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Abstract

(α, β)-metrics form a rich class of computable Finsler metrics. Many
(α, β)-metrics with special curvature properties have been found and dis-
cussed. They play an important role in Finsler geometry. In this article,
we introduce the recent developments in the study of (α, β)-metrics.

1 Introduction

In the past several years, we witness a rapid development in Finsler geometry. Various
curvatures have been studied and their geometric meanings are better understood.
This is partially due to the study of a special class of Finsler metrics. The special
Finsler metrics we are going to discuss are expressed in terms of a Riemannian metric
α =

√
aijyiyj and a 1-form β = biy

i. They are called (α, β)-metrics. The simplest
(α, β)-metrics are the Randers metrics F = α + β. Thus more intensive study has
done on Randers metrics than other metrics. For example, a complete list of local
structures of Randers metrics of constant flag curvature has been given in [13] recently.
This motivates people to study more general (α, β)-metrics. In this article, we will
introduce the recent development of (α, β)-metrics with special curvature properties.

2 Preliminaries

There are two important volume forms in Finsler geometry. One is the Busemann-
Hausdorff volume form and the other is the Holmes-Thompson volume form.

For a Finsler metric F = F (x, y) on an n-dimensional manifold M , the Holmes-
Thompson volume form dVHT = σHT (x)dx is given by

σHT (x) =
1
ωn

∫

{F (x,y)<1}
det

(
gij(x, y)

)
dy,
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and the Busemann-Hausdorff volume form dVB = σBH (x)dx is given by

σBH (x) =
ωn

Vol{(yi) ∈ Rn|F (x, y) < 1}
.

Here

ωn : = Vol(Bn(1)) =
1
n

Vol(Sn−1)

=
1
n

Vol(Sn−2)
∫ π

0

sinn−2(t)dt.

When F =
√
gij(x)yiyj is a Riemannian metric, both volume forms reduce to the

same Riemannian volume form

dVBH = dVHT =
√

det(gij)dx.

For a Finsler metric, the geodesics are characterized by a system of 2nd ODEs:

ẍi + 2Gi(x, ẋ) = 0,

where
Gi =

1
4
gil

{
[F 2]xmylym − [F 2]xl

}
.

Gi define a global vector field G := yi ∂
∂xi − 2Gi ∂

∂yi on TM . G is called the spray of
F and the local functions Gi are called the spray coefficients of F .

For a Finsler metric F and a volume form dV = σ(x)dx on an n-dimensional
manifold M , the S-curvature S is given by

S =
∂Gm

∂xm
− ym ∂ lnσ

∂xm
. (1)

The volume form can be the Busemann-Hausdorff volume form dVBH = σBHdx or the
Holmes-Thompson volume form dVTH = σTH(x)dx. Unless specified, the S-curvature
usually is defined with respect to the Busemann-Hausdorff volume form.

Definition 2.1 Let F be a Finsler metric on an n-dimensional manifold M .

(a) F is of weakly isotropic S-curvature if there exist a scalar function c = c(x) and
a 1-form η on M such that the S-curvature is in the following form,

S = (n + 1)c(x)F + η.

(b) F is of almost isotropic S-curvature if c = c(x) is a scalar function and η is a
closed 1-form on M ;

(c) F is of isotropic S-curvature if c = c(x) is a scalar function and η = 0;

(d) F is of constant S-curvature if c is a constant and η = 0.

A Finsler metric F is called a Berwald metric if its spray coefficients

Gi =
1
2
Γi

jk(x)y
jyk
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are quadratic in y = yi ∂
∂xi |x ∈ TxM for any x ∈ M . Thus Riemannian metrics are

special Berwald metrics. The local structure of Berwald metrics has been completely
determined [49].

It is known that for a Berwald metric, the S-curvature (with respect to the
Busemann-Hausdorff volume form) vanishes, S = 0. Thus Finsler metrics with van-
ishing S-curvature can be regarded as generalized Berwald metrics.

There is another important quantity—the Landsberg tensor defined by

Ljkl := −
1
2
FFyi

∂3Gi

∂yj∂yk∂yl
. (2)

Finsler metrics with Ljkl = 0 are called Landsberg metrics. It is obvious that if
Gi = 1

2Γi
jk(x)y

jyk are quadratic in y = yi ∂
∂xi |x ∈ TxM for any x ∈ M , then Ljkl = 0.

Thus every Berwald metric is a Landsberg metric. Landsberg metrics can be regarded
as generalized Berwald metrics. It is a long existing open problem whether or not any
Landsberg metric is a Berwald metric.

In projective geometry of Finsler manifolds, there is an important projectively
invariant quantity—the Douglas tensor defined by

D i
j kl =

∂3Πi

∂yj∂yk∂yl
,

where
Πi := Gi −

1
n+ 1

∂Gm

∂ym
yi.

In local coordinates, the following three conditions are equivalent

D i
j kl = 0,

Gi =
1
2
Γi

jk(x)yjyk + P (x, y)yi,

Dij := Giyj − Gjyi = Aij
klm(x)ykylym.

A Finsler metric is called a Douglas metric if D i
j kl = 0. The notion of Douglas

metrics is first introduced in [6]. Douglas metrics are regarded as generalized Berwald
metrics.

Finally, we come to the most important quantity — the Riemann curvature defined
by

Ri
k := 2

∂Gi

∂xk
− ∂2Gi

∂xm∂yk
ym + 2Gm ∂2Gi

∂ym∂yk
− ∂Gi

∂ym

∂Gm

∂yk
.

The flag curvature K = K(P, y) of a flag (P, y), where P = span{y, u} ⊂ TxM is
defined by

K =
gijR

i
k(x, y)ujuk

F (x, y)2gij(x, y)uiuj − [gij(x, y)yiuj ]2
.

It is a natural problem to investigate Finsler metrics with special flag curvature prop-
erties.

Definition 2.2 Let F = F (x, y) be a Finsler metric on a manifold M .
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(a) F is of scalar flag curvature if K = K(x, y) is independent of P containing
y ∈ TxM ;

(b) F is of weakly isotropic flag curvature if K = 3η/F + σ, where η is a 1-form
and σ = σ(x) is a scalar function on M ;

(c) F is of almost isotropic flag curvature if K = 3cxmym/F + σ, where c = c(x)
and σ = σ(x) are scalar functions on M ;

(d) F is of isotropic flag curvature if K = σ where σ = σ(x) is a scalar function on
M ;

(e) F is of constant flag curvature if K = σ = constant.

By Schur Lemma, in dimension n ≥ 3, if F is of isotropic flag curvature, then it
is of constant flag curvature.

The S-curvature is closely related to the flag curvature.

Theorem 2.3 ([16]) Let F be a Finsler metric of scalar flag curvature on a manifold
M . Suppose that the S-curvature is almost isotropic, S = (n+1)cF+η, where c = c(x)
is a scalar function and η = ηiy

i is a closed 1-form, then the flag curvature is almost
isotropic in the following form

K =
3cxmym

F
+ σ,

where σ = σ(x) is a scalar function on M .

Let F be a Finsler metric of scalar flag curvature on a manifold M . In [33], we
find a sufficient and necessary condition on a non-Riemannian quantity for the flag
curvature to be weakly isotropic.

3 (α, β)-metrics

In Finsler geometry, it is in general very difficult to compute the curvatures of a
Finsler metric. Some Finsler metrics are defined by some elementary functions, but
their expressions of curvatures are extremely complicated so that one can not easily
determine their values.

There is a class of Finsler metrics defined by a Riemannian metric and a 1-form
on a manifold, which is relatively simple with interesting curvature properties. More
important, these metrics are “computable”. Thus they first deserve our attention.

Let α =
√
aij(x)yiyj be a Riemannian metric and β = bi(x)yi be a 1-form on

an n-dimensional manifold M . Using α and β one can define a function on TM as
follows

F = αφ(s), s =
β

α
. (3)

where φ = φ(s) is a C∞ positive function on an open interval (−bo, bo). The norm
‖βx‖α of β with respect to α is defined by

‖βx‖α := sup
y∈TxM

β(x, y)
α(x, y)

=
√
aij(x)bi(x)bj(x).

In order to define F , β must satisfy the condition ‖βx‖α < bo for all x ∈ M .
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To find a condition on the function φ such that F in (3) is a Finsler metric, one
computes the Hessian gij := 1

2
[F 2]yiyj as follows,

gij = ρaij + ρ0bibj + ρ1(biαj + bjαi) − sρ1αiαj,

where αi := αyi and

ρ = φ2 − sφφ′, ρ0 = φφ′′ + φ′φ′,

ρ1 = −s(φφ′′ + φ′φ′) + φφ′,

where the functions are evaluated on s := β/α. By linear algebra, one gets

det(gij) = φn+1(φ− sφ′)n−2
[
(φ− sφ′) + (b2 − s2)φ′′] det(aij).

Using the above formula, one can easily get the following

Lemma 3.1 ([20]) The function F = αφ(β/α) is a Finsler metric for any α =√
aijyiyj and any β = biy

i with ‖βx‖α < bo if and only if φ = φ(s) is a positive C∞

function on (−bo, bo) satisfying the following condition:

φ(s) − sφ′(s) + (b2 − s2)φ′′(s) > 0, |s| ≤ b < bo. (4)

From (4), one can see that φ must satisfy

φ(s) − sφ′(s) > 0, |s| < bo.

Some computations on the Hessian gij of (α, β)-metrics are done in [37].

Definition 3.2 A Finsler metric F on a manifold M is called an (α, β)-metric if it
is expressed as F = αφ(β/α) with ‖βx‖α < bo, where φ = φ(s) is a positive C∞ on
(−bo, bo) satisfying (4).

Let φ = 1 + s. The (α, β)-metric defined by φ is given by

F = α+ β.

It is easy to verify that F is a Finsler metric if and only if ‖βx‖α < 1 for all x ∈ M .
Such metric is called a Randers metric. General (α, β)-metrics were first studied by
M. Matsumoto [28] in 1972 as a direct generalization of Randers metrics. They have
many applications in physics and biology(ecology) ([3][9][36]). The study of (α, β)-
metrics no doubt leads us to a better understanding on the geometric properties of
Finsler metrics.

In order to study the geometric properties of (α, β)-metrics, one needs a formula
for the spray coefficients of an (α, β)-metric. Let

rij :=
1
2
(bi|j + bj|i), sij :=

1
2
(bi|j − bj|i),

si
j := aihshj , sj := bis

i
j = bmsmj , eij := rij + bisj + bjsi,

where “|” denotes the covariant derivative with respect to the Levi-Civita connection
of α. We will denote r00 := rijy

iyj , s0 := sjy
j , etc. Let Gi and Ḡi denote the spray

coefficients of F and α, respectively, given by

Gi =
gil

4

{
[F 2]xkylyk − [F 2]xl

}
, Ḡi =

ail

4

{
[α2]xkylyk − [α2]xl

}
,
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where (gij) := (1
2 [F 2]yiyj ) and (aij) := (aij)−1. By a direct computation, one gets

the following formula:

Gi = Ḡi + αQsi
0 + Θ

{
− 2Qαs0 + r00

}yi

α

+Ψ
{
− 2Qαs0 + r00

}
bi, (5)

where

Q : =
φ′

φ− sφ′ ,

Θ : =
φ− sφ′

2
(
(φ− sφ′) + (b2 − s2)φ′′

) · φ
′

φ
− sΨ,

Ψ : =
φ′′

2
(
(φ− sφ′) + (b2 − s2)φ′′

) ,

where s := β/α and b := ‖βx‖α. The formula (5) is given in [20] and [40]. A different
version of (5) is given in [27].

The above formula (5) is very useful in computing curvatures of an (α, β)-metric
F = αφ(β/α). However, it is still difficult to simplify a curvature equation expressed
in terms of α and β, because the complexity of φ. A useful technique is to take a
local coordinate system at x such that

α =

√√√√
n∑

i=1

(yi)2, β = by1. (6)

Let s = β/α. Then
y1 =

s√
b2 − s2

ᾱ,

where

ᾱ :=

√√√√
n∑

α=2

(yα)2.

One obtains a coordinate transformation (s, ua) → (yi) given by

y1 =
s√

b2 − s2
ᾱ, ya = ua. (7)

Then
α =

b√
b2 − s2

ᾱ, β =
bs√

b2 − s2
ᾱ.

If the curvature equation involves rij, sij or their covariant derivatives, one needs the
following expressions:

r1 = br11, rα = br1α, s1 = 0, sα = bs1α.

r00 =
s2ᾱ2

b2 − s2
r11 + 2

sᾱ√
b2 − s2

r̄10 + r̄00,
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r10 =
sᾱ√
b2 − s2

r11 + r̄10, s10 = s̄10,

where r̄00 := rabu
aub, r̄10 = r1au

a and s̄10 = s1au
a. Then the curvature equation can

be reduced to the following form

Φ1 + Φ2ᾱ = 0,

where Φ1 = Φ1(s, u) and Φ2 = Φ2(s, u) are polynomials in (ua). Thus

Φ1 = 0, Φ2 = 0.

This technique is first used in [42].

Below are some important examples (cf. [43]).

(i) φ = 1 + s. The metric defined by φ is a Randers metric given by

F = α+ β.

We have
Q = 1, Θ =

1
2(1 + s)

, Ψ = 0.

Thus the spray coefficients are given by

Gi = Ḡi + αsi
0 +

1
2F

{
− 2αs0 + r00

}
yi. (8)

(ii) φ = φ(s) satisfies
φ(s) − sφ′(s) = (p + rs2)φ′′(s). (9)

In this case, both Θ and Ψ take the following simple forms

Θ =
p+ rs2

2(p+ rs2 + (b2 − s2))
·
φ′

φ
− sΨ

Ψ =
1

2(p+ rs2 + (b2 − s2))
.

Note that the only unpleasant term in Θ is the quotient φ′/φ.
For certain values of p and r, the solutions of (9) can be expressed in terms of

elementary functions (cf. [43]).

(a) If r = −1 and p = ±1, then

φ =

{√
1 − s2 + s arctan

(
s√

1−s2

)
+ εs, if p = 1

√
1 + s2 − s ln(s +

√
1 + s2) + εs, if p = −1.

(b) If r = 1 and p = ±1, then

φ =
{√

1 + s2 + εs, if p = 1√
1 − s2 + εs, if p = −1.
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(c) If r = −1/2, p = ±1/2, then

φ =
{

1 + s2 + εs, if p = 1/2
1 − s2 + εs, if p = −1/2.

(d) If r = 1/2 and p = ±1/2, then

φ =

{
1 + s arctan(s) + εs, if p = 1/2

1 + s ln
√

1−s
1+s + εs, if p = −1/2.

(e) If r = −1/3 and p = ±1/3, then

φ =





(
1 + 1

2
s2

)√
1 − s2 + 3

2
s arctan

(
s√

1−s2

)
+ εs, if p = 1/3

(
1 − 1

2
s2

)√
1 + s2 − 3

2
s ln

(
s +

√
1 + s2

)
+ εs, if p = −1/3.

(f) If r = 1/3 and p = ±1/3, then

φ =

{√
1 + s2 + s2

√
1+s2 + εs, if p = 1/3

√
1 − s2 − s2

√
1−s2 + εs, if p = −1/3.

(g) If r = −1/4 and p = ±1/4, then

φ =
{

1 + 2s2 − 1
3s

4 + εs, if p = 1/4
1 − 2s2 − 1

3
s4 + εs, if p = −1/4.

(h) If r = 1/4 and p = ±1/4, then

φ =





2+3s2

2(1+s2) + 3
2s arctan(s) + εs, if p = 1/4

2−3s2

2(1−s2) + 3
2s ln

√
1−s
1+s + εs, if p = −1/4.

One can easily write down a formula for the (α, β)-metric defined by any of the above
functions φ. For example,

F = α± β2

α
+ εβ,

F = α± 2
β2

α
− 1

3
β4

α3
+ εβ,

F = α+ β arctan
(β
α

)
+ εβ,

F =
√
α2 + β2 − β ln

[√
α2 + β2 + β

α

]
+ εβ,

F = α+ β ln

√
α− β

α+ β
+ εβ,

F =
(
1 +

1
2
β2

α2

)√
α2 − β2 +

3
2
β arctan

( β√
α2 − β2

)
+ εβ,
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F =
(
1 − 1

2
β2

α2

)√
α2 + β2 − 3

2
β ln

[√
α2 + β2 + β

α

]
+ εβ,

F =
2α2 + 3β2

2(α2 + β2)
α+

3
2
β arctan

(β
α

)
+ εβ,

F =
2α2 − 3β2

2(α2 − β2)
α+

3
2
β ln

√
α− β

α+ β
+ εβ.

For any of the above functions φ, one can find α and β such that F = αφ(β/α) is
of scalar flag curvature.

4 Volume forms of (α, β)-metrics

To compute the S-curvature, one should first find a formula for the Busemann-
Hausdorff volume forms dVBH and the Holmes-Thompson dVHT .

Proposition 4.1 ([19]) Let F = αφ(s), s = β/α, be an (α, β)-metric on an n-
dimensional manifold M . Let

f(b) :=





∫ π

0
sinn−2(t)dt∫

π

0

sinn−2(t)
φ(b cos(t))n dt

if dV = dVBH ,
∫ π

0
sinn−2(t)T (bcos t)dt∫ π

0
sinn−2(t)dt

if dV = dVHT .

Then the volume form dV is given by

dV = f(b)dVα,

where dVα =
√

det(aij)dx denotes the Riemannian volume form of α.

Proof: In a coordinate system, the determinant of gij := 1
2
[F 2]yiyj , is given by

det(gij) = φn+1(φ− sφ′)n−2[(φ− sφ′) + (b2 − s2)φ′′] det(aij).

First we take an orthonormal basis at a point x with respect to α so that

α =
√∑

(yi)2, β = by1,

where b = ‖βx‖α. Then the volume form dVα = σαdx at x is given by

σα =
√

det(aij) = 1.

In order to evaluate the integrals

Vol
{

(yi) ∈ Rn|F (x, y) < 1
}

=
∫

{F (x,y)<1}
dy =

∫

{αφ(β/α)<1}
dy,

and ∫

{F (x,y)<1}
det(gij)dy =

∫

{αφ(β/α)<1}
det(gij)dy,
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we take the coordinate transformation, ψ : (s, ua) → (yi) given by (7):

y1 =
s√

b2 − s2
ᾱ, ya = ua,

where ᾱ =
√∑n

a=2(ya)2. Then

F = αφ(β/α) =
bφ(s)√
b2 − s2

ᾱ.

and the Jacobian of the transformation ψ is given by b2(b2 − s2)−3/2ᾱ. Then

Vol
{

(yi) ∈ Rn|F (x, y) < 1
}

=
∫

bφ(s)√
b2−s2

ᾱ<1

b2

(b2 − s2)3/2
ᾱdsdu

=
∫ b

−b

b2

(b2 − s2)3/2

[∫

ᾱ<

√
b2−s2

bφ(s)

ᾱdu
]
ds

=
1
n

Vol(Sn−2)
∫ b

−b

b2

(b2 − s2)3/2

(√
b2 − s2

bφ(s)

)n

ds

=
1
n

Vol(Sn−2)
∫ b

−b

(b2 − s2)(n−3)/2

bn−2φ(s)n
ds

=
1
n

Vol(Sn−2)
∫ π

0

sinn−2(t)
φ(b cos(t))n

dt.

Therefore

σBH =

∫ π

0
sinn−2(t)dt

∫ π

0
sinn−2(t)

φ(b cos(t))n dt
σα.

Let
T (s) := φ(φ− sφ′)n−2[(φ− sφ′) + (b2 − s2)φ′′] (10)

Then
det(gij) = φ(s)nT (s) det(aij).

By a similar argument, we get

σHT =
1
ωn

∫

{F (x,y)<1}
φ(s)nT (s)dy1 · · ·dyn

=
1

nωn
Vol(Sn−2)

∫ b

−b

b2

(b2 − s2)3/2

(√
b2 − s2

b

)n

T (s)ds

=

∫ π

0
sinn−2(t)T (b cos t)dt∫ π

0
sinn−2(t)dt

.

Thus

σHT =

∫ π

0
sinn−2(t)T (b cos t)dt∫ π

0
sinn−2(t)dt

σα.

This proves the proposition. Q.E.D.

It is surprised to see that for certain φ, dVTH = dVα.
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Corollary 4.2 Let F = αφ(s), s = β/α, be an (α, β)-metric on an n-dimensional
manifold M . Let T = T (s) be defined in (10). Suppose that T − 1 is an odd function
of s. Then dVTH = dVα.

Proof: Let ϕ(s) = T (s) − 1. By assumption, ϕ(−s) = −ϕ(s). It is easy to see that
∫ π

0

sinn−2(t)ϕ(b cos(t))dt = 0.

Thus ∫ π

0

sinn−2(t)T (b cos(t))dt =
∫ π

0

sinn−1(t)dt.

This implies that σHT = 1 in the above special coordinate system at x. Then in a
general coordinate system σHT = σα. Q.E.D.

5 Randers metrics of scalar flag curvature

Randers metrics are the simplest (α, β)-metrics. The spray coefficients of a Ran-
ders metric are given by (8). Then one can use (8) to compute the Ricci curvature
and the Riemann curvature. On the other hand, it is one of important problems in
Finsler geometry to study and characterize Finsler metrics of constant (or scalar) flag
curvature. Thus it is natural to investigate Randers metrics first.

Bao-Robles [11] [12] first observe that for a Randers metric F = α + β on an
n-dimensional manifold M , if the Ricci curvature is in the following form

Ric = (n− 1)σF 2, (11)

where σ = σ(x) is a scalar function, then the 1-form β = bi(x)yi satisfies the following
PDE:

r00 + 2s0β = 2c(α2 − β2), (12)

where c is a constant. The equation (12) is equivalent to a condition on the S-
curvature,

S = (n+ 1)cF, (13)

where c is a constant (cf. [17]).
In [11], Bao-Robles obtain another PDE on β which together with (12) char-

acterizes Randers metrics of constant flag curvature (see also [12]). Independently,
Matsumoto-Shimada obtain the same result ([31]). However, it is very difficult to
solve these PDEs for α and β to classify such metrics.

Using Zermelo’s navigation idea ([39][40]), one can obtain Randers metrics of
constant flag curvature. The crucial idea is to express a Randers metric F = α + β
in terms of a Riemannian metric h =

√
hij(x)yiyj and a vector field W = W i ∂

∂xi by

F =

√
λh2 +W 2

0

λ
− W0

λ
, W0 := Wiy

i, (14)

where Wi := hijW
j and

λ := 1 −WiW
i = 1 − h(x,W )2.
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Theorem 5.1 ([13]) For a Randers metric F expressed in the form (14), it has con-
stant flag curvature, K = k if and only if h has constant sectional curvature K̄ = k+c2

and W satisfies
W0;0 = −2ch2, (15)

where c is a constant, W0;0 := Wi;jy
iyj and the covariant derivatives DW = Wi;jdx

i⊗
dxj are taken with respect to h.

When h has constant sectional curvature K̄ = µ, it is easy to solve (15) for W to
obtain a complete list of local structure of Randers metrics of constant flag curvature.

Theorem 5.2 ([13]) Let F = α+ β be a Randers metric on a manifold M which is
expressed in terms of a Riemannian metric h and a vector field W by (14). F has
constant flag curvature if and only if at any point, there is a local coordinate system
in which h and W are given by

h =

√
|y|2 + µ(|x|2|y|2 − 〈x, y〉2)

1 + µ|x|2 , (16)

W = −2c
√

1 + µ|x|2 x+ xQ+ b+ µ〈b, x〉x, (17)

where c and µ are constants with cµ = 0, Q = (q i
j ) is an anti-symmetric matrix and

a, b ∈ Rn are constant vectors. In this case, the flag curvature is given by K = µ− c2.

In fact, without the condition on the flag curvature, (15) is equivalent to (12) for
any scalar function c = c(x) ([50]). Therefore (15) is equivalent to (13) for any scalar
function c = c(x) by [17].

The expression (14) is a key to classify Randers metrics of constant flag curvature.
It is a natural idea to use (14) to study Randers metrics of scalar flag curvature.

Let F = α+ β be defined by (14). Let

Rij :=
1
2
(Wi;j +Wj;i), Sij :=

1
2
(Wi;j −Wj;i),

Rj := W iRij, R := W jRj , Sj := W iSij.

Let Gi and G̃i denote the spray coefficients of F and h, respectively. We have the
following

Gi = G̃i − 1
2
F 2(Si + Ri) − FSi

0 +
1
2
(yi/F −W i)(2R0F −R00 −RF 2), (18)

where Si := hijSj , Ri := hijRj , R0 := Riy
i and R00 := Rijy

iyj . Formula (18) is
due to C. Robles [35].

By a direct computation, one can obtain from (18) that

∂Gm

∂ym
=
∂G̃m

∂ym
+
n + 1
2F

{
2FR0 −R00 − F 2R

}
. (19)

Let dVF = σFdx
1 · · ·dxn and dVh = σhdx

1 · · ·dxn denote the volume form of F and
h respectively. An important fact is that dVF = dVh, i.e., σF = σh. Since h is a
Riemannian metric, we have

∂G̃m

∂ym
= ym ∂

∂xm

(
lnσh

)
. (20)

12



Then it follows from (19) and (20) that

S =
∂Gm

∂ym
− ym ∂

∂xm

(
lnσF

)
(21)

=
n+ 1
2F

{
2FR0 −R00 − F 2R

}
. (22)

Let
ξi := yi − F (x, y)W i. (23)

Since ‖Wx‖h < 1, the vector ξ := ξi ∂
∂xi |x ∈ TxM can be arbitrary. Moreover, it is

easy to verify that
hij(x)ξiξj = F (x, y)2.

Then it follows from (22) that

S
F

= −n + 1
2

Rijξ
iξj

hijξiξj
. (24)

By (24), one gets the following

Lemma 5.3 ([50] [20]) Let F be a Randers metric F defined by (14) and c = c(x) be
a scalar function on an n-dimensional manifold. S = (n+ 1)cF if and only if

R00 = −2ch2. (25)

Note that (25) is equivalent to (15).

In the following, we are going to discuss Randers metrics of scalar flag curvature
and isotropic S-curvature.

First we assume that a Randers metric F expressed in (14) has isotropic S-
curvature, S = (n+1)cF . By Lemma 5.3,W satisfies (25). Then the spray coefficients
Gi in (18) are reduced to the following expression:

Gi = G̃i − FSi
0 −

1
2
F 2Si + cFyi. (26)

By the simplified expression (26), one can express the Riemann curvature in terms of
h and W . Rewrite (26) as follows

Gi = G̃i + Qi,

where
Qi := −FSi

0 −
1
2
F 2Si + cFyi.

The Riemann curvature Ri
k = R i

j kl(x, y)y
jyl of F and the Riemann curvature R̄i

k =
R̄ i

j kl(x)y
jyl of h are related by

Ri
k = R̄i

k + 2Qi
;k − [Qi

;m]ykym + 2Qm[Qi]ymyk − [Qi]ym [Qm]yk . (27)

where “; ” denotes the horizontal covariant differentiation with respect to h (cf.[41]).
By a direct and lengthy argument, one can get

Ri
k = R̄ i

p kq(y
p − FW p)(yq − FW q)

−FykR̄ i
p mq(y

p − FW p)(yq − FW q)Wm

+
(3cxmym

F
− c2 − 2cxmWm

){
F 2δi

k − FFykyi
}
. (28)

13



Let
h̃ :=

√
hij(x)ξiξj, R̃i

k := R̄ i
p kqξ

pξq.

It follows from (28) that for any scalar function µ = µ(x) on M ,

Ri
k −

(3cxmym

F
+ µ− c2 − 2cxmWm

){
F 2δi

k − FFykyi
}

= R̃i
k − µ

(
h̃2δi

k − ξkξ
i
)
− ξk

h̃+ W̃0

{
R̃i

p − µ
(
h̃2δi

p − ξpξ
i
)}
W p, (29)

where ξi := hijξ
j .

From (29), one can easily prove the following

Theorem 5.4 ([18]) Let F be a Randers metric on n-dimensional manifold M de-
fined by (14). Suppose that S = (n+ 1)cF where c = c(x) is a scalar function. Then
F is of scalar flag curvature if and only if h is of sectional curvature K̄ = µ, where
µ = µ(x) is a scalar function (=constant if n ≥ 3). In this case, the flag curvature of
F is given by

K =
3cxmym

F
+ σ, (30)

where σ := µ− c2 − 2cxmWm.

Proof: Assume that F is of scalar curvature, then by Theorem 2.3 above, the flag
curvature of F is given by

K = 3cxmym/F + σ,

where σ = σ(x) is a scalar function onM . This is equivalent to the following equation:

Ri
k =

(3cxmym

F
+ σ

){
F 2δi

k − FFykyi
}
. (31)

Plugging (31) into (29) yields

R̃i
k − µ

(
h̃2δi

k − ξkξ
i
)
− 1
h̃+ W̃0

ξk

{
R̃i

p − µ
(
h̃2δi

p − ξpξ
i
)}
W p = 0,

where µ := σ + c2 + 2cxmWm. Immediately, one obtains

R̃i
k = µ

(
h̃2δi

k − ξkξ
i
)
. (32)

Thus h has sectional curvature K̄ = µ(x). By the Schur lemma, µ = constant in
dimension n ≥ 3.

Conversely, if h has sectional curvature K̄ = µ(x), then (32) holds. By (29) again,
we get (31) with σ = µ − c2 − 2cxmWm. Thus F is of scalar curvature and its flag
curvature is given by (30). Q.E.D.

If a Riemannian metric h has constant curvature K̄ = µ, then one can easily solve
(25) for W and obtain the list of local structures of Randers metrics of scalar flag
curvature and isotropic S-curvature.

Theorem 5.5 ([18]) Let F = α + β be a Randers metric on a manifold M of di-
mension n ≥ 3, which is expressed in terms of a Riemannian metric h and a vector
field W by (14). Suppose that F is of isotropic S-curvature S = (n + 1)cF . Then it

14



is of scalar flag curvature, K = K(x, y), if and only if at any point, there is a local
coordinate system in which h, c and W are given by

h =

√
|y|2 + µ(|x|2|y|2 − 〈x, y〉2)

1 + µ|x|2
, (33)

c =
δ + 〈a, x〉√
1 + µ|x|2

(34)

W = −2
{(
δ
√

1 + µ|x|2 + 〈a, x〉
)
x− |x|2a√

1 + µ|x|2 + 1

}
+ xQ+ b+ µ〈b, x〉x, (35)

where δ, µ are constants, Q = (q i
j ) is an anti-symmetric matrix and a, b ∈ Rn are

constant vectors. In this case, the flag curvature is given by (30).

Since locally projectively flat Randers metrics are always of scalar flag curvature,
Theorem 5.5 generalizes the main result in [16]. Since every Randers metric of con-
stant flag curvature must have constant S-curvature, the class of Randers metrics
with isotropic S-curvature and scalar flag curvature contains all Randers metrics of
constant flag curvature.

Let us take a look at a special example. In (33)-(35), let µ = 0, δ = 0, Q = 0 and
b = 0. We get

h = |y|, c = 〈a, x〉, W = −2〈a, x〉x+ |x|2a.

The Randers metric F = α+ β is given by

F =

√
(1 − |a|2|x|4)|y|2 + (|x|2〈a, y〉 − 2〈a, x〉〈x, y〉)2

1 − |a|2|x|4

−|x|2〈a, y〉 − 2〈a, x〉〈x, y〉
1 − |a|2|x|4

.

The S-curvature and the flag curvature are given by

S = (n+ 1)〈a, x〉 F, K =
3〈a, y〉
F

+ 3〈a, x〉2 − 2|a|2|x|2.

Clearly F is not locally projectively flat because β is not closed. This example is
constructed in [40].

According to Theorem 2.3, for a Finsler metric F of scalar flag curvature on an
n-dimensional manifold M , if the S-curvature is isotropic, S = (n + 1)cF , where
c = c(x) is a scalar function on M , then the flag curvature must take the form

K =
3cmym

F
+ σ. (36)

A natural question arises: does (36) imply that the S-curvature is isotropic? The
answer is affirmative for Randers metrics.

Let F = α+ β and let

tij := s m
i smj , qij := r m

i smj , tj := bmtmj ,

where bi := aijbj. By a direct and lengthy computation, we get the following formula
for the Ricci curvature:
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Ric = Ric +
{
2αsm

0|m − 2t00 − α2tmm

}

+(n− 1)
{3(r00 − 2s0α)2

4(α+ β)2
+

4α[q00 − t0α]− [r00|0 − 2s0|0α]
2(α+ β)

}
. (37)

where Ric denotes the Ricci curvature of α. The formula (37) is due to Bao-Robles
([12], p 220).

Lemma 5.6 ([46]) Let F = α+ β be a Randers metric on a manifold M . Then the
Ricci curvature is in the form

Ric = (n − 1)
{3cxmym

F
+ σ

}
F 2, (38)

where c = c(x) and σ = σ(x) are scalar functions, if and only if

Ric = (n− 1)
{
(σ − 3c̃2)α2 + (σ + c̃2)β2 + (3c0 − c̃0)β − s0|0 − s20

}

+2t00 + α2tmm (39)

sm
0|m =

n − 1
2

{
3c0 + c̃0 + 2(σ + c̃2)β + 4c̃s0 + 2t0

}
(40)

r00 + 2s0β = 2c̃(α2 − β2), (41)

where c̃ = c̃(x) is a scalar function on M .

Note that (41) is equivalent to that S = (n+ 1)c̃F . Then one can easily prove the
following

Theorem 5.7 ([46]) Let F = α+β be a Randers metric on a manifold M and (h,W )
be its navigation representation (14). Then the flag curvature K of F is in the form
(36) if and only if the sectional curvature K̃ of h and the vector field W satisfy

K̃ = µ (42)

W0;0 = −2c̃h2. (43)

where µ = µ(x) and c̃ = c̃(x) are scalar functions on M . In either case, the scalar
functions are related by

c− c̃ = constant, σ = µ− c̃2 − 2c̃xmWm.

Q.E.D.
By Theorem 5.7 and Theorem 5.5, we can classify n-dimensional Randers metrics

(n ≥ 3) with flag curvature in the form (36).

For the Ricci curvature, we have the following

Theorem 5.8 ([46]) Let F = α+β be a Randers metric on a manifold M and (h,W )
be its navigation representation. Then the Ricci curvature of F is in the form

Ric = (n− 1)
{3cymym

F
+ σ

}
F 2, (44)

16



where c = c(x) and σ = σ(x) are scalar functions, if and only if the Ricci curvature
R̃ic of h and the vector field W satisfy

R̃ic = (n− 1)µh2, (45)

W0;0 = −2c̃h2. (46)

where µ = µ(x) and c̃ = c̃(x) are scalar functions on M . In this case, the scalar
functions are related by

c− c̃ = constant, σ = µ− c̃2 − 2c̃xmWm.

6 (α, β)-metrics of Landsberg type

It is a long existing open problem in Finsler geometry whether or not every Landsberg
metric is of Berwald type. Since (α, β)-metrics are “computable” metrics, it is natural
to investigate this problem on (α, β)-metrics.

Let F = αφ(β/α) be an (α, β)-metric. If β is parallel with respect to α (rij = 0
and sij = 0), then by (5), Gi = Ḡi are quadratic in y. Thus F is a Berwald metric.
The converse is true too ([23][29]). In fact, one can show that every Landsberg (α, β)-
metric must satisfies that sij = 0 and rij = 0. Thus it is a Berwald metric.

By a simple computation, one gets

FFyi = gijy
j = (φ2 − sφφ′)yi + φφ′αbi. (47)

By (2), (5) and (47), one gets the following formula for Ljkl.

Ljkl = − ρ

6α5

{
hjhkCl + hjhlCk + hkhlCj + 3Ejhkl + 3Ekhjl + 3Elhkl

}
, (48)

where

hj : = αbj − syj

hjk : = α2ajk − yjyk,

Cj : = (A1r00 +A2αs0)hj + 3ΛJj

Ej : = (B1r00 +B2αs0)hj + 3µJj

Jj : = α2(sj0 + Γrj0 + Παsj) − (Γr00 + Παs0)yj

A1 : =
1

2∆2

{
− 2∆Q′′′ + 3(Q− sQ′)Q′′ + 3(b2 − s2)(Q′′)2

}
,

A2 : =
1

∆2

{
2∆QQ′′′ + 3∆Q′Q′′ − 3QQ′′

(
Q− sQ′ + (b2 − s2)Q′′

)}
,

B1 : =
1

2∆2

{
(Q− sQ′)2 +

(
2(s + b2Q) − (b2 − s2)(Q− sQ′)

)
Q′′

}
,

B2 : =
1

∆2

{
−

(
s∆ + (s + b2Q)

)
QQ′′ + (Q− sQ′)

(
∆Q′ − (Q− sQ′)Q

)}
,

Λ : = −Q′′,

µ : = −1
3
(Q− sQ′),

Γ : =
1
∆
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Π : = −Q
∆
,

Q : =
φ′

φ− sφ′

ρ : = φ(φ− sφ′)
∆ : = 1 + sQ + (b2 − s2)Q′.

Let

J : = bjJj = α
{
α(s0 + Γr0) − (Γr00 + Παs0)s

}
.

C : = bjCj = (A1r00 + A2αs0)α(b2 − s2) + 3ΛJ,
E : = bjEj = (B1r00 +B2αs0)α(b2 − s2) + 3µJ.

It follows from the definitions of Cj and Ej that

α(b2 − s2)Cj − Chj = 3Λ
{
α(b2 − s2)Jj − Jhj

}
, (49)

α(b2 − s2)Ej −Ehj = 3µ
{
α(b2 − s2)Jj − Jhj

}
. (50)

One can easily prove the following

Lemma 6.1 ([42]) Assume that the dimension n ≥ 3. Then the following two condi-
tions are equivalent.

(i) Ljkl = 0,

(ii) Cj = 0 and Ej = 0.

By the above lemma, one can show the following

Theorem 6.2 ([42]) Let φ = φ(s) be a C∞ positive function on an interval I =
(−bo, bo). Suppose that φ satisfies (4), but φ 6= k2

√
1 + k1s2 on I for any constants

k1 and k2 > 0. For an (α, β)-metric F = αφ(β/α) with 0 < b(x) := ‖βx‖α < bo on
a manifold of dimension n ≥ 3, F is a Landsberg metric if and only if β is parallel
with respect to α (i.e. F is a Berwald metric).

One can use (ii) in Lemma 6.1 to prove Theorem 6.2. The problem is how to deal
with the terms involving φ(β/α) in simplifying the equation Ej = 0. To overcome
this difficulty, we change the y-coordinates (yi) at a point to “polar” coordinates
(s, yα), where i = 1, · · · , n and α = 2, · · · , n. Fix an arbitrary point x ∈ M . Take an
orthonormal basis {ei} at x such that

α =

√√√√
n∑

i=1

(yi)2, β = by1.

Here b = ‖βx‖α. Take a coordinate transformation (s, ua) → (yi) given by (7). By a
direct computation E1 = 0 is equivalent to the following two equations:

{
(b2 − s2)B1 − 3sµΓ

}
r̄00 + s

{
sB1 + 3µΓ

}
r11ᾱ

2 = 0, (51)
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(b2 − s2)
{(

2sB1 + 3µΓ
)
r10 +

(
b2B2 + 3µ

)
s10

}

−3sµ
{
sΓr10 + (b2Π − s)s10

}
= 0. (52)

Ea = 0 is equivalent to the following two equations:

s
{(

(b2 − s2)B1 − 3sµΓ
)
r̄00 + s

(
sB1 + 3µΓ

)
r11ᾱ

2
}
ua

−3b2µ
{
Γ
(
r̄0aᾱ

2 − r̄00u
a
)
− s̄0aᾱ

2
}

= 0. (53)

s
{

(b2 − s2)
[(

2sB1 + 3µΓ
)
r10 +

(
b2B2 + 3µ

)
s10

]

−3µs
[
Γsr10 + (b2Π − s)s10

]}
ua

= 3µb2
{[

Γsr1a + (b2Π − s)s1a

]
ᾱ2 −

[
Γsr10 + (b2Π − s)s10

]
ua

}
. (54)

Equation (53) implies (51) and (54) implies (52). But we need (51) and (52) to
simplify (53) and (54). Similarly, we get four equations for Cj = 0 by replacing Bi

and µ by Ai and Λ respectively.
By the above equations, one can show the following

Proposition 6.3 (n ≥ 3) Assume that φ 6= k1

√
1 + k2s2 for any constants k1 and

k2. Assume that β is parallel with respect to α. Then F = αφ(β/α) is a Landsberg
metric if and only if β satisfies

sij =
1
b2

(
bisj − bjsi

)
, (55)

rij = k(b2aij − bibj) + cbibj + d(bisj + bjsi). (56)

where k = k(x), c = c(x) and d = d(x) are scalar functions, and φ satisfies
{

(b2 − s2)A1 − 3sΛΓ
}
k +

{
s2A1 + 3ΛΓs

}
c = 0, (57)

{
(b2 − s2)B1 − 3µsΓ

}
k +

{
s2B1 + 3µΓs

}
c = 0. (58)

If s0 6= 0, then φ = φ(s) satisfies three additional ODEs:

db2sΓ + b2Π − s = 0, (59)
{

2sA1 + 3ΛΓ
}
db2 +

{
b2A2 + 3Λ

}
= 0. (60)

{
2sB1 + 3µΓ

}
db2 +

{
b2B2 + 3µ

}
= 0, (61)

One can actually solve the above ODE’s for φ. The key idea is as follows. Since
β is not parallel, (57) and (58) hold for (k, c) 6= (0, 0). Then

µA1 − ΛB1 =
(Q− sQ′)Q′′′ + 3s(Q′′)2

3(1 + sQ+ (b2 − s2)Q′)
= 0. (62)

The numerator of the equation (62) is independent of the norm of β! More surpris-
ingly, it is solvable. If we impose the regularity on Q at s = 0, we obtain the following
general solution

Q = c1
√

1 + c2s2 + c3s,
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where c1, c2 and c3 are constants with c1 6= 0. Then plugging it into the equations in
Proposition 6.3, one can completely determine the coefficients ci, that is, c2 = −1/b2.
Thus b = constant. Since φ = φ(s) is C∞ on (−bo, bo), we conclude that b = bo.
Then

φ(s) = c4 exp
[∫ s

0

c1
√

1 − (t/bo)2 + c3t

1 + c3t2 + c1t
√

1 − (t/bo)2
dt

]
. (63)

However, the function F = αφ(β/α) is always singular in the directions y ∈ TxM with
|β(x, y)| = boα(x, y). Therefore a regular (α, β)-metric F = αφ(β/α) is a Landsberg
metric if and only if β is parallel with respect to α. In this case, it is a Berwald
metric. This proves Theorem 6.2.

The above argument also gives us singular Landsberg (α, β)-metrics. Let φ = φ(s)
be a positiveC∞ on (−bo, bo) satisfying (4). For any Riemannian metric α =

√
aijyiyj

and any 1-form β = biy
i on an n-dimensional manifoldM , the function F := αφ(β/α)

has the following properties: (i) F (x, y) > 0 and (ii) gij = 1
2
[F 2]yiyj (x, y) > 0 for any

y ∈ TxM with |β(x, y)| < boα(x, y). But F might be singular or even not defined
for y ∈ TxM with |β(x, y)| ≥ boα(x, y). Such function is called an almost regular
(α, β)-metric.

Theorem 6.4 ([42]) (n ≥ 3) Let F = αφ(β/α) be an almost regular (α, β)-metric
where φ = φ(s) is a function on (−bo, bo) such that φ 6= k2

√
1 + k1s2 for any constants

k1 and k2 > 0. Then F is a Landsberg metric if and only if β is parallel with respect
to α (hence F is a Berwald metric) or

b(x) ≡ bo. (64)

φ(s) = c4 exp
[∫ s

0

c1
√

1 − (t/bo)2 + c3t

1 + c3t2 + c1t
√

1 − (t/bo)2
dt

]
. (65)

sij = 0, (66)

rij = k(b2aij − bibj), (67)

where c1, c3, c4 are constants with c1 6= 0 and c4 > 0 such that

1 + c3s
2 + c1s

√
1 − (s/bo)2 > 0, (|s| < bo),

and k = k(x) is a scalar function. Moreover, F is not a Berwald metric if and only
if k 6= 0.

It follows from Theorem 6.4 that a regular (α, β)-metric is a Landsberg metric if
and only if it is a Berwald metric. The third author claimed this in the first version
of [42] in May 2004. But there is a computational mistake in an expression for Ej.
After two years, G.S. Asanov discovered that his metrics arising from Physics actually
are Landsberg metric but not Berwaldian [1][2]. Then the third author corrected the
expression for Ej and proved the claim for regular (α, β)-metrics. Meanwhile he
characterizes almost regular Landsberg (α, β)-metrics and obtains a two-parameter
family of Landsberg (α, β)-metrics including Asanov’s examples.

Below is a simple example.

Example 6.5 At a point x = (x, y, z) ∈ R3 and in the direction y = (u, v, w) ∈
TxR

3, define α = α(x,y) and β = β(x,y) by

α : =
√
u2 + e2kx(v2 +w2)

β : = u
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where k 6= 0 is an arbitrary constant. Then α and β satisfy (66) and (67) with
b = ‖βx‖α ≡ 1. Let

F = α exp
[ ∫ β/α

0

c1
√

1 − t2 + c3t

1 + c3t2 + c1t
√

1 − t2
dt

]

Then F is a Landsberg metric but not a Berwald metric. This metric is singular in
two directions y = (±1, 0, 0) ∈ TxR

3 at any point x.

The reader is referred to [22] for the early discussion on Landsberg (α, β)-metrics
in dimension two. Recently, Li and the third author have given a complete char-
acterization of almost regular Landsberg (α, β)-metrics and shown that they are all
Berwaldian. Further, they have characterized weakly Landsberg (α, β)-metrics and
shown that there are almost regular (α, β)-metrics which are weakly Landsbergian
but not Berwaldian ([25]).

7 (α, β)-metrics of Douglas type

Douglas metrics can be viewed as generalized Berwald metrics. What makes them
special is that being a Douglas metric is a projective property, that is, if a Finsler
metric F has the same geodesics as a Douglas metric, then F is a Douglas metric.

In 1997, the first author and M. Matsumoto proved the following

Theorem 7.1 ([6]) A Randers metric F = α+ β is a Douglas metric if and only if
β is closed.

Proof: From (8), we have

Giyj −Gjyi = (Ḡiyj − Ḡjyi) + (Qiyj −Qjyi)
= (Ḡiyj − Ḡjyi) + α(si

0y
j − sj

0y
i),

where Ḡi denote the spray coefficients of α and Qi = αsi
0. Thus Ḡiyj − Ḡjyi are

homogeneous polynomials in (yi) of degree three.
Assume that F is a Douglas metric. Then the terms on the left side are homo-

geneous polynomials in (yi) of degree three. Note that α is irrational in (yi), one
concludes that the coefficients of α must be zero, namely,

(si
0y

j − sj
0y

i) = 0.

Then it follows that si
0 = 0. That is, β is closed.

Conversely, if β is closed, then Qi = 0 in (8). Therefore, from (8),

Giyj − Gjyi = Ḡiyj − Ḡjyi

are homogeneous polynomials in (yi) of degree three. Hence, F is a Douglas metric.
Q.E.D.

For a general (α, β)-metric F = αφ(β/α), it follows from (5) that

Giyj −Gjyi = Ḡiyj − Ḡjyi + αQ(si
0y

j − sj
0y

i)

+Ψ
{
− 2Qs0 + r00

}
(biyj − bjyi). (68)

In 1989, M. Matsumoto introduced an (α, β)-metric F = α2/(α−β) as a realization
of P. Finsler’s idea “ a slope measure of a mountain with respect to a time measure”.
This metric is called Matsumoto metric. By (68), one can show the following
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Proposition 7.2 ([7][27]) A Matsumoto metric F = α2/(α−β) is Douglas metric if
and only if β is parallel with respect to α. In this case, F is a Berwald metric.

Proposition 7.3 ([51]) The exponential metric F = α exp(β/α) + εβ is a Douglas
metric if and only if β is parallel with respect to α. In this case, F is a Berwald
metric.

The above two propositions show that the Matsumoto metric and the exponential
metric are very “projectively hard”. These metrics might have no good flag curvature
properties.

It is natural to consider more general (α, β)-metrics F = αφ(s), where φ = φ(s)
satisfies (9), i.e.,

φ− sφ′ = (p+ rs2)φ′′, (69)

It is easy to verify that if β satisfies

bi|j = 2τ
{
(p+ b2)aij + (r − 1)bibj

}
, (70)

where τ = τ (x) is a scalar function, then F is a Douglas metric. Several people have
shown that the converse is true too for some specific (α, β)-metrics. For example,
F = α± β2

α
+ εβ is a Douglas metric if and only if

bi|j = τ
{
(±1 + 2b2)aij − 3bibj

}
, (71)

where τ = τ (x) is a scalar function. This generalizes a theorem in ([7][27]). The
Finsler metric F = α + β2/α was first proposed in [27]. Another example is that
F = α± 2β2

α − 1
3

β4

α3 + εβ is a Douglas metric if and only if

bi|j =
τ

2

{
(±1 + 4b2)aij − 5bibj

}
, (72)

where τ = τ (x) is a scalar function. The above two examples show that F = α±β2

α +εβ
and F = α±2β2

α − 1
3

β4

α3 +εβ are “projectively soft”. Most recently, B. Li and the third
author have just completely characterized all (α, β)-metrics of Douglas type using a
result from [44]. See Theorem 8.4 below.

Theorem 7.4 ([26]) Let F = αφ(s), s = β/α, be an (α, β)-metric on an open subset
U in the n-dimensional Euclidean space Rn (n ≥ 3), where α =

√
aij(x)yiyj and

β = bi(x)yi 6= 0. Suppose that the following conditions: (a) β is not parallel with
respect to α, (b) φ 6= k1

√
1 + k2s2 + k3s for any constants k1, k2 and k3, and (c)

db 6= 0 everywhere or b = constant on U . Then F is a Douglas metric on U if and
only if the function φ = φ(s) satisfies

{
1 + (k1 + k2s

2)s2 + k3s
2
}
φ′′(s) = (k1 + k2s

2)
{
φ(s) − sφ′(s)

}
, (73)

and β satisfies
bi|j = 2τ

{
(1 + k1b

2)aij + (k2b
2 + k3)bibj

}
, (74)

where τ = τ (x) is a scalar function on U and k1, k2 and k3 are constants with
(k2, k3) 6= (0, 0).
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8 Projectively flat (α, β)-metrics

It is Hilbert’s Fourth Problem in the regular case to study and characterize Finsler
metrics on an open domain U ⊂ Rn whose geodesics are straight lines. Finsler metrics
with this property are called projectively flat metrics.

It is easy to see that a Finsler metric F = F (x, y) on an open subset U ⊂ Rn is
projectively flat if and only if the spray coefficients are in the following form

Gi = Pyi,

where P = P (x, y) is a positively homogeneous function of degree one in y. In 1903, G.
Hamel found a system of partial differential equations that characterize projectively
flat metrics F = F (x, y) on an open subset U ⊂ Rn. That is,

Fxmyiym = Fxi . (75)

A natural problem is to find projectively flat metrics by solving (75). According to
the Beltrami Theorem, a Riemannian metric F =

√
gij(x)yiyj is projectively flat if

and only if it is of constant sectional curvature. Thus this problem has been solved
in Riemannian geometry. However for Finsler metrics, this problem is far from being
solved. In this section, we shall discuss some projectively flat (α, β)-metrics.

The Funk metric on the unit ball Bn ⊂ is given by

Θ =

√
(1 − |x|2)|y|2 + 〈x, y〉2

1 − |x|2
+

〈x, y〉
1 − |x|2

, (76)

where y ∈ TxBn ≈ Rn. Here | · | and 〈 , 〉 denote the standard Euclidean norm
and inner product. By a direct computation, one can verify that the Funk metric is
projectively flat on Bn. The Funk metric has a very important curvature property:
the flag curvature K = −1/4.

Note that the Funk metric Θ on Bn is a special Randers metric expressed in the
form

Θ = ᾱ+ β̄, (77)

where

ᾱ =

√
(1 − |x|2)|y|2 + 〈x, y〉2

1 − |x|2
, β̄ =

〈x, y〉
1 − |x|2

. (78)

Thus it is natural to investigate projectively flat Randers metrics with constant flag
curvature.

First we have the following

Theorem 8.1 A Randers metric F = α+β on an open subset U ⊂ Rn is projectively
flat if and only if α is projectively flat and β is closed.

The proof is straight forward using Theorem 7.1.

In [38], it is proved that a Randers metric on a manifold is locally projectively flat
with constant flag curvature if and only if it is locally Minkowskian or up to a scaling
and reversing, it is locally isometric to

Θa = ᾱ+ β̄a,
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where ᾱ is defined above and β̄a is given by

β̄a :=
〈x, y〉

1 − |x|2
+

〈a, y〉
1 + 〈a, x〉

,

where a ∈ Rn is a constant vector with |a| < 1. The metric Θa is projectively flat
with K = −1/4.

L. Berwald ([4]) constructed a projectively flat metric with zero flag curvature on
the unit ball Bn, which is given by

B =
(
√

(1 − |x|2)|y|2 + 〈x, y〉2 + 〈x, y〉)2

(1 − |x|2)2
√

(1 − |x|2)|y|2 + 〈x, y〉2
,

where y ∈ TxBn ≡ Rn. Berwald’s metric can be expressed in the form

B =
(λᾱ+ λβ̄)2

λᾱ
= λ

(ᾱ+ β̄)2

ᾱ
, (79)

where ᾱ and β̄ are defined in (78) and λ := 1/(1 − |x|2).
In [32], it is shown that the following metric Ba on Bn ⊂ Rn is projectively flat

with K = 0.

Ba :=
(λaᾱ+ λaβ̄a)2

λaᾱ
= λa

(ᾱ+ β̄a)2

ᾱ
, (80)

where λa := (1 + 〈a, x〉)2/(1 − |x|2) and a ∈ Rn with |a| < 1.

The above discussion leads us to study the following metric on a manifold M ,

F =
(α+ β)2

α
, (81)

where α =
√
aij(x)yiyj is a Riemannian metric and β = bi(x)yi is a 1-form on M .

It is known that F = (α+ β)2/α is a Finsler metric if and only if b(x) := ‖βx‖α < 1
at any point x ∈ M . A natural question arises: is there any other projectively flat
metric in the form (81) with constant flag curvature?

Theorem 8.2 ([47]) Let F = (α + β)2/α be a Finsler metric on a manifold M . F
is projectively flat if and only if

(i) bi|j = 2τ{(1
2 + b2)aij − 3

2bibj},

(ii) the spray coefficients Ḡi of α are in the form: Ḡi = θyi − τα2bi,

where b := ‖βx‖α, bi|j denote the covariant derivatives of β with respect to α, τ = τ (x)
is a scalar function and θ = ai(x)yi is a 1-form on M .

In [32], it has been shown that if α and β satisfy the conditions (i) and (ii), then
F = (α + β)2/α is locally projectively flat. Theorem 8.2 asserts that the converse is
true too.

By Theorem 8.2, we can completely determine the local structure of a projectively
flat Finsler metric F in the form (81) which is of constant flag curvature.
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Theorem 8.3 ([47]) Let F = (α + β)2/α be an (α, β)-metric on a manifold M .
Then F is locally projectively flat with constant flag curvature if and only if one of
the following conditions holds

(a) α is flat and β is parallel with respect to α. In this case, F is locally Minkowskian;

(b) Up to a scaling on x and a scaling on F , F is locally isometric to Ba in (80).

In either case (a) or (b), the flag curvature of F must be zero, K = 0.

Below is an outline of the proof of Theorem 8.3. By imposing the curvature
condition that the flag curvature be constant, one first shows that the flag curvature
must be zero, K = 0. If τ = 0, then F is locally Minkowskian. In the case when
τ 6= 0, one gets that

dτ + 2τ2β = 0, θxkyk − θ2 = 3τ2(α2 − 2β2). (82)

Then we show that τβ is closed. Thus there is a local scalar function ρ = ρ(x)
such that τβ = 1

2
dρ and τ = ce−ρ for some constant c. Immediately, one can see

that ᾱ := e−ρα is projectively flat, hence ᾱ is of constant curvature K̄ = µ by the
Beltrami theorem. The constant µ must be nonpositive. By choosing the projective
form of ᾱ, one can solve (82) for ρ. Then one can determine α and β. The detailed
argument is given in [47].

The reader is referred to [14], [48],[52] and [51] for results on other special (α, β)-
metrics.

Recently the third author has characterized all projectively flat (α, β)-metrics.

Theorem 8.4 ([44]) Let φ := φ(s), −bo < s < bo, be a positive C∞ function sat-
isfying (4). Let F = αφ(s), s = β/α, be an (α, β)-metric on an open subset U
in the n-dimensional Euclidean space Rn (n ≥ 3), where α =

√
aij(x)yiyj and

β = bi(x)yi 6= 0. Suppose that the following conditions:

(a) β is not parallel with respect to α,

(b) φ 6= k2

√
1 + k1s2 + k3s for some constants k1, k2 and k3 with k2 > 0, and

(c) the norm b(x) := ‖βx‖α satisfies either db 6= 0 everywhere or b = constant on
U .

Then F is projectively flat on U if and only if
{

1 + (c1 + c2s
2)s2 + c3s

2
}
φ′′(s) = (c1 + c2s

2)
{
φ(s) − sφ′(s)

}
, (83)

bi|j = 2τ
{
(1 + c1b

2)aij + (c2b2 + c3)bibj
}
, (84)

Gi
α = ξyi − τ

(
c1α

2 + c2β
2
)
bi, (85)

where τ = τ (x) is a scalar function on U and c1, c2 and c3 are constants with (c2, c3) 6=
(0, 0).
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Let c1 = 1/p, c2 = 0 and c3 = (r − 1)/p, where p and r are constants with p 6= 0.
Then (83) becomes

φ(s) − sφ′(s) = (p+ rs2)φ′′(s). (86)

Projectively flat (α, β)-metrics F = αφ(β/α) with φ = φ(s) satisfying (86) were first
studied by the third author in [43]. He finds a sufficient condition on β under which
F = αφ(β/α) is projectively flat. That is, if φ satisfies (86) and α and β satisfy

bi|j = 2τ
{

(p+ b2)aij + (r − 1)bibj
}

(87)

Gi
α = ξyi − τα2bi, (88)

where ξ = ξi(x)yi is a 1-form, then F = αφ(β/α) is projectively flat. Later on,
the second author and Li prove that (87) and (88) are also necessary conditions for
F = αφ(β/α) to be projectively flat provided that φ = φ(s) is analytic in s.

Explicit examples can be constructed.

Example 8.5 ([43]) Let φ = φ(s) be a function satisfying (4) and (86) with p 6= 0.
Let

h :=
1√

1 + µ|x|2
{
C1 + 〈a, x〉 +

η|x|2

1 +
√

1 + µ|x|2
}
, (89)

and let ρ = ρ(t) be given by

ρ(t) =





(C2)
2

p

(
C3 + ηt − 1

2
µt2

)
if r = 0

ln
[
− 2r(C2)

2

p

(
C3 + ηt− 1

2
µt2

)]− 1
2r

if r 6= 0
(90)

where η and Ci are constants (C2 > 0) and a ∈ Rn is a constant vector. Define

α := eρ(h)αµ, β := C2e
(r+1)ρ(h)dh,

where

αµ =

√
|y|2 + µ(|x|2|y|2 − 〈x, y〉2)

1 + µ|x|2 .

Then α and β satisfy (87) and (88) with

τ =
ρ′(h)

2C2e(r+1)ρ(h)
.

Thus the Finsler metric F = αφ(β/α) is projectively flat.

Using Theorem 8.4, one can classify locally projectively flat (α, β)-metrics F =
αφ(β/α) of constant flag curvature. Roughly speaking if F is not trivial, then φ =√

1 + ks2 + εs or φ = (
√

1 + ks2 + εs)2/
√

1 + ks2. See [24] for more details.

9 (α, β)-metrics with isotropic S-curvature

The S-curvature is an important geometric quantity. It interacts the flag curvature in
a delicate way. This stimulates our interest in Finsler metrics with special S-curvature
property. Our goal is to characterize (α, β)-metrics with isotropic S-curvature.
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Let φ = φ(s) be a positive C∞ function on (−bo, bo). For a number b ∈ [0, bo), let

Φ := −(Q− sQ′)
{
n∆ + 1 + sQ

}
− (b2 − s2)(1 + sQ)Q′′, (91)

where ∆ := 1 + sQ + (b2 − s2)Q′ and Q := φ′/(φ− sφ′).
Let F = αφ(β/α) be an (α, β)-metric on an n-dimensional manifold M , where

α =
√
aij(x)yiyj is a Riemannian metric and β = bi(x)yi is a 1-form. Let Gi and Ḡi

denote the spray coefficients of F and α respectively. Gi are related to Ḡi by (5). To
compute the S-curvature of F , we need the following identities:

∂s

∂ym
=

1
α

{
bm − s

ym

α

}
,

∂α

∂ym
=
ym

α
,

∂Ḡm

∂ym
= ym ∂

∂xm

(
lnσα

)
.

Using the above identities, we obtain

∂Gm

∂ym
= ym ∂

∂xm

(
lnσα

)
+ 2Ψ(r0 + s0) − α−1 Φ

2∆2
(r00 − 2αQs0),

where Φ is given in (91) with b = ‖βx‖α.
Let dV = σ̄dx denote the volume form of α. By Proposition 4.1, dV = σdx =

f(b)σαdx. Thus

ym ∂

∂xm

(
lnσ

)
=
f ′(b)
f(b)

ym ∂b

∂xm
+ ym ∂

∂xm

(
lnσα

)
.

ym ∂b

∂xm
=
bibi|my

m

b
=
r0 + s0

b
. (92)

Then the S-curvature is given by

S =
{
2Ψ − f ′(b)

bf(b)

}
(r0 + s0) − α−1 Φ

2∆2
(r00 − 2αQs0). (93)

Using (93), we can prove the following

Theorem 9.1 ([19]) Let F = αφ(s), s = β/α, be an (α, β)-metric on a manifold and
b := ‖βx‖α. Suppose that φ 6= k1

√
1 + k2s2 + k3s for any constants k1 > 0, k2 and k3.

Then F is of isotropic S-curvature, S = (n+ 1)cF , if and only if one of the following
holds

(i) β satisfies
rj + sj = 0 (94)

and φ = φ(s) satisfies
Φ = 0. (95)

In this case, S = 0.
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(ii) β satisfies
rij = ε

{
b2aij − bibj

}
, sj = 0, (96)

where ε = ε(x) is a scalar function, and φ = φ(s) satisfies

Φ = −2(n+ 1)k
φ∆2

b2 − s2
, (97)

where k is a constant. In this case, S = (n+ 1)cF with c = kε.

(iii) β satisfies
rij = 0, sj = 0. (98)

In this case, S = 0, regardless of the choice of a particular φ.

It is easy to see that (98) implies (96), while (96) implies (94). The condition (94)
is equivalent to that b := ‖βx‖α = constant. Thus (95) and (97) are independent of
x ∈M .
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