(d) all geodesics of F are straight lines,

where h denotes the angular metric of F.

Note that for the Randers metric ' = a4+ 8 in (2), the Riemannian metric
a is the well-known Klein metric of constant curvature K = —1, and the norm
[|8]lx of the 1-form 8 with respect to a at x satisfies

1 —|x*)(1 - [a]*)
(1+(a,x))?
Thus F is defined on the unit ball B®. Moreover, it is always positively complete.

Note that when a = 0, the Finsler metric in (2) is the standard Funk metric in
(1) on the unit ball B”.

1-]8l% =

By Theorem 1.1, every locally projectively flat Randers metric with K =0
must be locally Minkowskian. If the Randers metric is not locally projectively
flat, then it is not necessarily locally Minkowskian unless it is positively complete
[Sh3].

Finally, we mention several interesting locally projectively flat Finsler met-
rics of constant flag curvature. The Funk metrics and the Klein-Hilbert metric
on a strongly convex domain in R"™ are projectively flat with negative constant
flag curvature. In 1995-96, R. Bryant constructed infinitely many locally projec-
tively flat Finsler metrics on S™ with constant flag curvature K = 1 [Brl][Br2].
Recently, the author has also discovered some interesting examples [Sh2], among
them is the following Finsler metric on B”:

(VEP = (<P~ (92 + (x,%)
F(y) =
(1= W2 VIV P = (%P = (o))

We show that the above Finsler metric F is locally projectively flat with zero
flag curvature K = 0.

, Y€eEIyB"=R".

2 Preliminaries

Let F be a Finsler metric on a manifold M. In a standard local coordinate
system (zf,y%) in TM, F = F(z,y) is a function of (zf,y?). Let

9ij(z,y) = %[F2]yiyj (z,9)



and (g¥/) := (gi;)~". For a non-zero vector y = y'52;
inner product on T, M,

p € TpM, we obtain an

0

4
FEld

gy(,v) = gij(z,y)u’e?,  uw=u |, v="1'

Oxt
which satisfies that gy(y,y) = F2(y). Let
hy (u,v) := gy(u,v) - F~? (¥)gy (1, ¥)8y (v, ¥), u,veTpM.

hy is called an angular form on T, M associated with y.
The geodesics of F' are characterized locally by

&2zt
dt?

+2G° (x Z—j) —0,

where

) 1, a %)
Gi(e,y) = 10" @ {255 (0,9) - S5 (@,9) JyPy".

The second variation of geodesics gives rise to a family of linear maps Ry, =
Rl (z,y)dz* ® 8—‘2; p: TpM — T, M, where R, = R',(x,y) are given by

, 9G? . 9*Gt . OG? 0G* 8GY
i =907 i O oqi 7 97 9
By azk Y Oxidy* +2G Oyioyt  Oyi oy 3)

For any non-zero y € T, M, Ry satisfies
Ry(y) =0,
gy (Ry(u), v) =gy (u, Ry(v)), u,veil,M.
The Ricci curvature Ric(y) is defined to be the trace of Ry,
Ric(y) := R" (@,y).

One can easily verify that for any tangent plane P = span{y,u} C T, M,
the following quantity K(P,y) is well-defined,

gy (Ry(u), u
K(Py) = F2((y>hy(u, 13-

K(P,y) is called the flag curvature of the “flag” {P,y}.
A Finsler metric F is said to be of constant flag curvature K = A, if for any
yePCT,M,
K(P,y) = \.

This is equivalent to the following identity,

Ri, = A{F%;; - FFyy} (4)
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If (4) holds, then R™ = (n—1)AF?2. That is, if K = A, then Ric = (n—1)AF2.

When F = \/a;;(z)y’y/ is a Riemannian metric, R, = R’ (x)y’y’, where
Rjikl denote the coefficients of the usual Riemannian curvature tensor. In this
case, the flag curvature K(P,y) = K(P) is independent of the direction y € P
and it is just the sectional curvature of P C T,M. Thus the flag curvature is
an analogue of the sectional curvature in Riemannian geometry.

There are many interesting non-Riemannian quantities in Finsler geometry
such as the Cartan torsion, the Landsberg curvature and the Berwald curvature,
etc. ([Sh1][Sh5]). In this paper, we will only discuss the E-curvature and the
S-curvature which are closely related to the flag curvature.

Let F be a Finsler metric on an n-dimensional manifold M and G* = G¥(z,y)
denote the geodesic coeflicients of F' in a standard local coordinate system
(z%,y7) in TM. For any non-zero vector y = y'z2;|, € T, M, the E-curvature
Ey : T,M x T,M — R is a symmetric linear form defined by

1 8G™ o
Ey(u,v) = §W($a y)u'v!, (5)

— i 0
where u = u Bt

pand v= vi% p € T,M. Ey has the following properties

EAY(“7 V) = )‘_lEy(ua V)7 Ey(YaV) =0,

where A > 0.
The volume form of F, dVy = o(z)dz! - - - dz™, is defined by

o(x) :

Wn
~ Vol{(y)) €R™ | Fly 5o

o) <1}

where wy, denotes the volume of the unit ball in Euclidean space R"™. For any
y :y’% p €ET,M, let

det(gi;(2,y))

- o[ )

7(y) =In (@)

7(y) is an invariant of F,, on T,M. We know that at any point p € M, 7(y) =

0, Yy € T, M if and only if F, is Euclidean ([Sh5]). The S-curvature is defined
to be the rate of changes of T along geodesics, i.e.,

S(v) = & [r(e(t)] y € TM,

’
t=0

where ¢(t) is the geodesic with ¢(0) = p and ¢(0) = y. In a local coordinate
system,

aG™ y™ do

AP LA 0
- oym i o(z) fz™

(z), y = yi—|p e T, M. (6)

S(y) B



It follows from (5) and (6) that

1 .
Ey(u,v) = §Syiyj (y)u'e’. (7N

F is said to have constant E-curvature ¢, denoted by E = (n + 1)c F~'h, if
for any p € M and any non-zero vector y € T, M,

Ey(u,v) = (n+ 1)eF (y)hy(u,v), u,vel, M.

F is said to have constant S-curvature ¢, denoted by S = (n + 1)c F, if for any
p € M and any non-zero vector y € T, M,

S(y) = (n + L)cF(y).

From (7), we see that S = (n + 1)cF, then E = £(n + 1)cF~'h. The converse
might not be true, although no example has been found yet. See [Sh1][Sh5] for
more details on the E-curvature and the S-curvature.

It is worth mentioning the recent result by X. Mo [Mo] that if an n-dimensional
Finsler metric is isotropic, i.e., the flag curvature K(P,y) = K(y) is indepen-
dent of P containing y, and it has constant S-curvature, S = (n + 1)cF, then
the flag curvature K(y) = K(p) is independent of y € T, M for any point p € M
and K(p) = constant when n > 3.

Randers metrics are among the simplest non-Riemannian Finsler metrics,
because that many well-known geometric quantities are computable for Randers
metrics.

Let F = a + 8 be a Randers metric on a manifold M, where

a(y) = \/ai(@)yiyd,  Bly) = bi(2)y’
with ||8]lp := supyer, m B(y)/a(y) < 1. Define b;; by
by ;67 := db; — b;8,,

where ¢ := da’ and ;7 := T, dz* denote the Levi-Civita connection forms of
a. Let

Tij i= %(bilj + bjlz')a 8ij i= %(bilj - bjlz')a

sij i=a"spy, 85 bisi]’a eij =Ty +bis; +bjsg.
Then G are given by
. — . € . . .
G'= G+ ooy’ — sy’ +as, (8)

where eqo = eiy'y?, 50 := s;y° and s%y 1= s';y7. See [AIM]. Let

€00
P .= _— — g.
2F %0

The S-curvature is given by
€00
S=n+D{P-dpy)} = (n+ {2 — 50— dp(¥) }, (9)
where p :=1In+/1— ||8]|2. See (5.34) in [Sh1].



3 Projectively Flat Randers Metrics

In this section, we are going to study locally projectively flat Randers metrics
with constant Ricci curvature.

Let F = a + 8 be a Randers metric on an n-dimensional manifold M. First
we assume that F is locally projectively flat. Let

P .= bi|jyiyj, U= bi|j|kyiyjyk-

According to [Halc], 8 must be closed , that is,

1
sij = 5(bij = bj) = 0.
Hence s; = 0 and
p_to_ . _To+285% 1o _ 2
T oF T 2F T oF ~ 2F"
It follows from (8) that S .
G' =G + Py’

This implies that the Riemann curvature Ry = R’ dz* ® % of F is related to
the Riemann curvature Ry = Ri dz* ® % of @ by

L R CE A AT R

where 1 1
Tk = F(bi|j|k = bik)y'y = _ﬁbjR]k-

Note that the last term 7y in [Shl, (8.54)] is missing.
From (10), we obtain a relationship between the Ricci curvature Ric =
(n — 1)R of F and the Ricci curvature Ric = (n — 1)R of a.
_ d\2 T
R=R+3() -
* 2F

5T (11)

Since 8 is closed , F' must be pointwise projectively equivalent to a. Thus
a must be locally projectively flat. This implies that « is of constant curvature
K = g,

Ry = ua2{5i - a;k y} (12)

In particular, R = pa?. Therefore F has constant Ricci curvature Ric = (n —
1)AF? if and only if
2+3(3)2—E—AF2 (13)
per oF) “2F ~



Remark 3.1 It follows from (10) and (12) that

Ry = AF?8, + &y,

where 7, are some local functions on TM with 7y* = —AF2. Thus F must

have constant flag curvature K = A.

Lemma 3.2 Let F = a + S be a locally projectively flat Randers metric.

pose that F has constant Ricci curvature, Ric = (n — 1)AF?2. Then
(a) F has constant flag curvature K = A <0,

(b) o has constant curvature, K = p = 4, and

(c)
oo = £2vV-\(a? — §?).

where ey := €Y'y’ .
Proof: It follows from (13) that

po(a+ B)* + %@2 - %lIl(a +8) = AMa+ B)%.

(15) is equivalent to the following two equations

28 = LU+ (-’ +(6) - wa’B + A5
ST = (u— AN - A8

Plugging (17) into (16) yields
Zqﬂ — (A — m)a’ + (2) + p)a B — 3N,
Differentiating (18), we obtain
g‘l’ bijiky'y’ = 22X + ) B by’ — 1228° byy’.

Contracting (19) with y* yields
3
2
Plugging (17) into (20) yields

QU = 2(2\ + p)a’® B — 12)5°.

4(u — 4N ®a*B* = 0.

Sup-

(15)

(16)

(17)

(18)



First, we assume that 32 £ 0. Then

w=4X
Plugging it into (18) yields
®? = —4)(a® - )% (21)
We see that A < 0 and
® = 2ev/—\(a? - §?). (22)

where € = +1.

Now we assume that ®3%2 = 0. We are going to show that (22) still holds
with A=0. Let & := {p € M | B, Z 0}. By assumption § # 0, we know that
U is a non-empty open subset of M. For a point p € U, for any y € T, M with
Bp(y) # 0, we have

Tp(y) =0.
Since the hyperplane 8, = 0 has zero measure in T, M, we conclude that ¢, = 0.
Then 3 is parallel and ¥ = 0 on Y. It follows from (15) that the following holds
on U,
pa? = Aa + B)2.
We conclude that 4 = 4X = 0. Now at any point in M, (16) and (17) simplify
to

3 1 1

292 = _80, -0 =0.

4 26 ’ 2 0
We conclude that ® = 0 on M and (22) holds everywhere on M with A = 0.
Since 8 is closed, ® = eqp. Thus (22) is equivalent to (14). Q.E.D.

Remark 3.3 During the preparation of this paper, the author was informed
that D. Bao and C. Robles has shown that for any Randers metric with constant
Ricci curvature, there is a scalar function ¢ = ¢(z) such that egg = 2¢(a? — 52).
See [BaRo]. But it is not clear if ¢ is a constant.

4 Proof of Theorem 1.1

First, we assume that A = 0. Then by Lemma 3.2, « is flat and ® = 0. This
implies that b.i|j = 0. r__[’hus 3 is parallel with respect to «. In this case, F
is flat with G*(z,y) = G*(z,y) quadratic in y. We conclude that F is locally
Minkowskian.

Now we assume that A < 0. Then « has negative constant curvature y =

4. By scaling, we may assume that o has constant curvature y = —1, hence
A= —1/4. It follows from (22) that

bij; = €(as; — biby). (23)



We express a = y/a;;y*y’ in the following Klein form,

_ VIvP = (xPly[? - (x,¥)?)
a = ’
1- |x]?

y € T,B". (24)

We can also express § = by’ in the gradient form,

. (x,y)
1—|x[?

6 = +€d§0(y)7

where ¢ is a scalar function on B™ and € = %1 is same as in (22) and (23). The
Christoffel symbols of a are given by

k§i 4 i
i z"8% + 27 0y,

kT2 |x|2

The covariant derivatives of § with respect to a are given by

8zi0zi 1 - |x|? i Ozt
and 1 9 dp\  Op O
b= —— (5. i 9P 9P _ 9P 9P
aij = bibj = || (5” T oa T g ) Ozt Oz’
It follows from (23) that
8% 8¢ Op
Ox'0zd = Ox' OxJ (25)
Let f = exp(p). Then (25) simplifies to
0% f
— —=. 26
Ox'0xI 0 (26)
Thus f is a linear function
f=c(1+ (a,x)), e¢>0.
We obtain that
p=Inc+In(1+ (a,x)).
Finally, we find the most general solution for 3,
6 —¢ (X, y> + (a7 y> y c TxBn (27)

TP T+ (ax)

Let F = a + 8 be a Randers metric, where @ and § are given by (24) and
(27), respectively. By the above argument, (23) holds. Thus

& = b’y = e(0® - B°). (28)
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Since 8 is closed and a has constant curvature g = —1, F is locally projectively
flat. It follows from (23) that

bi|j|k = —E(bi|kbj + bibﬂk) = —a;pb; — a;pb; + 2b;b;by.

This gives o
U= by y'y’y" = —28(a” - 7). (29)
Using (28) and (29), we compute the terms in (10) as follows.
a3\ T, 1,
3(55) — 55 =0°— 5F (30)
a
Tk — F(abk - aykﬂ) (31)

Plugging (30) and (31) into (10) yields

R = —iﬁ{ag - Flfg" v}

Thus F' has constant flag curvature K = —1/4.
Now we compute the S-curvature. By a direct computation, we obtain

(L= )L~ o)
(1 + {a, x))

Since F' is a Randers metric defined nearby the origin, we conclude that

1-]8l% = (32)

lal < 1.
By (32), p:=1n+/1—||8]|2 is given by
p=In+/1—|x2 —In(1 + (a,x}) + In/1 — |a|2.

We obtain

__ xy) (ay) _
dp(y) = -7 E T Tt () —eB.

On the other hand,

® €

Plugging them into (9), we obtain

€

5=3

(n+1)F.
Differentiating S and using (7), we obtain
E= i(n +1)Fh.

This completes the proof of Theorem 1.1. Q.E.D.
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