A GAUSS-BONNET-CHERN FORMULA FOR FINSLER MANIFOLDS

ZHONGMIN SHEN

ABSTRACT. Let m: E — M be an oriented fiber bundle with dim E; = p and VT FE denote
the vertical tangent bundle of E. Given a projection p : TE — VTE, a Riemann metric
h on VTE and a metric-compatible connection D on VT'E, we construct a (p + 1)-form Pf
and a p-form II such that dII = Pf and sz II =1,Vx € M. When E = S is the tangent
sphere bundle of M, we establish a Gauss-Bonnet-Chern formula for any triple {p, h, D} over
S. Since every Finsler metric F' on M naturally gives a triple {p,h, D} on S, we establish a
Gauss-Bonnet-Chern formula for all Finsler manifolds.

0. INTRODUCTION

In 1944, S. S. Chern [Ch3] proves the Gauss-Bonnet theorem for Riemann manifolds.
Let M be an n-dimensional oriented C'*° manifold (n =even). The tangent sphere bundle
m: S — M consists of all rays [v] = {tv; ¢t > 0}. For any Riemann metric on M, Chern
constructs an n-form Pf on M from its curvature tensor and an (n — 1)-form II on S such
that dII = 7*Pf and me I = 1. Then he obtains the following formula: [, Pf = x(M).
We shall call a formula of this type a Gauss-Bonnet-Chern (GBC) formula.

Given a Finsler metric F' on M, one would like to establish an analogue of the GBC
formula for F'. In this case, the problem becomes more difficult, since there is no canonical
“metric-compatible” and “torsion-free” linear connection of F on T'M. Nevertheless, F'
naturally induces a Riemann metric g on 7*T' M. Here 7*T'M denotes the pull-back tangent
bundle over S. There is a canonical section ¢ of 7*T'M given by £[,) = ﬁ([v],v). We
have several important linear connections on 7*T' M, such as the Berwald connection, the
Chern connection and the Cartan connection, etc. Fix a positive oriented orthonormal
basis {e;}*; for 7*TM. Let jS be the curvature form of an arbitrary linear connection
V oon m*TM w.rt. {e;}",. Put £ = l’e; and V/ = 0' ® e;. Following [Ch3], one can
construct an n-form Pf and an (n — 1)-form II on S by

. 2 o .
0.1 Pfi= (1) ——— Y e iz in
0-1) D% ey 2=
g
(0.2) I := (_1)kck Z Eil'“i"QifZ - Qi;ik_lei%-’—l e Qin—1pin
k=0
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(n—2k—1)

where ¢ are determined by ¢ = ok

Ck—1,Co = W. When F' is Riemann-
ian, according to [Ch3|, one has

(0.3) dIl = Pf,

(0.4) / =1, Vzell.
Sa:

Then one can prove the Gauss-Bonnet theorem by the Hopf theorem. However, (0.3)(0.4)
does not hold simultaneously for a general Finsler metric F', no matter which connection
we take.

Take the Cartan connection on 7*T'M, which is metric-compatible with g. Lichnerowiz
[L] first verifies that dII = Pf. He also notices that [ s, I # 1. Therefore he restricts himself
to the class of Finsler metrics with (S;,h;) = S"~1,Vz € M (hence fsm IT = 1), where
h,; denotes the induced Riemann metric on S,. However, this is a very strong restriction.
According to a theorem of Brickell [Br], Finsler metrics with (S;,h,) = S" ' Vo € M
must be Riemannian, provided that n > 3 and F(—v) = F(v).

It is Bao and Chern [BC2] who first make the following non-trivial observation. Bao
and Chern show that the (n — 1)-form II of the Chern connection (or any torsion-free
connection) has very nice properties. First, dIl = Pf+ §. The additional term § occurs,
because a torsion-free connection is not metric-compatible. Second, the the restriction of
IT to S, is a multiple of the volume form of (S,,h,). This observation leads to a GBC
formula for Finsler manifolds with vol(S,, h,) =constant.

After [BC2|, the author [S] also establishes several GBC formulas for certain class of
Finsler manifolds, by analysing the geometric data of IT on S, for the (n— 1)-form II of the
Cartan connection. Other attempts (in lower dimensions) can be found in [B] [R] [Ch4]
[M][BSC2], etc.

Our goal in this paper is to establish a GBC formula for all Finsler manifolds. Recall
that a Finsler metric F' on M naturally induces a Riemann metric g on 7#*T'M. Let
V denote the Cartan connection on 7*T'M. The Cartan connection has the following
property. V¢ : TS — 7*TM is a bundle map of rank n — 1 such that V/ : VTS — ¢+
is an isomorphism. Let {e;}~; be an orthonormal frame for 7*T'M with e, = ¢. Put
VI =0 ®eq and Ve; = 0" @ e; (hence % = 6,%). Let {fa}"Z1 be the basis for VTS
determined by 0%(fg) = 05. Then we get a triple {p, h, D} over S by

(0.5) p=0"® fo, h=0"®0%vrs, Dfg=05Q fa.

Here p : TS — VTS is a projection, h is a Riemann metric on VT'S and D is a metric-
compatible connection on (VT'S,h).
The curvature form (le) of V is defined by by

(0.6) Q) :=db — 0" NG,
The torsion form (©%) and the curvature form (©4*) of D are defined by

0% 1 =df* — 0° NG
(_)604 .= deﬁa - 067— N 07_&.
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{Q;'} and {©*,© 4} are related by

(0.9) 0% =Q,°,
(0.10) 04 =Q5 —0° Ao~

In order to establish a GBC formula for a Finsler metric, it suffices to establish a GBC
formula for an arbitrary triple {p, h, D} over S.

Let M be a closed oriented manifold of dimension n = p + 1. Let {p,h, D} be an
arbitrary triple over &, namely, p : TS — VTS be a projection map, h is a Riemann
metric on VT'S and D is a metric-compatible connection on (VT'S,h). Let {f,} be a
positive orthonormal frame for VI'S. Let (6%), (05), (©<) and (©4*) be given by (0.5)
(0.7) and (0.8), respectively .

The vertical parts Q% and Q5" of ©% and © 4" are determined by

(0.11) Q" =0% Qg =04, over VTS.
Put
(0.12) Og* =dQg" + Q4 N0, =04 NQ,..

The following forms are well-defined on S.

(013) Cr = Z ealmap(aaof T ®ai11€_10a2k+1 0%,

(0.14) U, = Z eal"'ap@aciz A @aczik_l@azk-ueazk-q—z A 90‘17’
(0.15) CI)I(:) = Z €T Q B2 QO O

(0.16) \IJI(:) = Z €a1"'aan0142 . Qogik_l(_)ame-i—l go2k+2 ... g
(017) Flgv) - Z GQIMQPOQ?Z OLC;4 U chik_10a2k+1 e eapv

Here we put Fév) =0and Uy = \Il,(:) = 0 if 2k = p.

Let h, = hjs,. The function V(z) := vol(Sz, h) is called the volume function on M.
In general, V() #constant.

For arbitrary constants ¢y, define

1 (5]

(0.18) Pt = {kz_ock[(p k) (g — Uy — fEY)

— 7 d(log V) A (B — @] + [plo — 7*d(log V) A ®¢]}.

The following is the main theorem.
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Theorem 0.1. Let M be an oriented closed manifold of dimension n = p + 1. Given
a projection p : TS — VTS, a Riemann metric h on VTS, and a metric-compatible
connection on VT'S. For any vector field X on M with isolated zeros, the n-form Pf in
(0.18) satisfies

(0.19) /M X]*Pf= (M),

where [X| : M \ {zeros} — S denotes the section defined by X.

The proof of Theorem 0.1 will be given in §1-§3. Note that when V(z) = constant,
(0.18) reduces to

(5]

0" cullp — 2k) (Ui — U) — kFY + pWo).
k=0

1
- plV(x)

(0.20) Pf

Applying (0.19) to the special case when the triple {p, h, D} over S is given by a Finsler
metric F, one obtains a GBC formula for F (Theorem 4.2). In §5, we shall derive the
Gauss-Bonnet-Chern formula for Riemann manifolds from Theorem 4.2, by choosing a
suitable set of constants {cj} in (0.18).

Acknowledgements. The author would like to thank David Bao and S.S.Chern for many
valuable discussions.

1. EXACT FORMS ON A FIBER BUNDLE

In §0, we briefly describe how to get the triple {p, h, D} over S from a Finsler metric
F on a smooth manifold M of dimension n = p + 1. Then we define an n-forms Pf (0.18)
and state Theorem 0.1. In this section we shall study a general triple {p, h, D} over an
arbitrary fiber bundle 7 : £ — M with dim E, = p , where p : TEF — VT'E is a projection,
g is a Riemann metric on VT'E and D is a metric-compatible connection on (VT'E, h).

Let {fa}t—; be a positive orthonormal frame for (VT'E,h). Let {6} and {6,*} be
given by

p=0"®fo, Dfs=05"® fa.

Let (©%), (©4"), @ and ¥y be given by (0.7), (0.8), (0.13) and (0.14), respectively. We
have

Lemma 1.1.

(1.1) APy = (p — 2k)Vy, 0<k<
Here we put ¥y, = 0 when 2k = p.

Proof. We have the following Bianchi identities

dO% = -0 N +6° NOS
(1.3) d05 = -0 N0+ 04 NO,°
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We first prove (1.1) for k = 0.

dq)ozzeoq“'apz 1 19041.. Zeﬁ /\90‘1...00417

7

+ Z €01 o Z(_l)z—leal R L
— Zeal'“%eal . (Z O%)... 4%

= pVo.

Then we deal with the general case, 1 < k < [£]. Observe that

a2k —1

p
d@k :_2k26a1"'ap Z@ B8 /\9 a2 @ a4 . @ a2k 02k—|—1 __eap

p

(= 20) DO O (07 AGF)g e g7
B=1
2k
= — 92k Z €1 p (Z (,_)aoit A 0(;:2)@(;;4 . (,_)Ogik 102k—|—1 A 1e%%
t=1
p
— 2k (YT 02 AOL2)O 00,02k P g0
t=2k+1
2k
P 2H) D €IOSR O (0% A9 g%
t=1
+ (p — Qk)\Pk
= —2kA—2kB+ (p—2k)C + (p — 2k) Uy,
We assert that A = 0.
2k
A= (N 02 A0L2)0 0002k 6P g
t=1
= 9%k Z €a1...a4...ap@aci39a6;2 @aczzl . @ao;ik 1921:4—1 .. 0%

_ 2k‘ Z €a4...a1...ap®acz300f;2@aczl 5 (_) Qo 02k+1 . 00417

Qa2k—1
_ Qp-Qyap azpn a2 ar |, ok 2k+1 . payp
= 2k e 0,590,270 ,%1 ... 0,22 ¢ 0
= —A.

Thus A = 0. It is not difficult to verify that

= (p — 2k) Z 6041"'0@@&0;2 c @ Q26 go2kg 042k:+10042k:+2 e 9%,

a2k —1

C = kaear“ap@aoiz Co.© Q26 P2k Q241 PX2k+2 PO

a2k —1 a2k
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Remark: If p = 2m, then
q)m = Z €a1...ap®a0142 .. 6027111

is a closed form representing the Euler class of VT E.

Let {cr} be an arbitrary set of constants. Define

(5]

[V

(1.4) I :

I
(]

qu)kv

o

k
[

ol

]

(1.5) Pf:

(p — Qk)ck\:[lk.

s
Il
=

It follows from Lemma 1.1 that dII = Pf. However, [ I II # constant. In §2, we shall
modify II as well as Pf to get the desired II and Pf satisfying (0.3)(0.4).

2. THE CONSTRUCTION OF PF AND II ON A FIBER BUNDLE

Let m: E — M be an oriented fiber bundle with dim F, = p. Given a triple {p, h, D}
over E. In this section we shall construct a (p + 1)-form Pf and a p-form II, satisfying
(0.3)(0.4) on E.

Let {fo} be a positive orthonormal basis for (VT'E, h). Put

Pi=0°® foa, Dfs=05® fa.

Let {w'}!_, be a positive co-frame for 7*T*FE C T*E. Then T*F has the following direct
decomposition .
T*E = span{w'} & span{6°}.

Let (©¢) and (©4") be given by (0.7)(0.8). (©0%) and (©4") can be expressed as follows
a 1 a 7 j a 7 1 a
a 1 a 7 j a 7 1 a

Let (Q) and (Qg") be given by (0.11). we have

1
(2.3) Q= iQO‘MQA A GH

1
(2.4) Q' = Q5 a0 A OH

Let h, = (iz)*h, where i, : E, — E denotes the natural embedding. The volume
function V' is defined by V(z) = vol(Ey, hy). Let {fo} be the local frame for T'E, such
that (iz)«(fa) = fa. The induced linear connection D on T'E, is given by

(2'5) Dfﬁ = (ix)*eﬁa ® fa-
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Since (i,)*w® = 0,
(2.6) (iz)*© = (i,)*Q® is the torsion form of D , and
(2.7) (iz)*©4" = (iz)*QF is the curvature form of D.
From (2.6)(2.7), one can see that if Q% = 0, then (i;)"Qf is the Riemann curvature

form of h, w.r.t. {fa}.
Let Og*, @, Uy, (ID,(:), \IJ,(:) and F,gv) be given by (0.12)-(0.17). By the same argument
as for Lemma 1.1, we get the following

Lemma 2.1. For 0 < k < [Z], the following hold
(2.8) d®\"” = (p — 2k) 0" + kF,
Let ¢ be arbitrary constants. Define Pf as in (0.18) and II by

(5]

(2.9) = m{;o cr(@f — BL)) + @)
Proposition 2.2. Let Pf and Il be constructed by (0.18) and (2.9). Then
(2.10) dIl = Pf
and II satisfies
(2.11) / (i)' =1, Ve M.

E,

Proof. Define dV on E by
dv =6'...ov.

Clearly, dV, := (i,)*dV is the Riemann volume form of (E,, h,). By Lemmas 1.1 and 2.1,
one can easily verify (2.10). It follows from (2.6)(2.7) that

(2.12) (i) ®p = (i) @1, (i2)"®0 = p!(i)"dV.

Thus
[Ez ()T = sz) [E (i) dV = 1.
]

A natural question arises: Under what curvature condition V' (x) = constant 7 We the
following

Proposition 2.5. If P‘}fw + Pﬁka = 0, then all fibers (F,, h;) are isometric to each other.
If P%,, =0, then V(x) = constant.
Since the proof is quite simple (compare [S]) , so is omitted here. Let
(2.13) P = P% W
We have, in general

(2.14) d(log V(1) = —

V(z)
where X, denote the horizontal lift of w. Thus if P9, = 0, then V(z) = constant (compare
[BS]).

/ (iz)*P(X)dV, YueTM
Ea:
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3. PrROOF OF THEOREM 0.1

Let M be as in Theorem 0.1. Let X be an arbitrary vector field with isolated singular-
ilites {x;}_;. If follows from (2.10) that

q
/ [X]*Pf:/ d[X]*H:Z/ (X)L
M\(UL, Be(a:)) M\(UL, Be(a:)) =1 /OB (w1)

Here B.(x) := ¢~ 1(B"(¢)) for some coordinate system ¢ : U — R™ with ¢(z) = 0. Using
(2.11), we can easily get

lim [X]*II = ind,, (X),
=0t JoB, (z;)

where ind, (X) denotes the index of X at x. Thus

q

/M[X]*Pf = ind,, (X).

i=1
Theorem 0.1 follows from the Hopf theorem that the Fuler number

q

V(M) =Y ind,, (X).

=1
4. FINSLER MANIFOLDS

In this section, we shall apply Theorem 0.1 to Finsler manifolds.

Let M be a n-dimensional manifold (n = p+1). Let 7 : S — M denote the tangent
sphere bundle of M and ©*T M denote the pull-back tangent bundle over S. The vectors
in 7*T'M are denoted by ([v],w), where [v] € Sy, w € T, M. There is a canonical bundle
map p: TS — 7*TM defined by

p(X) = ([U]vﬂ*(X))v VX € T[v]S

Let (z°) be a locall coordinate system in M and (z°,47) the standard coordinate system
in TM. Denote by 9;[,) = ([v], % =) the natural local basis for 7*T'M at [v] € S;. Let F
be a Finsler metric on M and write F(z,y) = F(y' 621’ z). The induced Riemann metric
g :mTM ®m*TM — R and the Cartan tensor A : 7*TM @ 7*TM ® n*TM — R are

defined by

1 9?[F?
(0000 = 3 5L (w.0)
1 O3 F?
A(aivajvak)[v] = ZFW@%?J)

__ i 0
Here v = y' 57

«- The canonical section ¢ of 7*TM is defined by
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Let {b;}} ; be an arbitrary local frame for 7*T'M. Write g;; = h(b;,b;), Aijr =

A(bi,bj,br), and £ = ('b;. We have
(4.1) gijgigj = 1, Aljkgl =0.

Let {w?}™ ; be defined by .
p=w" ®Db;.
S. S. Chern proves the following theorem ([Ch1][Ch2|[BC1]).

Theorem 4.1(Chern). There is a unique set of local 1-forms {w;'} on S satisfying

(4.2) dw® = w! A wji

(4.3) dhi; = hijw;® + hiwF + 24;5160%,
where

(4.4) 0" = dl’ + P}

Define a set of 1-forms (Gji) by
i i i gk

where A%, = g" Ajp. Tt is easy to verify that
(4.5) dw' = wI A Gji — ;-kwj N
(4.6) dhij = hii0;" + hir;".
By (4.1) we also have
(4.7) 0" =dl" + 7).

The Cartan connection V and the Chern connection V' on 7*T'M are given by

Vbj = Gji ® b;, V/bj = wji ® b;.

(4.2) means that V' is torsion-free and (4.6) means that V is metric-compatible.
Define a bundle map p: TS — 7#*T'M by

p=VEL=0"®b;.
It is easy to check that ranky =n — 1 and
,LL|VT5 VTS — EL

is a bundle isomorphism.
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From now on, we always let {e;} ; be an orthonormal frame for 7*T'M such that
en = L. Let {f,}"=1 be the orthonormal basis for VT'S such that u(f,) = eq.
Put p = w' ® ¢; and p = 6% ® e,,. We have a direct decomposition for T*S

(4.8) T*S = span{w’} @ span{6*}.

Put Ve, = Gji ®e;. Hence 0% = 6,*. Then we get a triple {p, h, D} given by (0.5), that
is,

(4.9) p=0"®fo, h=0"®0%vrs, Dfg=05 Q® fa.
The curvature form (QJ’) of V is given by (0.6). It can be expressed by
) 1~ ) D i j « 1~ ) «
Q) = §Rj klwk/\wl-i—Pj raw’ N6 +§Qj st NGB,

Let (©%) and (©4*) be given by (0.7)(0.8). From the definition, it is easy to show that

(4.10) 0% =Q,°,
(4.11) 04 = Q5 —0° N o~
(4.12) Q" =Q,

(4.13) Qs =Qg5 —0° No~.

Let (©%) and (©4*) be expressed by (2.1)(2.2). It follows from (4.10)-(4.13) that

(4.14) R%, = R P%, =P\ = ”naw.

n 1J° n i’

a _ Do« a LY acfB acf
Pt = P Q@ ap = Q5 ap T X9, — 0,0y

¥R
By the well-known fact (see e.g. [BSC1]), we have
A i Y Y

(417) Qa)\u = Qna)\u =0.

Remark. 1t follows from (4.17) that @~ = 0. By (2.5)-(2.7), one can see that the
induced D on S is the Christoffel (Levi-Civita) connection of h,. Further, (i;)*Q4" is the
Riemann curvature of h,.

Define a form Pf as in (0.18) in terms of @y, ¥y, (ID,(:), \Il,(:), F,gv) , which are related to
6" and jS by (0.11)-(0.17) and (4.10)-(4.13). The following is just a corollary of Theorem
0.1.

Theorem 4.2. Let (M, F') be an oriented closed Finsler manifold of dimension n = p+ 1.
For any vector field X with isolated zeros on M,

(4.11) /M[X]*Pf: X(M).
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5. RIEMANNIAN MANIFOLDS

In this section we shall briefly derive the Gauss-Bonnet-Chern formula for Riemann
manifolds from Theorem 4.2, by choosing a suitable set of constants {cx} in (0.18).
Let (M, g) be an oriented Riemannian manifold of dimension n =p+1 . Thus F(v) :=

g(v,v) is a special Finsler metric. We shall continue to use the notations in §4. Since
A =0, it follows from (4.15) (4.16) that

(5.1) Qs = —0° N6~

By (2.7), we know that (S;,hs;) has constant curvature = 1 (if n > 3). Thus all (S;, hy
are naturally isometric to the standard unit sphere S*~! in R", in particular, V(z) =
vol(S"~1). Tt follows from (5.1) that

(5.2) OFf =-0no* +6° A O
Substituting (5.1) and (5.2) into \I/,(:) and F,gv) yields
(5.3) v = 1)k, FY = (—1)F2,.

Suppose that constants ¢ satisfy

(251
(5.4) d (D=1,
=0

(2

For such set of ¢, define Pf as in (0.18). It follows from (5.3)(5.4) that

(23]

2

1

(5:5) (n — 1)!lvol(Sn—1) ; (n e
Define
(56) Pf, = —n Z €L n—1 anléz .. Qnan_l )

Without much difficulty, one can find constants ¢; satisfying (5.4), for which, the n-form
Pf in (5.5) has the following form

2
nlvol(S™)

VI3

(5.7) Pf = (—1) Pf,.

Let {€;}"_; be an arbtrary orthnormal frame for (T'M, g), and {e; = ([v]; &)}, be
the corresponding frame for 7*T'M. The induced Riemann metric g on 7*T'M is given by
g(ei,ej) = g(e;, e;). Let {©'}™ ; be the dual co-frame frame for 7*M. Then {w'} defined
by p (see §4) satisfy

W' =mrot.
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Let (@,") be the Levi-Civita connection form on TM and (Q;") denote the curvature form.

ZHONGMIN SHEN

Then the Chern/Cartan connection form (w;*) = (6,*) satisfies

J

The curvature form (©2,%) has the following form

(5.8)

J

Then Pf, in (5.6) can also expressed by

(5.10)

_ i) 2 () n % i1vin Q) 2. O) in
Pfo—g € "Qil Qin_l—’/r E € "Qil Q

in—1

It follows from (5.10) that the n-form Pf in (5.7) has the following form

n 2 o _
Pf=(—1)F —— 7" erminQ ... Qi
D Ry ™ 2

Thus for any vector filed with isolated zeros on M,

X]Pf= (—1)F o S Qi Qi
X' = (D)% ey 2=

It follows from (4.18) that

(5.11)

z 2 i1in () O in
0 o fy o0, = (M)

This is just the Gauss-Bonnet-Chern theorem proved by S. S. Chern in [Ch3].
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