*

On Randers Metrics with Isotropic S-Curvature
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Abstract
In this paper, we give an explicit formula for those defined on a Rie-
mannian space form. This class contains all Randers metrics of constant
flag curvature.

1 Introduction

In Finsler geometry, the S-curvature is originally introduced for the volume
comparison theorem [14]. It is a non-Riemannian quantity which interacts with
the flag curvature in a delicate way [5] [10] [19]. In this paper, we will study
Randers metrics of isotropic S-curvature.

A Randers metric is a Finsler metric in the form F = a + 3, where a =
Vaijy'y? and § = b;y'. Early in 2001, the first author discovered that some
Randers metrics of constant flag curvature have constant S-curvature [16], [17].
Later on, Bao-Roble show that every Randers metrics of constant flag curvature
is of constant S-curvature [1]. This lets further investigation on Randers metrics
of isotropic S-curvature (equivalently, ¢ = ¢(x) is a scalar function in (1)). We
prove that a Randers metric F' = a4+ 3 is of isotropic S-curvature S = (n+1)cF
if and only if 3 satisfies the following equation:

Tij + biSj + bjSl' = 20(&@' — bibj), (1)

where 7;; := %(bﬂj +bj)i), 845 := %(bﬂj —bjji), 8i = Vsj;. Here b;|; denote the
coefficients of the covariant derivative of 8 with respect to « [6]. However, it is
difficult to find explicit solutions of (1). This difficulty can be overcome if we
express Randers metrics F' = « + 3 in the following form

— \/h(xa y>2 — [h(xa Wx)2h($, y>2 — <ya WI>%] _ <ya W96>h (2)
- 1 — h(z, W,)? 1 — h(z, Wy)?’

F

where h(z,y) = \/hij(z)y’y’ is a Riemannian metric, W is a vector field on M
with h(z,W;) < 1 for all z € M and (, ); denotes the inner product defined
by h. In [21], the second author shows that a Randers metric F = a+ § is of
isotropic S-curvature S = (n + 1)cF if and only if W satisfies

Wij + Wi = —4chij, 3)
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where W; := hijo and W;,; denote the coefficients of the covariant derivative
of W with respect to h. Clearly, equation (3) is much simpler than (1).

In this paper, we shall find the general solution W of (3) when h is of constant
curvature. Then we obtain a class of Randers metrics of isotropic S-curvature
by (2).

As we know, every Riemannian metric h of constant sectional curvature pu
is locally isometric to the following metric h, on R",

y VPP = @ ) "
g L+ paf? /

where y € T,R™ =2 R™ and | - | denotes the standard Euclidean norm. The
domain of h, is the open ball B*(r,) C R", where r,, where r, := +oo if
p > 0and r, :=1/\/=uif p < 0. At any point z = (z*) € B"(r,) C R",
we can identify a tangent vector Wi% + € T,R™ with a vector (W?%) € R"
in a canonical way. Thus we may write vector field W on B"(r,) in the form
W = (W'(z)).
Theorem 1.1 Let h = h,, be the Riemannian metric in (4) and W = (W?) be
a vector field on the open ball B™(r,) C R". Let F = a+ 3 be the Randers
metric on B"(r,) C R™ which is expressed in terms of h and W by (2).
Assume that n > 3. Then F has isotropic S-curvature, S = (n + 1)cF for
some scalar function ¢ = c(x), if and only if

= M. (5)
VIt il

where X is a constant and a € R™ is a constant vector, and W = (W?) of (3) is
given by

|z%a
V1+plz2+1

where @ = (qji) is an anti-symmetric matriz and b = (b*) € R™ is a constant
vector.

W:—Z{()\ 1+,u|x|2+<a,x>)x— }—i—xQ—l—b—l—,u(b,:c}x, (6)

The two-dimensional case is more delicate. See section 4 below.

We should point out that the class of Randers metrics defined by (2) using
h = h, in (4) and W = (W) in (6) includes all Randers metrics of constant
flag curvature. More precisely, F' = o + (3 is of constant flag curvature if and
only if ¢ = (A + (a,z))/+/1 + p|z|? is a constant [3]. Recent study shows that
all Randers metrics defined by (2) using h = h,, in (4) and W = (W?) in (6) are
of scalar flag curvature [8].

Acknowledgment: After the paper is submitted, the referee informed us that
the general solution of (6) when h has constant curvature in the conformal form
has been obtained by Y. B. Shen ([13]). His solutions for ¢ and W are expressed
in different forms. The authors would like to thank the referee for his valuable
comments.



2 Preliminaries

Finsler metrics under our consideration are always positive definite, namely,
if F = F(z,y) is a Finsler metric on an n-dimensional manifold M, then
in any standard local coordinate system (z%,y’) in TM, the matrix g;; :=
2[F?],iyi (z,y) > 0 is positive definite for any y # 0. The Hausdorff-Busemann

volume form dV = op(x)dz! A -+ A dz™ is defined by

Vol(B™
op(z) = : ( ) .
Vol{ (y7) € R" | F(yiz.) <1}
The Finsler metric F induces a vector field G = v/ 621' —2G¢ 621' on T M defined

by 1
Gt = Zg“{[F2]x’“yl (x,y)yk - [F2]xz($,y)},

where (g%7) := (¢;5)~". The S-curvature is defined by

= (;?Cj—: —ym&cim(lnap).

For Riemannian metrics, the S-curvature vanishes. S is said to be isotropic if
there is a scalar function ¢ = ¢(x) on M such that

S =(n+1)cF.

As we mentioned early in the introduction, for a Randers metric F' = o+ (8
expressed by (2), equation (1) is equivalent to (3). Equation (3) has been studied
a long time ago in [9]. The following lemma is staright forward by Ricci identity.
See (69.2) in [9].

Lemma 2.1 Let (M, h) be an n-dimensional Riemannian manifold. Let W =
w? 621' be a vector field on M satisfying (3) where ¢ = c(z) is a scalar function
on M, W; := hijW? and W;,; denote the coefficients of the covariant derivatives
of W with respect to h. Then

Whsisj = 2{C;khz‘j = il — C;jhkz} = Wi R} (7)
By Lemma 2.1, we can prove the following

Lemma 2.2 Let W satisfy (3) for some scalar function ¢ = c¢(x). Assume that
h has constant curvature . Then c satisfies

V2c + pch = 0, (n>3) (8)

Ac+ 2uch =0, (n=2) (9)
where V and A denote the Hessian and Laplacian of h respectively.



Proof. 1t is easy to prove this lemma. For readers’ convenience, we give the
details below.

First, we assume that (M, h) is an n-dimensional Riemannian manifold. Let
W =W 821- be a vector field on M and ¢ = ¢(z) be a scalar function on M
satisfying (3) for some scalar function ¢ = ¢(x). By (7),

Wisgae = 2{ cuin = ehns — cuhis } = W R (10)
Differentiating (10) yields
Wit = 2{C;i;lhjk — b — C;k;lhij} — W R — Wi R0 (11)
Exchanging the indices k£ and [ yields
Wissa = 2{C;i;khﬂ — ey — C;l;khij} — Wk R = W Ry (12)

Note that ¢ = ¢(x) is a scalar function, thus ¢y = ¢y. It follows from (11)
and (12) that

Wijiea = Wigake = Z{C;i;lhjk + C;j;khli} - 2{C;j;lhki + C;i;khjl}
+Wm;len;j - Wm;len;j + Wm{Rl%;k - Rkn;j;l}'

Applying the Ricci identity Wijieq — Wi = Wingj B, + Wim R, and the
identity (3) to the above identity, one obtains

2{C;i;lhjk + C;j;khli} - 2{C;j;lhki + C;i;khjl}
= 4Ry + Wm{R,g’;j;l - R/;?j;k}
+Wm;jRinlzl - Wm;iRjnil + Wm;len;j — Wik RlTj- (13)
Now we assume that h has constant curvature p, i.e.,
ka;j = ,u{(slmhjk - 5gnhlk}
By (3), we obtain from (13) that
{C;i;lhjk + C;j;khli} - {C;j;lhki + C;i;khjl} = 2H0{hjlhik - hjkhil}- (14)

At a point, we may choose an orthonormal basis so that h;; = d;;. In (13),
letting k = j and I =i (i # j) yields

Ciisi + €35+ 2pc =0 (i #J). (15)
When n > 3, it follows from (15) that

i + pe = 0. (16)



For any 4,1, there is m #4,1. In (13), letting j = k = m, one obtains
Cil + C;m;misil + 2ucd; = 0. (17)

By (16), ¢.m;m = —pc. Plugging it into (17) yields (8).
In dimension n = 2, (9) follows from (15) directly. Q.E.D.

Remark 2.3 Tashiro has shown that if a complete Riennian manifold (M, h)
with a vector field W and scalar function c satisfies (3) and (8) with p = 1, then
it is isometric to the standard unit sphere ([20]).

3 Theorems 1.1

In this section, we are going to prove Theorem 1.1. Throughout this section, we
always assume that the dimension is greader than two.

By assumption h = p,, is given by (4) and the Randers metric ' = a + ( is
defined by (2). We first determine the scalar function ¢ = ¢(x). According to
Lemma 2.2, ¢ satisfies

Ciirj + pchij =0, (18)
where o

ij pr'xd

Lt plz? (14 plz?)>

hij =
If T = Tydx' is a 1-form, then

oT; Ty + 29T,
ozi M1 pa?

Ty =

By (19), we obtain
Tley +adcy
Ciizj = Cgigi + [h— 1+ plz)?

d%¢

0z 0x7

1é)
where c,i = 5% and cpigs =

f=+/14 u|z|? c. We have
foras = VT 1P ey + pehiy } = 0.

denote the partial derivatives of c¢. Let

Thus
f=A+(a,z),

where A is a constant and a € R™ is a constant vector. We obtain a general

formula for ¢,
A+ (a,z)

VIl

For the above ¢, we can solve (3) for W.



Case 1: p=0. Let
P; :=W; — |z?a" + 2(\ + {a, z))z".

Then (3) is equivalent to
0P, OP;
Oxd ~ Oxt

By an elementary argument (see [3]), we get

=0.

Pl' = {quji + bi,

where Q = (g;') is an anti-symmetric matrix and b = (b') € R™ is a constant
vector. We obtain
|z

Wi=W, = —2{()\ + (a, )2’ — Tal} +quji + b

Case 2: pu # 0. Let

Pl = Wl — —Cy
i
Then P; satisfy
Pij+ Pji = 0. (20)
Using (19), we can rewrite (20) as follows:
8P1 8PJ .IlPJ—i-{EJPli

9 oz M1 wlx2
Let H; := (1 + p|z|?)P;. We obtain

OH; 8Hj 2 OP; OP; iji + ' P;
BN S R L
Oxi = Oxt (14 szl OxJ + ox? +ap 1+ plz[?

By a similar argument for P; in the case when p = 0, we obtain

where Q = (¢;') is an anti-symmetric matrix and v = (v') € R" is a constant
vector. Thus

Pi= (1+ plz?) {alq + o'},

A direct computation yields

@ A+ (0,2
Ci = - N3/2 " (21)
VIt plz2 o (1 ple?)3/
We obtain
2
W’i = P’L =+ —Cy
I

2a’ 2(\ + (a, x))z’
TS eE | (L + e

=t ue) g o)+



Finally, we completely determine W* = h7W;.
Wi=2\1+ ,u|x|2{,u71ai - )\:cl} + quji + o' + (v, T)z’.
We express

pmN A+ ple = #71{V1+#|xl2—1}+u’1
|z]?
V1+plz2+1

-1

Let _ _ _
boi=v" 4+ 2u al
We obtain
) ) 2 2.1
wh = —2()\ 1+ pl|x)2+ <a,x>)xl + _ 2l
V1+plz?2+1
+quij + b+ (b, x)a’.
Q.E.D.

Note that (B™(r,), hy) is incomplete when p > 0. The global version of the
above results can be stated as follows.

Theorem 3.1 Let S™ denote the standard unit n-sphere in R"*1 (n > 2) with
the induced Riemannian metric h = \/hi;yiy? of constant curvature p = 1. Let
W be a vector field on S™ with |[Wg|ln < 1 for allz € M. Let F = o+ (3 be
defined by (2). If F has isotropic S-curvature, S = (n + 1)cF for some scalar
function ¢ = ¢(x) on M, then c¢ is an eigenfunction corresponding to the first
eigenvalue \1 = n. Hence it satisfies

Ciisj + Chij = O, (22)

In this case, W = W* 621' is given by

W' = P4 2¢, (23)

where P = P? 621' is a Killing vector field on S™ and V¢ = ¢! 621' is the gradient
of ¢ on S™.

Conversely, if ¢ is an eigenfunction on S™ satisfying (22) and W is given by
(23), then the Randers metric F' = o+ (8 defined by (2) using W has isotropic
S-curvature, S = (n+)cF.

The Killing vector field P in (23) can be locally expressed as well as the
gradient Ve = ¢' 52 on S™.

Now let us find out the local expressions for P = P? 621‘ and Ve = ¢ 621‘
when the underlying metric A = h; in (4) is expressed by

b= VI + (2Ply — (@, 9)?)
1L+ [a]? ’




where y € T, R" = R". From the proof of Theorem 1.1, we have
i = (L2712 = (1+1al?) 2 A+ (a,2) Jo',
P = (4 [ef) {alq + o'},

Then P = P!

1é) __ i 0 :
5,7 and Ve = ¢'575 are given by
Pt = quji +o' + (v, 2)a?,

¢ = m{ai — )\:cl}.

4 The two-dimensional case

The two- dnnensmnal case is more delicate. We can characterize the vector fields
W = W' + W2 L satisfying (3) as follows.
Assume that a 1 form W* := Widx + Wady satisfies (3). Let

Pi={1+p@*+y*) W1, Q:= {1+ u(*+y*)}W;

and z := !,y := 22, Then P and Q satisfy

orP 0Q 4dpcxy
dy Yo 1+ p(a? 4+ y2)’ (24)
oP (1 + pa®)(1 + py?) 2, 0Q
1 -2 =(1 —. 2
( +‘“”)ax T3 a1 ) ( +uy)8y (25)
It follows from (24) and (25) that
P 9@ 1 9P 1 9Q
8y+8:c ’uy{l—i-,qu(?:c—i_l—l-,u:cQay} (26)
1 0P 1 9Q (27)

1+ puy? 0z 1+;L502@:
Conversely, if P and @ satisfy (26) and (27), respectively, then they satisfy (24)
and (25) with

1+,u(x +y)8P 1+;L(x +y)8Q

28
20+ uy?) ox 201+ pa) oy’ (28)

Let W=W'2 + W22 f’ be defined by
W= (1+pa® )P+ pzyQ,  W?:i=(1+p?)Q + pzyP.  (29)

Then Randers metric F' = o + ( defined by (2) or (??) using W has isotropic
S-curvature S = 3¢F, where ¢ is given by (28).

We have proved the following



Theorem 4.1 Let W = Wl% + W28% be a vector field on the Riemannian
space form (B2(r,), h,) and F = a+ 3 be the Randers metric on B*(r,,) defined
by (2) or (??) using W. Then F has isotropic S-curvature, S = 3cF, if and
only if the components W' and W? are given by (29), where P,Q satisfy (26)
and (27) respectively. In this case, the scalar function ¢ = c(z) is given by (28).

The case when p = 0 is very interesting. In this case, W' = P and W2 = Q.
(26) and (27) become

P 9Q
oy "o (30)
P 9Q

e 0. (31)

W :=wt 6%+W2£% satisfies (30) and (31), then the Randers metric F' = a+43
defined by (??) using W has isotropic S-curvature, S = 3¢F, where

_lop _ _19Q
20r 20y’

c:=
Remark 4.2 Let z := x + iy and define

f(Z) = P(xay) —|—zQ(x,y)

Then (30) and (31) are equivalent to that f is a holomorphic function on the
complex plane.

By the above remark, we can easily construct some examples. Let
f=A+4+Bz+Cz*+ D23,

where A = Al +’LA2,B = Bl +’LB2,C = Cl +’LCQ and D = Dl +’LD2 are
constants. Then

P = Ay + Bix — Boy + Cy(2® — y*) — 202xy + Dy (2% — 323?) — Do (32%y — 4°),
Q Ay + Byy + Box + 2C1zy + Oy(2? — y?) + D1 (32%y — 3) + Da(2® — 323?).

Then P, Q satisfy (30) and (31). The Randers metric F' = o + (3 defined by

(2) using W = Wl% + W28%’ where W' = P and W? = @, has isotropic
S-curvature, S = 3cF’, where c is given by

1
c= _i{Bl +2C12 — 2Cy + 3D; (2% — %) — 6D2xy}.
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