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Abstract

(a, B)-metrics form a rich class of computable Finsler metrics. Many
(a, B)-metrics with special curvature properties have been found and dis-
cussed. They play an important role in Finsler geometry. In this article,
we introduce the recent developments in the study of («, 3)-metrics.

1 Introduction

In the past several years, we witness a rapid development in Finsler geometry. Various
curvatures have been studied and their geometric meanings are better understood.
This is partially due to the study of a special class of Finsler metrics. The special
Finsler metrics we are going to discuss are expressed in terms of a Riemannian metric
a = y/a;;y'y’ and a 1-form B = b;y’. They are called («, 3)-metrics. The simplest
(a, B)-metrics are the Randers metrics F' = o+ . Thus more intensive study has
done on Randers metrics than other metrics. For example, a complete list of local
structures of Randers metrics of constant flag curvature has been given in [13] recently.
This motivates people to study more general (o, 3)-metrics. In this article, we will
introduce the recent development of (o, §)-metrics with special curvature properties.

2 Preliminaries

There are two important volume forms in Finsler geometry. One is the Busemann-
Hausdorff volume form and the other is the Holmes-Thompson volume form.

For a Finsler metric F' = F(x,y) on an n-dimensional manifold M, the Holmes-
Thompson volume form dVyr = ogr(x)dz is given by

1
our(T) = —/ det ( gij(x,y) | dy,
wn Jip(y)<1y ( ! )
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and the Busemann-Hausdorff volume form dVg = ogg(x)dx is given by

Wn

~ Vol{(y?) € R"|F(z,y) < 1}

O'BH(:E)
Here
1
Wt o= Vol(B"(1)):nVol(S"*1)

= lVol(S"*Z’)/ sin”~2(t)dt.
n 0

When F = y/g¢;;(z)y’y’ is a Riemannian metric, both volume forms reduce to the

same Riemannian volume form
dVBH = dVHT = det(gij)dx.
For a Finsler metric, the geodesics are characterized by a system of 2nd ODEs:

# 4+ 2G(z, %) =0,

where )
G = 19 { (g™ = [F2,1}.
G* define a global vector field G := y' 52 — 2G* 621' on TM. G is called the spray of

F and the local functions G are called the spray coefficients of F'.
For a Finsler metric F' and a volume form dV = o(z)dz on an n-dimensional
manifold M, the S-curvature S is given by

. ogm mOlno
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S
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The volume form can be the Busemann-Hausdorff volume form dVgy = oggdx or the
Holmes-Thompson volume form dVrgy = org(x)dz. Unless specified, the S-curvature
usually is defined with respect to the Busemann-Hausdorff volume form.

Definition 2.1 Let F be a Finsler metric on an n-dimensional manifold M.

(a) F is of weakly isotropic S-curvature if there exist a scalar function ¢ = ¢(x) and
a 1-form n on M such that the S-curvature is in the following form,

S=(n+1)c(z)F +n.
(b) F is of almost isotropic S-curvature if ¢ = ¢(x) is a scalar function and 7 is a
closed 1-form on M;
(¢) F is of isotropic S-curvature if ¢ = ¢(z) is a scalar function and n = 0;

(d) F is of constant S-curvature if ¢ is a constant and n = 0.

A Finsler metric F' is called a Berwald metric if its spray coefficients

T j
G =3 @)y



are quadratic in y = yi% » € T;M for any x € M. Thus Riemannian metrics are
special Berwald metrics. The local structure of Berwald metrics has been completely
determined [49].

It is known that for a Berwald metric, the S-curvature (with respect to the
Busemann-Hausdorff volume form) vanishes, S = 0. Thus Finsler metrics with van-
ishing S-curvature can be regarded as generalized Berwald metrics.

There is another important quantity—the Landsberg tensor defined by

1 PGt
Ly =—-FFi————. 2
gH 27 Y Oy Oyk oyl 2)
Finsler metrics with Lj;i; = 0 are called Landsberg metrics. It is obvious that if

G = %F;k(x)yjyk are quadratic in y = y' 52|, € T, M for any z € M, then Lj; = 0.
Thus every Berwald metric is a Landsberg metric. Landsberg metrics can be regarded
as generalized Berwald metrics. It is a long existing open problem whether or not any
Landsberg metric is a Berwald metric.

In projective geometry of Finsler manifolds, there is an important projectively
invariant quantity—the Douglas tensor defined by

, OBIIY
Djlkl = : k 10
Oy’ y* Oy
where L agm
.= G — — .
n+1 dy™ 4

In local coordinates, the following three conditions are equivalent
D jikl =0,

i 1o j i
G' = ST (@)y'y" + P, y)y',
DY =Gy — Gy’ = A, (2)y 'y
A Finsler metric is called a Douglas metric if Djikl = 0. The notion of Douglas
metrics is first introduced in [6]. Douglas metrics are regarded as generalized Berwald
metrics.

Finally, we come to the most important quantity — the Riemann curvature defined
by
8_Gi B 02G" 02G" B oG* 9G™
Oxk (?scm(?yky Aymoyk  Oy™ Iyk
The flag curvature K = K(P,y) of a flag (P,y), where P = span{y,u} C T, M is
defined by

" 2G™

Rik = 2

_ 9i; R, (@, y)u uF

- F(w,9)2gi(@, y)utd — [gij(z,y)yiud]?
It is a natural problem to investigate Finsler metrics with special flag curvature prop-
erties.

Definition 2.2 Let F' = F(z,y) be a Finsler metric on a manifold M.



(a) F is of scalar flag curvature if K = K(x,y) is independent of P containing
y € Ty M;

(b) F is of weakly isotropic flag curvature if K = 3n/F + o, where 7 is a 1-form
and o = o(z) is a scalar function on M;

(¢) F is of almost isotropic flag curvature if K = 3¢,my™/F + o, where ¢ = ¢(z)
and o = o(z) are scalar functions on M;

(d) F is of isotropic flag curvature if K = o where o = o(z) is a scalar function on
M.

3

(e) F is of constant flag curvature if K = o = constant.

By Schur Lemma, in dimension n > 3, if F' is of isotropic flag curvature, then it
is of constant flag curvature.
The S-curvature is closely related to the flag curvature.

Theorem 2.3 ([16]) Let F be a Finsler metric of scalar flag curvature on a manifold
M. Suppose that the S-curvature is almost isotropic, S = (n+1)cF+n, where ¢ = ¢(x)
is a scalar function and n = 0y’ is a closed 1-form, then the flag curvature is almost
isotropic in the following form

_ Begmy™

F

K + o,

where o = o(x) is a scalar function on M.

Let F be a Finsler metric of scalar flag curvature on a manifold M. In [33], we
find a sufficient and necessary condition on a non-Riemannian quantity for the flag
curvature to be weakly isotropic.

3 («,()-metrics

In Finsler geometry, it is in general very difficult to compute the curvatures of a
Finsler metric. Some Finsler metrics are defined by some elementary functions, but
their expressions of curvatures are extremely complicated so that one can not easily
determine their values.

There is a class of Finsler metrics defined by a Riemannian metric and a 1-form
on a manifold, which is relatively simple with interesting curvature properties. More
important, these metrics are “computable”. Thus they first deserve our attention.

Let a = y/a;j(x)y'y’ be a Riemannian metric and 8 = b;(z)y" be a 1-form on
an n-dimensional manifold M. Using o and (3 one can define a function on TM as
follows

F = ad¢(s), s=—. (3)

(0%

where ¢ = ¢(s) is a C* positive function on an open interval (—b,,b,). The norm
|8z ||l of B with respect to « is defined by

WBolla = sup DY) i (@b )b (a).
Vo alz,y)

In order to define F', 5 must satisfy the condition ||;||a < b, for all z € M.



To find a condition on the function ¢ such that F' in (3) is a Finsler metric, one

computes the Hessian g;; := 1[F?],:,; as follows,

Gij = paij + pobib; + p1(bio; + bjas) — sproyiay,
where a; := a,: and
p= 0" — 500, po = o¢" +¢'¢,
p1 = —s(¢p¢" +¢'d') + ¢4,

where the functions are evaluated on s := §/a. By linear algebra, one gets

det(gi;) = ¢" (¢ — s¢/)" 2 [((b —5¢) + (b* — 52)¢”] det(a;j).
Using the above formula, one can easily get the following

Lemma 3.1 ([20]) The function F = «a¢(B/a) is a Finsler metric for any a =

Vaijyiy? and any B = biy' with ||Bs|la < bo if and only if ¢ = $(s) is a positive C>
function on (—b,, b,) satisfying the following condition:

¢(s) — 50" (5) + (b* = s7)¢"(s) >0, |s] <b < b, (4)
From (4), one can see that ¢ must satisfy

o(s) — s¢'(s) > 0, Is| < bo.
Some computations on the Hessian g;; of («, 3)-metrics are done in [37].

Definition 3.2 A Finsler metric F' on a manifold M is called an (o, 5)-metric if it
is expressed as F' = a¢(B/a) with ||Bs]la < bo, where ¢ = ¢(s) is a positive C*° on
(—=bo, bo) satisfying (4).

Let ¢ =14 s. The (o, B)-metric defined by ¢ is given by
F=a+p.

It is easy to verify that F' is a Finsler metric if and only if ||y|lo < 1 for all z € M.
Such metric is called a Randers metric. General (o, 5)-metrics were first studied by
M. Matsumoto [28] in 1972 as a direct generalization of Randers metrics. They have
many applications in physics and biology(ecology) ([3][9][36]). The study of («, 3)-
metrics no doubt leads us to a better understanding on the geometric properties of
Finsler metrics.

In order to study the geometric properties of («, §)-metrics, one needs a formula
for the spray coefficients of an («, §)-metric. Let

1 1
rig = 5 (i +b5a), sij = 5(bag = by),

i .__ _ih R i __pm R
S j ‘=G Shy, S5 = bls j= b Smj €ij ‘= Tij"'bisj —|—bjSi,

where “|” denotes the covariant derivative with respect to the Levi-Civita connection

of a. We will denote 7o := 7;;4'97, 8o := s;47, etc. Let G and G* denote the spray
coefficients of F' and «, respectively, given by
il il
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where (¢%7) := (3[F?,i,s) and (a") := (a;;)"'. By a direct computation, one gets

the following formula:

)

G = G+ aQsiO + @{ — 2Qasy + Too}y—
o
+\IJ{ — 2QO[SO + Too}bi, (5)
where
L. ¢
Q: = ey
¢ —s¢’ ¢’

0: = - — — sV,

2((6 = s0) + (07 = 7)) @
\Ij : ¢//

2((¢ = s¢/) + (12 = s7)9" )

where s := /a and b := || 8;||o. The formula (5) is given in [20] and [40]. A different
version of (5) is given in [27].

The above formula (5) is very useful in computing curvatures of an («, 3)-metric
F = a¢(8/a). However, it is still difficult to simplify a curvature equation expressed
in terms of a and [, because the complexity of ¢. A useful technique is to take a
local coordinate system at = such that

Let s = 3/a. Then

where

S
ylzmaa y =u. (7)

Then . .
o = 70_[, 6 = 75 Q.

B2 _ o2 B2 _ 52
If the curvature equation involves 7,5, s;; or their covariant derivatives, one needs the
following expressions:

ry=0r11, Ta=0bria, s1=0, 84=0bs1qa.

s*a

= a e

2 S _ _
710 + T00,



S 7 _
ryg = —7 T S10 = §
10 e 11 105 10 105

where 7og = repu®u®, 10 = r1qu® and 519 = s1qu®. Then the curvature equation can

be reduced to the following form
®; + Pya =0,

where &1 = @4 (s,u) and Py = Po(s,u) are polynomials in (u*). Thus

This technique is first used in [42].
Below are some important examples (cf. [43]).

(i) ¢ =1+ s. The metric defined by ¢ is a Randers metric given by

F=a+p.
We have )
Q 9 2(1 + S) 9
Thus the spray coeflicients are given by
o . 1 .
G'=G +as'y+ ﬁ{ — 2080 + Too}yl. (8)
(ii) ¢ = ¢(s) satisfies
¢(s) — 5¢'(s) = (p +15%)¢" (). (9)
In this case, both ® and ¥ take the following simple forms
p+ rs? 104
= - —_— W
T Wrer@-2) 6 "
1

2p+rst+ (17— 7))

Note that the only unpleasant term in © is the quotient ¢'/¢.

For certain values of p and r, the solutions of (9) can be expressed in terms of
elementary functions (cf. [43]).

(a) If r = —1 and p = £1, then

V1—s2+sarctan (== ) +es, if p=1
(b: V1—s2
V1+s2—sln(s+ V14 s?)+es, if p=—-1
(b) If r =1 and p = %1, then

b= Vi+s2+es, ifp=1
V1—s2+es, ifp=-—1.



(¢) If r=—1/2, p=+1/2, then

1+s?+es, ifp=1/2
¢ = 2 : _
1—s*+es, ifp=-1/2.

(d) If r=1/2 and p = £1/2, then

1+ sarctan(s) +es, if p=1/2
¢i

L+sln, /32 4es, if p=—1/2.

1+s
(e) If r = —1/3 and p = £1/3, then

- ( )M—F sarctan(\/—)‘i‘fs if p=1/3
¢= (1_55 )\/1—1-—52—55111(5—1-M)+55’ if p=-1/3.

(f) fr=1/3 and p = £1/3, then

\/1+52+m+55, if p=1/3
)l VI—sZ- m—l—ss, if p=—1/3.

(g) If r=—1/4 and p = £1/4, then

6= 1+252—%54+55, if p=1/4
o 1—252—§S4+€S, if p=-1/4.

(h) If r =1/4 and p = £1/4, then

%—l— 2sarctan(s) +es, if p=1/4

2(1 52)+ 3sln 1+s+55 if p=-1/4.

One can easily write down a formula for the («, §)-metric defined by any of the above
functions ¢. For example,

2
Fr = a:l:ﬁ——i-sﬂ,

B 62 164
F = 2@ 34 5 teb,
F = a—l—ﬂarctan(ﬁ) + &0,

Fo= Vg o[V

F = a—i—ﬁln“%—i—sﬁ,

F = (14-16_) 2—52+gﬁarctan(ﬂ)+€5,

2
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202 + 332 3 Jé]
F = 72(6224_62)04—1-56%@&11(5)+56,
_ 2a% -3 3 a—0
T R T T Rt

For any of the above functions ¢, one can find « and 3 such that F = a¢(8/«) is
of scalar flag curvature.

4 Volume forms of («, §)-metrics

To compute the S-curvature, one should first find a formula for the Busemann-
Hausdorff volume forms dVggy and the Holmes-Thompson dVir.

Proposition 4.1 ([19]) Let F = ag¢(s), s = B/a, be an (o, f)-metric on an n-
dimensional manifold M. Let

T . n—2
fo sin (t)dt

T IO if dV = dVpu,
Jo) 1= 4 o
f sin® =2 (t)T'(bcos t)dt .
0 Zf dV = dVHT

fo" sin™—2(t)dt
Then the volume form dV is given by
dV = f(b)dVy,,
where dV, = \/mdx denotes the Riemannian volume form of o.
Proof: In a coordinate system, the determinant of g;; := $[F?],:,;, is given by

det(gij) = ¢" (¢ — 5¢")"*[(¢ — 5¢') + (b* — s7)¢"] det(ayy).

First we take an orthonormal basis at a point z with respect to « so that

a=\/> )2 B=by

where b = ||8s||o. Then the volume form dV,, = c,dz at = is given by

Oq = \/det(aij) =1.

In order to evaluate the integrals

d

Y,

vol{ (4') € R"|F(z,y) <1} :/ dy :/
{Flaa)<1} {ad(B/a)<1)

and

/ det(gi;)dy = / det(gi;)dy,
{F(z,y)<1} {ap(B/a)<1}



we take the coordinate transformation, 9 : (s,u®) — (y*) given by (7):

1 s -
y = a, y =u,

b2 o2
where @ = /> _,(y*)?. Then

F = ag(B/a) = 2

—aq.
b2 — g2

and the Jacobian of the transformation 1 is given by b%(b? — s2)~3/2a. Then

7 n b2 _
Vol (4) € R'F(e,y) <1} = / b¢(s)2d<lmadsdu
52

—s

b b2 B

A< T0a0s)
b 2 2 __ <2\ n
— l\701(8"*2)/ b (Vb > ) ds
n _p (B2 —52)3/2\ bo(s)
b (b2 _ S2)(1173)/2

1

— n—2

= nVol(S )/71; P 2p(5)" ds

1 noy [T sin"73(t)

= EVOl(S )/0 7¢>(bcos(t))" dt
Therefore c o

OBH = f?.rs;nnn—,g((tt))ﬁ Oaq-
Jo Gt
Let
T(s) := ¢(¢ — s¢')"*[(¢ — 5¢") + (> — 5°)¢"] (10)

Then

By a similar argument, we get

1
OHT = — ¢(s)"T(s)dy" -- - dy"
Wn J{F(x,y)<1}
1 P b? N
——Vol(S )/b = 52)3/2( 7
Jo sin" 2 (t)T (beost)dt
Josin" A (dt

)nT(s)ds

NnWnp,

Thus -
Sy sin" 72 (t)T (beos t)dt
= T . n— Oq-
THT Jo sin™2(t)dt
This proves the proposition. Q.E.D.

It is surprised to see that for certain ¢, dVrg = dV,,.

10



Corollary 4.2 Let F = a¢(s), s = B/, be an («, B)-metric on an n-dimensional
manifold M. Let T = T(s) be defined in (10). Suppose that T —1 is an odd function
of s. Then dVrg = dV,.

Proof: Let p(s) = T(s) — 1. By assumption, ¢(—s) = —p(s). It is easy to see that

/7T sin” " 2(t)(b cos(t))dt = 0.
0

Thus - -
/ sin 2 (t)T(bcos(t))dt = / sin™~1(t)dt.
0 0

This implies that oz = 1 in the above special coordinate system at x. Then in a
general coordinate system oy = 0g. Q.E.D.

5 Randers metrics of scalar flag curvature

Randers metrics are the simplest (o, 5)-metrics. The spray coefficients of a Ran-
ders metric are given by (8). Then one can use (8) to compute the Ricci curvature
and the Riemann curvature. On the other hand, it is one of important problems in
Finsler geometry to study and characterize Finsler metrics of constant (or scalar) flag
curvature. Thus it is natural to investigate Randers metrics first.

Bao-Robles [11] [12] first observe that for a Randers metric F = a + [ on an
n-dimensional manifold M, if the Ricci curvature is in the following form

Ric = (n — 1)oF?, (11)

where o = o(x) is a scalar function, then the 1-form 8 = b;(x)y’ satisfies the following
PDE:
ro0 + 250 = 2¢(a® — ), (12)

where ¢ is a constant. The equation (12) is equivalent to a condition on the S-
curvature,

S = (n+ 1)cF, (13)

where ¢ is a constant (cf. [17]).

In [11], Bao-Robles obtain another PDE on [ which together with (12) char-
acterizes Randers metrics of constant flag curvature (see also [12]). Independently,
Matsumoto-Shimada obtain the same result ([31]). However, it is very difficult to
solve these PDEs for a and 3 to classify such metrics.

Using Zermelo’s navigation idea ([39][40]), one can obtain Randers metrics of
constant flag curvature. The crucial idea is to express a Randers metric F = a + (8

in terms of a Riemannian metric h = \/h;j(x)y'y? and a vector field W = W 621‘ by

/ h2 2 .
F:w_¥, Wy := Wiy, (14)

where W; := h;;W7 and

Ni=1-W,W"=1— h(z, W)~

11



Theorem 5.1 ([13]) For a Randers metric F' expressed in the form (14), it has con-
stant flag curvature, K = k if and only if h has constant sectional curvature K = k+c?
and W satisfies

Wo.0 = —2ch?, (15)
where ¢ is a constant, Wo.o := W;.;y'y’ and the covariant derivatives DW = W;.;dz'®

dx? are taken with respect to h.

When h has constant sectional curvature K = p, it is easy to solve (15) for W to
obtain a complete list of local structure of Randers metrics of constant flag curvature.

Theorem 5.2 ([13]) Let F' = a+ 8 be a Randers metric on a manifold M which is
expressed in terms of a Riemannian metric h and a vector field W by (14). F has
constant flag curvature if and only if at any point, there is a local coordinate system
in which h and W are given by

o VP + p(zPlyP — (2,9)%)

16

W = =2¢/1+ plz|? 2+ 2Q + b+ p(b,x)z, (17)
where ¢ and p are constants with cu =0, Q = (qji) is an anti-symmetric matriz and
2

a,b € R™ are constant vectors. In this case, the flag curvature is given by K = p—c=.

In fact, without the condition on the flag curvature, (15) is equivalent to (12) for
any scalar function ¢ = ¢(x) ([50]). Therefore (15) is equivalent to (13) for any scalar
function ¢ = ¢(x) by [17].

The expression (14) is a key to classify Randers metrics of constant flag curvature.
It is a natural idea to use (14) to study Randers metrics of scalar flag curvature.

Let F' = a+ 8 be defined by (14). Let

1 1
Rij =5 Wij + Wya),  Sij = 5(Wiyj = W),

Rj = WiRij, R := WjRj, Sj = WlS”

Let G* and G* denote the spray coefficients of F and h, respectively. We have the
following

) ~. 1 ) ) ) 1 . )
G'=G' - 5F2($1 + RN~ FS'y + 5(;f/F —WH2RoF — Roo — RF?),  (18)

where & := h¥S;, R" := h¥R;, Ry := R;y' and Roo := Rijy'y’. Formula (18) is
due to C. Robles [35].
By a direct computation, one can obtain from (18) that
9G™  9G™ n+1

_ _ _ 2
5 = 9y * aF {2FR0 Roo — F R} (19)

Let dVy = opdz! - - dz™ and dV}, = opda’ - - - dz™ denote the volume form of F and
h respectively. An important fact is that dVp = dV},, i.e., op = o,. Since h is a
Riemannian metric, we have

((;f;: :ym&cim(lnah). (20)

12



Then it follows from (19) and (20) that

aGm™ 9
- n+1 9
- 2F,{2FR0—7%0—P‘R}. (22)
Let _ _ _
=y = F(z,y)W". (23)

Since ||[Wa||n < 1, the vector £ := {i%
easy to verify that

z € Ty M can be arbitrary. Moreover, it is
hij(x)fifj = F(, 9)2-
Then it follows from (22) that

§ - _TL +1 walfj
F 2 hi8°

(24)

By (24), one gets the following
Lemma 5.3 ([50] [20]) Let F be a Randers metric F defined by (14) and ¢ = c(x) be

a scalar function on an n-dimensional manifold. S = (n+ 1)cF if and only if
Roo = —2¢h?. (25)
Note that (25) is equivalent to (15).

In the following, we are going to discuss Randers metrics of scalar flag curvature
and isotropic S-curvature.

First we assume that a Randers metric F' expressed in (14) has isotropic S-
curvature, S = (n+1)cF. By Lemma 5.3, W satisfies (25). Then the spray coefficients
G in (18) are reduced to the following expression:

L. N )
Gl:Gﬂ—FS%—§F%T+@Fy. (26)

By the simplified expression (26), one can express the Riemann curvature in terms of
h and W. Rewrite (26) as follows

G'=G'+ Q'
where

. 1 . .
Q' =-FS,— §F2Sl + cFy'.

The Riemann curvature R’y = R/, (z,y)y’y" of F and the Riemann curvature R’; =
Rjikl(x)yjyl of h are related by

Ry = R +2Q%, — [Q'nlypy™ +2Q™[Q"ymyr — [Q'ym [Q ]y (27)
where “;” denotes the horizontal covariant differentiation with respect to h (cf.[41]).
By a direct and lengthy argument, one can get

R = R,y — FWP)(y? — FW)
—FykRpimq(yp — FWP)(y? — FW9)IW™
+(§%%zi—43—2%mwm0{F%i—FT%y}. (28)

13



Let
h:=/hij(x)€P¢I, Ry == R 8P¢%

It follows from (28) that for any scalar function p = p(z) on M,

R, — (Lx;ym fu—c— 2cxmwm) {F25,§ — FFyky}
= Ry = n(iP0 — €)= fkwo {R, = n(R25, - g¢) b, (29)

where 51 = hijfj.
From (29), one can easily prove the following

Theorem 5.4 ([18]) Let F' be a Randers metric on n-dimensional manifold M de-
fined by (14). Suppose that S = (n + 1)cF where ¢ = c(x) is a scalar function. Then
F is of scalar flag curvature if and only if h is of sectional curvature K = u, where
w = u(x) is a scalar function (=constant if n > 3). In this case, the flag curvature of
F is given by

3cymy™
= + ag.

K
F 3

(30)
where o 1=y — c? — 2c,m W™.

Proof. Assume that F is of scalar curvature, then by Theorem 2.3 above, the flag
curvature of F' is given by
K = 3¢,my™/F + o,

where o = o(x) is a scalar function on M. This is equivalent to the following equation:

Ri, = (M + a) {F25,§ - FFyky} (31)
Plugging (31) into (29) yields
Ry (i, - 66") - 6 By = (i, - 66 Jw =0

where p := o + ¢ + 2c,»W™. Immediately, one obtains
R = (26, — ') (32)

Thus h has sectional curvature K = p(x). By the Schur lemma, p = constant in
dimension n > 3.

Conversely, if h has sectional curvature K = (), then (32) holds. By (29) again,
we get (31) with 0 = pu — ¢? — 2c,mW™. Thus F is of scalar curvature and its flag
curvature is given by (30). Q.E.D.

If a Riemannian metric h has constant curvature K = j, then one can easily solve
(25) for W and obtain the list of local structures of Randers metrics of scalar flag
curvature and isotropic S-curvature.

Theorem 5.5 ([18]) Let ' = a + 8 be a Randers metric on a manifold M of di-
mension n > 3, which is expressed in terms of a Riemannian metric h and a vector
field W by (14). Suppose that F is of isotropic S-curvature S = (n + 1)cF. Then it

14



is of scalar flag curvature, K = K(x,y), if and only if at any point, there is a local
coordinate system in which h, ¢ and W are given by

o VP + u(2PlyP — (2,4)%)

J+ (a,z)
=00 34
RNV 34
|z[%a

W = —2{ (5\/T+ ulal? + (a,2) ) - b eQ+ b+ pib,a)e,  (35)

V1+plz2+1
where 6, are constants, Q = (qji) is an anti-symmetric matriz and a,b € R™ are
constant vectors. In this case, the flag curvature is given by (30).

Since locally projectively flat Randers metrics are always of scalar flag curvature,
Theorem 5.5 generalizes the main result in [16]. Since every Randers metric of con-
stant flag curvature must have constant S-curvature, the class of Randers metrics
with isotropic S-curvature and scalar flag curvature contains all Randers metrics of
constant flag curvature.

Let us take a look at a special example. In (33)-(35), let © = 0,0 =0,Q =0 and
b=0. We get

h=lyl, c=/{(a,x), W =-2(a,z)x+|z|*a.

The Randers metric F' = o + 3 is given by
V(A —[alPlz[]y1? + (2[*a, y) — 2{a, 2)(z, y))?
1= [a?]a]®

Jaf2(a,y) — 2(a,2) (@, y)
L= [aPa]®

F =

The S-curvature and the flag curvature are given by

S=(n+1)az)F, K= 3<Q—Fy> +3(a, 2)2 — 2|al?|z|2.
Clearly F' is not locally projectively flat because [ is not closed. This example is

constructed in [40].

According to Theorem 2.3, for a Finsler metric F' of scalar flag curvature on an
n-dimensional manifold M, if the S-curvature is isotropic, S = (n + 1)cF, where
¢ = c(z) is a scalar function on M, then the flag curvature must take the form

3cmy™

K:
F

+o. (36)

A natural question arises: does (36) imply that the S-curvature is isotropic? The
answer is affirmative for Randers metrics.
Let F = a+ 3 and let

tij =S, Smj, qij ‘= T; Smj, tj =b tmj;

where b’ := a/b;. By a direct and lengthy computation, we get the following formula
for the Ricci curvature:

15



0|m

Ric = Ric+ {2asm — 2tgo — a2t“}n}

3(7‘00 - 2500[)2 40[[(]00 - tOO[] - [T00|0 — 250|0a]

N e Yo+ 0) Jo@

where Ric denotes the Ricci curvature of a. The formula (37) is due to Bao-Robles
(112], p 220).

Lemma 5.6 ([46]) Let F = o+ 8 be a Randers metric on a manifold M. Then the
Ricci curvature is in the form

3cymy™

Ric = (n — 1){ +a}F2, (38)

where ¢ = ¢(x) and 0 = o(x) are scalar functions, if and only if

Ric = (n— 1){(0 —38)a2 + (0 + )32 + (3co — 0)B — Sojo — sg}
+2t00 + @™ (39)
n—1 N N }
"0 1m = 5 {300 + &+ 2(0 + )P + 4ésg + 2t0} (40)
00 + 2500 = 2é(a® — 3?), (41)

where ¢ = ¢(x) is a scalar function on M.

Note that (41) is equivalent to that S = (n+ 1)¢F. Then one can easily prove the
following

Theorem 5.7 ([46]) Let F' = o+ be a Randers metric on a manifold M and (h, W)
be its navigation representation (14). Then the flag curvature K of F is in the form
(36) if and only if the sectional curvature K of h and the vector field W satisfy

K=y (42)

Wo.0 = —2¢h*%. (43)

where p = p(x) and ¢ = é(x) are scalar functions on M. In either case, the scalar
functions are related by

c— &= constant, 0= — & —2mW™.

Q.E.D.
By Theorem 5.7 and Theorem 5.5, we can classify n-dimensional Randers metrics
(n > 3) with flag curvature in the form (36).

For the Ricci curvature, we have the following

Theorem 5.8 ([46]) Let F' = a+ 3 be a Randers metric on a manifold M and (h, W)
be its navigation representation. Then the Ricci curvature of F' is in the form

Ric = (n — 1){30@’%+0}F2, (44)
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where ¢ = ¢(x) and o = o(x) are scalar functions, if and only if the Ricci curvature

Ric of h and the vector field W satisfy
Ric = (n — 1)uh?, (45)

Wo.0 = —2¢h*%. (46)

where pn = p(z) and ¢ = é(x) are scalar functions on M. In this case, the scalar
functions are related by

c— &= constant, 0= — & —2EmW™.

6 (a,)-metrics of Landsberg type

It is a long existing open problem in Finsler geometry whether or not every Landsberg
metric is of Berwald type. Since («, 3)-metrics are “computable” metrics, it is natural
to investigate this problem on («, 3)-metrics.

Let F' = a¢(f/«) be an (a, §)-metric. If § is parallel with respect to a (r;; = 0
and s;; = 0), then by (5), G* = G? are quadratic in y. Thus F is a Berwald metric.
The converse is true too ([23][29]). In fact, one can show that every Landsberg («, 5)-
metric must satisfies that s;; = 0 and r;; = 0. Thus it is a Berwald metric.

By a simple computation, one gets

FFyi = gijy’ = (6% — s¢d)yi + ¢ ab;. (47)
By (2), (5) and (47), one gets the following formula for L ;.

p

_@{hjhkcl + hjhlck + hkthj + 3Ejhkl + 3Ekhjl + 3Elhkl}, (48)

Ljp =
where

hj: = abj —sy;
hjr: = a2ajk — Y Yk,
Cj: = (Airoo + Asaso)hj + 3AJ;
E;: = (Biroo+ B2aso)h; +3uJ;
Ji o= a2(sj0 +TI'rjo + Has;) — (T'reo + Haso)y;

A = ﬁ{ —2AQ" +3(Q — sQ)Q" + 3(b? — 52)(62”)2},

Ay: = é{m@@’” +3AQ'Q" 3@@”(@ —5Q" + (b° - 52)62”) }

Bt = xa{@-sQ) + (205 +17°Q) — (17— 2)(Q - 50))Q" ),

Byt = a3l (584 610PQ)QQ" + @ 5)(8Q - @~ 5)Q) )
A = —Q,
pro o= —%(Q - 5Q"),
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Q

I = ——=
A’

R

Of = e

pr = ¢(¢—s¢)

A: = 1+s5Q+ (b*—5)Q.

Let

J: = ijj = a{a(so + T'rg) — (Crop + Haso)s}.
c: = bjCj = (A1T00—|—A20150)O[(b2 —52)—|—3AJ,
E: = bjEj = (BlTQQ + BQQSO)a(b2 - 52) + 3,[LJ

It follows from the definitions of C; and F; that
a(b? — s2)Cj — Ch; = 3A{a(b2 —$2)J; — th}, (49)
a(t? — $*)E; — Eh; = 3,u{a(b2 — ) J; — th}. (50)

One can easily prove the following

Lemma 6.1 ([42]) Assume that the dimension n. > 3. Then the following two condi-
tions are equivalent.

(1) Ljri =0,
By the above lemma, one can show the following

Theorem 6.2 ([42]) Let ¢ = ¢(s) be a C™ positive function on an interval I =
(=bo,bo). Suppose that ¢ satisfies (4), but ¢ # kav/1+ k18> on I for any constants
k1 and ko > 0. For an («, 3)-metric F = ag(f/a) with 0 < b(z) := ||Be|la < bo on
a manifold of dimension n > 3, F is a Landsberg metric if and only if B is parallel
with respect to « (i.e. F is a Berwald metric).

One can use (ii) in Lemma 6.1 to prove Theorem 6.2. The problem is how to deal
with the terms involving ¢(5/«) in simplifying the equation E; = 0. To overcome
this difficulty, we change the y-coordinates (y') at a point to “polar” coordinates
(s,y*), where i = 1,---,n and @ = 2,---,n. Fix an arbitrary point x € M. Take an
orthonormal basis {e;} at x such that

Here b = ||8:]|a. Take a coordinate transformation (s, u®) — (y*) given by (7). By a
direct computation F; = 0 is equivalent to the following two equations:

{(b2 —$)B; — 3S;LF}F00 n s{sBl n 3ur}ma2 -0, (51)
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»? — 52){ (25131 n 3ur)r10 n (b232 n 3#)510}
—3S;L{SFT10 + (BT — 5)510} =0. (52)
E, =0 is equivalent to the following two equations:
s{ ((b2 —5%)By — 3s,uF) Too + s(sBl + 3uf)r11&2}u"

—3b2u{F(F0a6z2 - foou“) - §Oaa2} =0. (53)

s{(b2 —5%) [(2531 + 3,[LF)T10 + (b232 + 3,u) 510}
—3us [Fsrlo + (*T1 — 5)510} }ua
= 3,ub2{ [Fsrla + (V11 — s)sla] a? — [Fsrlo + (b1 — s)slo]u‘l}. (54)

Equation (53) implies (51) and (54) implies (52). But we need (51) and (52) to
simplify (53) and (54). Similarly, we get four equations for C; = 0 by replacing B;
and p by A; and A respectively.

By the above equations, one can show the following

Proposition 6.3 (n > 3) Assume that ¢ # k114 kes? for any constants k1 and
ko. Assume that B is parallel with respect to a. Then F = a¢(S/a) is a Landsberg
metric if and only if B satisfies

1
Sij = b_2 (blsj - bjSl'), (55)
Tij = k(b2aij — blbj) + Cbibj + d(blsj + bJsl) (56)
where k = k(z), ¢ = c(z) and d = d(z) are scalar functions, and ¢ satisfies
{(b2 —s%)A; — 3SAF}I€ + {52A1 + 3AFS}C =0, (57)
{(b2 —$)B; — BuSF}k + {5231 + 3,ufs}c —0. (58)

If so # 0, then ¢ = ¢(s) satisfies three additional ODEs:
db?sT' + b1 — s = 0, (59)

{25A1 + 3Ar}db2 + {b2A2 + 3A} ~0. (60)
{2531 + 3,ur}db2 + {b232 + 3#} =0, (61)

One can actually solve the above ODE’s for ¢. The key idea is as follows. Since
3 is not parallel, (57) and (58) hold for (k,c) # (0,0). Then

(Q—sQNQ" +3s(Q")?
31+sQ+ (b —52)Q")

The numerator of the equation (62) is independent of the norm of 8! More surpris-
ingly, it is solvable. If we impose the regularity on  at s = 0, we obtain the following

general solution
Q =c1V1+cas? + c3s,

ILLAl — ABl =

0. (62)
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where c1, c2 and c3 are constants with ¢; # 0. Then plugging it into the equations in
Proposition 6.3, one can completely determine the coefficients ¢;, that is, c; = —1/b%.
Thus b = constant. Since ¢ = ¢(s) is C*° on (—by, b,), we conclude that b = b,.

Then
d(s) =ca exp / L= (/60)" + cst dt} (63)
0 1—|—03t2—|—01t\/1 — t/b
However, the function F' = a¢(3/«) is always singular in the directions y € T, M with
|8(x,y)| = boa(x,y). Therefore a regular (a, §)-metric F' = a¢(3/a) is a Landsberg
metric if and only if § is parallel with respect to a. In this case, it is a Berwald
metric. This proves Theorem 6.2.

The above argument also gives us singular Landsberg («, §)-metrics. Let ¢ = ¢(s)
be a positive C* on (—b,, b,) satisfying (4). For any Riemannian metric o = \/a;;y'y
and any 1-form 3 = b;y* on an n-dimensional manifold M, the function F' := a¢(3/a)
has the following properties: (i) F(x,y) > 0 and (ii) gi; = 2[F?],i,: (x,y) > 0 for any
y € T, M with |5(z,y)| < boa(z,y). But F might be singular or even not defined
for y € T, M with |8(z,y)| > boa(x,y). Such function is called an almost regular
(o, B)-metric.

Theorem 6.4 ([42]) (n > 3) Let F = a¢(B/a) be an almost regular (o, 3)-metric
where ¢ = ¢(s) is a function on (—be, b,) such that ¢ # kav/1+ k152 for any constants
k1 and ko > 0. Then F is a Landsberg metric if and only if 3 is parallel with respect
to o (hence F is a Berwald metric) or

= bo. (64)

c1y/1 — (t/by)2 + cst
=cyex dt 65
(b : P ‘/0 1—|—03t2+01t\/w :| ( )
Sij = 0, (66)

Tij = k(b2aij - bibj), (67)

where ¢1, c3, ¢y are constants with c; # 0 and ¢4 > 0 such that

1+ e38® +c18y/1 — (5/b,)2 > 0, (Is] < bo),

and k = k(x) is a scalar function. Moreover, F is not a Berwald metric if and only
if k#0.

It follows from Theorem 6.4 that a regular (o, §)-metric is a Landsberg metric if
and only if it is a Berwald metric. The third author claimed this in the first version
of [42] in May 2004. But there is a computational mistake in an expression for E;.
After two years, G.S. Asanov discovered that his metrics arising from Physics actually
are Landsberg metric but not Berwaldian [1][2]. Then the third author corrected the
expression for E; and proved the claim for regular (c, 3)-metrics. Meanwhile he
characterizes almost regular Landsberg («, 3)-metrics and obtains a two-parameter
family of Landsberg («, §)-metrics including Asanov’s examples.

Below is a simple example.

Example 6.5 At a point x = (x,y,2) € R® and in the direction y = (u,v,w) €
T« R3, define a = a(x,y) and 3 = B(x,y) by

a: = \/u2+e2kx(v2 +w?)
B: = u
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where k # 0 is an arbitrary constant. Then « and [ satisfy (66) and (67) with
b=|Bxlla =1. Let

F [/ﬁ/a Clm+03t
= o ex
P 0 1+03t2+01t\/1—t2

Then F is a Landsberg metric but not a Berwald metric. This metric is singular in
two directions'y = (£1,0,0) € Ty R3 at any point X.

The reader is referred to [22] for the early discussion on Landsberg («, §)-metrics
in dimension two. Recently, Li and the third author have given a complete char-
acterization of almost regular Landsberg (a, §)-metrics and shown that they are all
Berwaldian. Further, they have characterized weakly Landsberg (a, 3)-metrics and
shown that there are almost regular («, )-metrics which are weakly Landsbergian
but not Berwaldian ([25]).

7 (o, f)-metrics of Douglas type

Douglas metrics can be viewed as generalized Berwald metrics. What makes them

special is that being a Douglas metric is a projective property, that is, if a Finsler

metric F' has the same geodesics as a Douglas metric, then F' is a Douglas metric.
In 1997, the first author and M. Matsumoto proved the following

Theorem 7.1 ([6]) A Randers metric F = a+ [ is a Douglas metric if and only if
0 is closed.

Proof: From (8), we have

Gy =Gy )+ (@Y - Q7y)

(G'y = G7y') + a(s'oy’ —soy"),

where G? denote the spray coefficients of o and Q' = as’,. Thus Gy — G'y' are
homogeneous polynomials in (y*) of degree three.

Assume that F' is a Douglas metric. Then the terms on the left side are homo-
geneous polynomials in (y) of degree three. Note that « is irrational in (), one
concludes that the coefficients of o must be zero, namely,

(s'oy’ — Sjoyi) =0.
Then it follows that s’; = 0. That is, 3 is closed.
Conversely, if 3 is closed, then @Q° = 0 in (8). Therefore, from (8),
Gyl — Gy = Gy — Gy

are homogeneous polynomials in (y¢) of degree three. Hence, F is a Douglas metric.

Q.ED.
For a general («, f)-metric F' = a¢(8/a), it follows from (5) that
Gy —Gy = Gy -Gy 4 aQ(shy — 5oy)
+0{ = 2030 + oo } 0y’ — 7y, (68)

In 1989, M. Matsumoto introduced an (o, 8)-metric F = o2 /(a—/3) as a realization
of P. Finsler’s idea “ a slope measure of a mountain with respect to a time measure”.
This metric is called Matsumoto metric. By (68), one can show the following
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Proposition 7.2 ([7][27]) A Matsumoto metric F = o*/(a — 8) is Douglas metric if
and only if B is parallel with respect to «. In this case, F is a Berwald metric.

Proposition 7.3 ([51]) The exponential metric F = aexp(f/a) + 8 is a Douglas
metric if and only if B is parallel with respect to a. In this case, F' is a Berwald
metric.

The above two propositions show that the Matsumoto metric and the exponential
metric are very “projectively hard”. These metrics might have no good flag curvature
properties.

It is natural to consider more general («, 5)-metrics F' = a¢(s), where ¢ = ¢(s)
satisfies (9), i.e.,

659/ = (p+rs?)¢", (69)

It is easy to verify that if 3 satisfies

bi|j = 27’{(]) + bQ)CLij + (T — 1)b1bj}, (70)

where 7 = 7(z) is a scalar function, then F' is a Douglas metric. Several people have
shown that the converse is true too for some specific (o, 3)-metrics. For example,

F=a+ {1—2 + ¢/ is a Douglas metric if and only if
biyj = T{(ﬂ +26%)ay; — 3bibj}, (71)

where 7 = 7(z) is a scalar function. This generalizes a theorem in ([7][27]). The
Finsler metric F = « + (%/a was first proposed in [27]. Another example is that

F=a+ 2ﬁ — lﬁ— + ¢/ is a Douglas metric if and only if
bij; = %{(ﬂ +4b%)ay; — 5bibj}, (72)

where 7 = 7(x) is a scalar function. The above two examples show that F' = oz:l:ﬁ—2—|—€6

and F' = a:|:2ﬁ 1 B =5 +¢f are “projectively soft”. Most recently, B. Li and the third
author have just completely characterized all («, §)-metrics of Douglas type using a
result from [44]. See Theorem 8.4 below.

Theorem 7.4 ([26]) Let F = a¢(s), s = f/a, be an (a, 3)-metric on an open subset
U in the n-dimensional Euclidean space R" (n > 3), where a = y/a;;(z)y'y’ and
8 = bi(x)y" # 0. Suppose that the following conditions: (a) 8 is not parallel with
respect to o, (b) ¢ # k11 + kas? + kss for any constants ki, ks and ks, and (c)
db # 0 everywhere or b = constant on U. Then F is a Douglas metric on U if and

only if the function ¢ = ¢(s) satisfies

{1 + (k1 + kos?)s? + k352}¢”(s) = (ky + k252){¢(s) - s¢’(s)}, (73)

and 3 satisfies
by = 27{ (L+ knb®)ai; + (kab? + k)bib | (74)

where T T(z) is a scalar function on U and ki, ke and ks are constants with

(ka, k3) # ( 0).
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8 Projectively flat (o, f)-metrics

It is Hilbert’s Fourth Problem in the regular case to study and characterize Finsler
metrics on an open domain i/ C R™ whose geodesics are straight lines. Finsler metrics
with this property are called projectively flat metrics.

It is easy to see that a Finsler metric F' = F(x,y) on an open subset & C R" is
projectively flat if and only if the spray coeflicients are in the following form

G'L' — Pyl,

where P = P(x,y) is a positively homogeneous function of degree one in y. In 1903, G.
Hamel found a system of partial differential equations that characterize projectively
flat metrics F = F(z,y) on an open subset U C R™. That is,

Fxmyiym = Fli. (75)

A natural problem is to find projectively flat metrics by solving (75). According to
the Beltrami Theorem, a Riemannian metric F' = y/g;;(z)y’y’ is projectively flat if
and only if it is of constant sectional curvature. Thus this problem has been solved
in Riemannian geometry. However for Finsler metrics, this problem is far from being
solved. In this section, we shall discuss some projectively flat («, 3)-metrics.

The Funk metric on the unit ball B"® C is given by

o VAP +y)?  (@y)
1 —|af? 1= |z

(76)

where y € T,B” =~ R". Here |- | and ( , ) denote the standard Euclidean norm
and inner product. By a direct computation, one can verify that the Funk metric is
projectively flat on B"”. The Funk metric has a very important curvature property:
the flag curvature K = —1/4.

Note that the Funk metric © on B™ is a special Randers metric expressed in the
form

0=a+p, (77)
where \/
V=P P+ ey o (zy)
‘- 1— |2 D= (78)

Thus it is natural to investigate projectively flat Randers metrics with constant flag
curvature.
First we have the following

Theorem 8.1 A Randers metric F = a4+ on an open subsetU C R™ is projectively
flat if and only if o is projectively flat and B is closed.

The proof is straight forward using Theorem 7.1.
In [38], it is proved that a Randers metric on a manifold is locally projectively flat

with constant flag curvature if and only if it is locally Minkowskian or up to a scaling
and reversing, it is locally isometric to

@a:a+6_aa
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where @ is defined above and f3, is given by

2 . <$,y> <a’ay>
b= T Y T ()

where a € R™ is a constant vector with |a| < 1. The metric ©, is projectively flat
with K = —1/4.

L. Berwald ([4]) constructed a projectively flat metric with zero flag curvature on
the unit ball B™, which is given by

(V@ =2y + (2, )* + (2, 9))

(1= |=[2)2 /(1 = [2P)]y? + (2, 9)?
where y € T,B® = R". Berwald’s metric can be expressed in the form
Aa+23)? NGES B)?

A& a

: (79)

where @ and (3 are defined in (78) and X := 1/(1 — |z|?).
In [32], it is shown that the following metric B, on B™ C R™ is projectively flat
with K = 0. _ _
(Al +Xafa)? | (@+fa)°
— = )\a —
Ao & a

where \, := (1 + {a,x))?/(1 — |z|?) and a € R" with |a| < 1.

B, = ) (80)

The above discussion leads us to study the following metric on a manifold M,

2
F= M, (81)
o
where a = /a;j(x)y'y’ is a Riemannian metric and 3 = b;(z)y’ is a 1-form on M.
It is known that F' = (a + )%/« is a Finsler metric if and only if b(x) := ||Bz]la < 1
at any point x € M. A natural question arises: is there any other projectively flat
metric in the form (81) with constant flag curvature?

Theorem 8.2 ([47]) Let F = (a + (3)?/a be a Finsler metric on a manifold M. F
is projectively flat if and only if

(Z) b1|J = 27’{(% —+ b2)aij — %blbj},

(ii) the spray coefficients G* of o are in the form: G' = 0y* — T7a?b’,

where b := || Bz ||a, bi|; denote the covariant derivatives of 3 with respect to o, T = 7(x)
is a scalar function and 0 = a;(z)y" is a 1-form on M.

In [32], it has been shown that if o and 3 satisfy the conditions (i) and (ii), then
F = (a + )%/« is locally projectively flat. Theorem 8.2 asserts that the converse is
true too.

By Theorem 8.2, we can completely determine the local structure of a projectively
flat Finsler metric F in the form (81) which is of constant flag curvature.
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Theorem 8.3 ([47]) Let F = (a + 8)*/a be an («, B)-metric on a manifold M.
Then F' is locally projectively flat with constant flag curvature if and only if one of
the following conditions holds

(a) « is flat and [ is parallel with respect to . In this case, F is locally Minkowskian;
(b) Up to a scaling on x and a scaling on F, F is locally isometric to B, in (80).

In either case (a) or (b), the flag curvature of F' must be zero, K = 0.

Below is an outline of the proof of Theorem 8.3. By imposing the curvature
condition that the flag curvature be constant, one first shows that the flag curvature
must be zero, K = 0. If 7 = 0, then F is locally Minkowskian. In the case when
7 # 0, one gets that

dr +2728 =0, Oy — 6% =37%(a® — 253%). (82)

Then we show that 70 is closed. Thus there is a local scalar function p = p(z)
such that 78 = %dp and 7 = ce”” for some constant c. Immediately, one can see
that & := e P« is projectively flat, hence & is of constant curvature K = p by the
Beltrami theorem. The constant p must be nonpositive. By choosing the projective
form of &, one can solve (82) for p. Then one can determine o and 3. The detailed
argument is given in [47].

The reader is referred to [14], [48],[52] and [51] for results on other special (o, 3)-
metrics.

Recently the third author has characterized all projectively flat («, 3)-metrics.

Theorem 8.4 ([44]) Let ¢ := ¢(s), —b, < s < by, be a positive C* function sat-
isfying (4). Let F = ad¢(s), s = B/a, be an («, B)-metric on an open subset U
in the n-dimensional Euclidean space R™ (n > 3), where a = +/a;j(x)yiy? and
B = b;(x)y* # 0. Suppose that the following conditions:

(a) B is not parallel with respect to «,
(b) & # ko/1+ k18 + kss for some constants ki, ko and ks with ko > 0, and

(c¢) the norm b(z) := ||Be||la satisfies either db # 0 everywhere or b = constant on
Uu.

Then F' is projectively flat on U if and only if
(14 (e + 08 + 62} = (@ + o) o) —s0(9)}.  (63)
bi|j = 27’{(1 —|— 01b2)aij —|— (02b2 —|— Cg)bibj}, (84)

G =y’ = 7(c10® + B, (85)

where T = 7(x) is a scalar function onU and c1, c2 and cg are constants with (cz, c3) #

(0,0).
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Let ¢ =1/p, co =0 and ¢3 = (r — 1)/p, where p and r are constants with p # 0.
Then (83) becomes

$(s) — 59/ (s) = (p +15*)¢"(s). (86)
Projectively flat (o, 5)-metrics F' = ap(3/a) with ¢ = ¢(s) satisfying (86) were first
studied by the third author in [43]. He finds a sufficient condition on 5 under which
F = a¢(f8/«) is projectively flat. That is, if ¢ satisfies (86) and « and 3 satisfy

bi|j = 27’{(p + b2)aij + (T - 1)blbj} (87)
G, = & —ra, (58)
where ¢ = &(x)y" is a 1-form, then FF = a¢(B/a) is projectively flat. Later on,
the second author and Li prove that (87) and (88) are also necessary conditions for

F = a¢(B/a) to be projectively flat provided that ¢ = ¢(s) is analytic in s.
Explicit examples can be constructed.

Example 8.5 ([43]) Let ¢ = ¢(s) be a function satisfying (4) and (86) with p # 0.
Let

h::;{(}l—k(a,x)—i— nlxl” 3 (89)

VT P 1+ /It el

and let p = p(t) be given by

(C (03 ot — %th) if r=0
(1) = 2 . (90)
| = 288 (gt — Lu?) | 7 if v 0

where n and C; are constants (Cy > 0) and a € R™ is a constant vector. Define

o= ep(h)a#, B = Coem e gp,

where
_ VWP A+ p(2Ply? - (@.9)%)
z T+ Al '
Then o and (3 satisfy (87) and (88) with
I A0
T 20,e(rtp(h)

Thus the Finsler metric F = a¢(8/a) is projectively flat.

Using Theorem 8.4, one can classify locally projectively flat («, 3)-metrics F' =
ad(B/a) of constant flag curvature. Roughly speaking if F' is not trivial, then ¢ =

V1+ks?+esor ¢p=(V1+ks?+es)?/V/1+ ks?. See [24] for more details.
9 («,()-metrics with isotropic S-curvature
The S-curvature is an important geometric quantity. It interacts the flag curvature in

a delicate way. This stimulates our interest in Finsler metrics with special S-curvature
property. Our goal is to characterize («, 3)-metrics with isotropic S-curvature.
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Let ¢ = ¢(s) be a positive C*° function on (—b,, b,). For a number b € [0,b,), let
D= —(Q - sQ){nA+1+5Q} - (1 = )1 +5Q)Q", (91)

where A :=1+5Q + (b? — s2)Q’ and Q := ¢'/(¢ — s¢').

Let F = a¢(f8/a) be an (a, f)-metric on an n-dimensional manifold M, where
a = +/a;;(z)y"y7 is a Riemannian metric and 8 = b;(x)y’ is a 1-form. Let G* and G*
denote the spray coefficients of F' and « respectively. G* are related to G by (5). To
compute the S-curvature of F', we need the following identities:

oL, )

Y™« o
oo Ym
owym  a’
oG _ 9 (n)
gy Y em \ M0)
Using the above identities, we obtain
oG™ m 0 4 @
8y—m =Y acc—m(hlo'a) + 2‘11(7'0 + SO) — 1@(7‘00 - 20[@50),

where ® is given in (91) with b = || 8¢ ||a-
Let dV = adx denote the volume form of a. By Proposition 4.1, dV = odx =
f(b)oadz. Thus

m

v a:cim(ln") = J;((:))ym ail:n ty" afm (o).

m 00 Vimy™ 1o+ 8o

Vorr =0 T b (92)
Then the S-curvature is given by
_ f'(b) 1 @
S= {2\11 =0 0) }(TO +50) — @ SAD (roo — 2aQsp). (93)

Using (93), we can prove the following

Theorem 9.1 ([19]) Let F' = a¢(s), s = B/, be an («, B)-metric on a manifold and
b:=|Bzlla- Suppose that ¢ # ki1 + kas? + kss for any constants k1 > 0, ko and ks.
Then F is of isotropic S-curvature, S = (n+ 1)cF, if and only if one of the following
holds

(i) B satisfies
Ty + S5 = 0 (94)

and ¢ = ¢(s) satisfies
® =0. (95)

In this case, S = 0.
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(i) [ satisfies

ri; = s{bz’aij - bibj}, s =0, (96)
where € = e(x) is a scalar function, and ¢ = ¢(s) satisfies
d=-2(n+ 1)k%, (97)
where k is a constant. In this case, S = (n + 1)cF with ¢ = ke.
(iwi) B satisfies
rij =0, s; =0. (98)

In this case, S = 0, regardless of the choice of a particular ¢.

It is easy to see that (98) implies (96), while (96) implies (94). The condition (94)
is equivalent to that b := ||3;]|a = constant. Thus (95) and (97) are independent of
reM.

References

[1] G.S. Asanov, Finsleroid-Finsler space with Berwald and Landsberg conditions,
preprint, March, 2006.

[2] G.S. Asanov, Finsleroid-Finsler space and spray coefficients, preprint, April,
2006.

[3] P. L. Antonelli and R. Miron, Lagrange and Finsler Geometry. Applications to
Physics and Biology, Kluwer Academic Publishers, FTPH no.76, 1996.

[4] L. Berwald, Uber die n-dimensionalen Geometrien konstanter Krimmung, in
denen die Geraden die kiirzesten sind, Math. Z. 30(1929), 449-469.

[5] S. Bécso, F. llosvay and B. Kis, Landsberg spaces with common geodesics, Publ.
Math. Debrecen 42(1993), 139-144.

[6] S. Bacsé and M. Matsumoto, On Finsler spaces of Douglas type. A generaliza-
tion of the notion of Berwald space, Publ. Math. Debrecen, 51(1997), 385-406.

[7] S. Bécsé and M. Matsumoto, Reduction theorems of certain Douglas to Berwald
spaces, Publ. Math. Debrecen, 62(2003), 315-324.

[8] S. Bacs6 and M. Matsumoto, On Finsler spaces of Douglas type II. Projectively
flat spaces, Publ. Math. Debrecen, 53(1998), 423-438.

[9] V. Balan and P. C. Stavrinos, Finslerian (o, 8)-metrics in weak gravitational
models, In ”Finsler and Lagrange Geometries” Edited by M. Anastasiei and P.
L. Antonelli, Kluwer Academic Publishers, 2003.

[10] D. Bao, S. S. Chern and Z. Shen, An Introduction to Riemann-Finsler Geometry,
Springer, 2000.

[11] D. Bao and C. Robles, On Randers metrics of constant curvature, Rep. Math.
Phys. 51(2003), 9-42.

28



[12] D. Bao and C. Robles, Ricci and flag curvatures in Finsler geometry, In “A
Sampler of Finsler Geometry” MSRI series, Cambridge University Press, 2004.

[13] D. Bao, C. Robles and Z. Shen, Zermelo navigation on Riemannian manifolds,
J. Diff. Geom. 66(2004), 391-449.

[14] B. Li, Projectively flat Matsumoto metric and its approzimaton, Publ. Math.
Debrecen, to appear.

[15] X. Cheng and M. Li, On a class of projectively flat («, 3)-metrics, preprint.

[16] X. Chen, X. Mo and Z. Shen, On the flag curvature of Finsler metrics of scalar
curvature, J. of London Math. Soc. (2) 68 (2003), 762-780.

[17] X. Chen and Z. Shen, Randers metrics with special curvature properties, Osaka
J. of Math. 40(2003), 87-101.

[18] X. Cheng and Z. Shen, Randers metrics of scalar flag curvature, preprint, 2005.

[19] X. Cheng and Z. Shen, A class of Finsler metrics with isotropic S-curvature,
preprint.

[20] S. S. Chern and Z. Shen, Riemann-Finsler geometry, World Scientific, 2005.
[21] J. Douglas, The general geometry of paths, Ann. of Math. 29(1927-28), 143-168.

[22] M. Hashiguchi, S. Hojo and M. Matsumoto, On Landsberg spaces of two dimen-
sions with (a, B)-metric, J. Korean Math. Soc. 10(1973), 17-26.

[23] S. Kikuchi, On the condition that a space with (o, 3)-metric be locally
Minkowskian, Tensor, N. S. 33(1979), 242-246.

[24] B. Li and Z.Shen, On a class of projectively flat Finsler metrics with constant
flag curvature, International Journal of Mathematics, to appear.

[25] B. Li and Z. Shen, On a class of weakly Landsberg metrics, preprint.
[26] B. Li and Z. Shen, On a class of Douglas metrics, preprint.

[27] M. Matsumoto, Finsler spaces with («, 5)-metric of Douglas type, Tensor N.S.
60(1998), 123-134.

[28] M. Matsumoto, On C-reducible Finsler spaces, Tensor, N. S. 24(1972), 29-37.

[29] M. Matsumoto, The Berwald connection of a Finsler space with an (o, (3)-
metric, Tensor, N. S. 50(1991), 18-21.

[30] M. Matsumoto, Finsler Geometry in the 20th-Century, “Handbook of Finsler
Geometry 7 Edited by P. L. Antonelli, Kluwer Academic Publishers, 2004.

[31] M. Matsumoto and H. Shimada, The corrected fundamental theorem on Randers
spaces of constant curvature, Tensor, N. S. 63(2002), 43-47.

[32] X. Mo, Z. Shen and C. Yang, Some constructions of projectively flat Finsler
metrics, Science in China (to appear).

29



[33] B. Najafi, Z. Shen and A. Tayebi, Finsler metrics of scalar flag curvature with
special non-Riemannian curvature properties, preprint (2006).

[34] G. Randers, On an asymmetrical metric in the four-space of general relativity,

Phys. Rev., 59(1941), 195-199.

[35] C. Robles, Geodesics in Randers spaces of constant curvature, Trans. AMS (to
appear).

[36] M. Roman, H. Shimada and V. S. Sabau, On 3-change of the Antonelli-Shimada
ecological metric, Tensor, N. S.65(2004), 65-73.

[37] V. S. Sabau and H. Shimada, Classes of Finsler spaces with (c, 3)-metrics, Rep.
on Math. Phy. 47(2001), 31-48.

[38] Z. Shen, Projectively flat Randers metrics of constant curvature, Math. Ann.
325(2003), 19-30.

[39] Z. Shen, Finsler metrics with K = 0 and S = 0, Canadian J. Math. 55(2003),
112-132.

[40] Z. Shen, Landsberg curvature, S-curvature and Riemann curvature, In “A Sam-
pler of Finsler Geometry” MSRI series, Cambridge University Press, 2004.

[41] Z. Shen, Differential Geometry of Spray and Finsler Spaces, Kluwer Academic
Publishers, 2001.

[42] Z. Shen, On Landsberg (c, 3)-metrics, preprint, May 2004, revised in May 2006.
[43] Z. Shen, On some projectively flat Finsler metrics, preprint, 2005.
[44] Z. Shen, On projectively flat («, 3)-metrics, preprint, 2006.

[45] Z. Shen and H. Xing, On Randers metrics with isotropic S-curvature, Acta
Mathematica Sinica (to appear).

[46] Z. Shen and G.C. Yildirim, Randers metrics with special flag curvature, preprint,
2005.

[47] Z. Shen and G.C. Yildirim, On a class of projectively flat metrics with constant
flag curvature, Canadian J. of Math. (to appear).

[48] Y.B. Shen and L. Zhao, Some projectively flat (c, 3)-metrics, Science in China
(Ser.A) 49(2006), 838-851.

[49] Z. 1. Szabd, Positive definite Berwald spaces (structure theorems on Berwald
spaces), Tensor, N. S. 35(1981), 25-39.

[50] H. Xing, The geometric meaning of Randers metrics with isotropic S-curvature,
Adv. Math. (China), (to appear).

[61] Y. Yu, Projectively flat exponential Finsler metrics, preprint.

[52] Y. Yu, Projectively flat arctangent Finsler metrics, J. of Zhejiang Univ. Science
A, to appear.

30



Sandor Bécso

Institute of Mathematics and Informatics, University of Debrecen
H-4010 Debrecen, P.O. Box 12, Hungary

bacsos@inf.unideb.hu

Xinyue Cheng

School of Mathematics and Physics, Chongqing Institute of Technology
Chongqging 400050, P. R. China

chengxy@cqit.edu.cn

Zhongmin Shen

Department of Mathematical Sciences

Indiana University-Purdue University Indianapolis(TUPUT)
402 N. Blackford Street

Indianapolis, IN 46202-3216, USA

zshen@math.iupui.edu

31



