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Abstract. Let π : E → M be an oriented fiber bundle with dim Ex = p and VTE denote

the vertical tangent bundle of E. Given a projection p : TE → VTE, a Riemann metric

h on VTE and a metric-compatible connection D on VTE, we construct a (p + 1)-form Pf

and a p-form Π such that dΠ = Pf and
∫

Ex
Π = 1,∀x ∈ M . When E = S is the tangent

sphere bundle of M , we establish a Gauss-Bonnet-Chern formula for any triple {p, h, D} over

S. Since every Finsler metric F on M naturally gives a triple {p, h, D} on S, we establish a

Gauss-Bonnet-Chern formula for all Finsler manifolds.

0. Introduction

In 1944, S. S. Chern [Ch3] proves the Gauss-Bonnet theorem for Riemann manifolds.
Let M be an n-dimensional oriented C∞ manifold (n =even). The tangent sphere bundle
π : S → M consists of all rays [v] = {tv; t > 0}. For any Riemann metric on M , Chern
constructs an n-form Pf on M from its curvature tensor and an (n− 1)-form Π on S such
that dΠ = π∗Pf and

∫
Sx

Π = 1. Then he obtains the following formula:
∫

M
Pf = χ(M).

We shall call a formula of this type a Gauss-Bonnet-Chern (GBC) formula.
Given a Finsler metric F on M , one would like to establish an analogue of the GBC

formula for F . In this case, the problem becomes more difficult, since there is no canonical
“metric-compatible” and “torsion-free” linear connection of F on TM . Nevertheless, F
naturally induces a Riemann metric g on π∗TM . Here π∗TM denotes the pull-back tangent
bundle over S. There is a canonical section ` of π∗TM given by `[v] = 1

F (v) ([v], v). We
have several important linear connections on π∗TM , such as the Berwald connection, the
Chern connection and the Cartan connection, etc. Fix a positive oriented orthonormal
basis {ei}n

i=1 for π∗TM . Let Ω i
j be the curvature form of an arbitrary linear connection

∇ on π∗TM w.r.t. {ei}n
i=1. Put ` = `iei and ∇` = θi ⊗ ei. Following [Ch3], one can

construct an n-form Pf and an (n − 1)-form Π on S by

Pf := (−1)
n
2

2
n!vol(Sn)

∑
εi1···inΩ i2

i1
· · ·Ω in

in−1
(0.1)

Π :=

n
2 −1∑

k=0

(−1)kck

∑
εi1···inΩ i2

i1
· · ·Ω i2k

i2k−1
θi2k+1 · · · θin−1`in .(0.2)
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where ck are determined by ck = (n−2k−1)
2k ck−1, c0 = 1

(n−1)!vol(Sn−1) . When F is Riemann-
ian, according to [Ch3], one has

dΠ = Pf,(0.3)
∫

Sx

Π = 1, ∀x ∈ M.(0.4)

Then one can prove the Gauss-Bonnet theorem by the Hopf theorem. However, (0.3)(0.4)
does not hold simultaneously for a general Finsler metric F , no matter which connection
we take.

Take the Cartan connection on π∗TM , which is metric-compatible with g. Lichnerowiz
[L] first verifies that dΠ = Pf. He also notices that

∫
Sx

Π 6= 1. Therefore he restricts himself
to the class of Finsler metrics with (Sx, hx) = Sn−1,∀x ∈ M (hence

∫
Sx

Π = 1), where
hx denotes the induced Riemann metric on Sx. However, this is a very strong restriction.
According to a theorem of Brickell [Br], Finsler metrics with (Sx, hx) = Sn−1,∀x ∈ M
must be Riemannian, provided that n ≥ 3 and F (−v) = F (v).

It is Bao and Chern [BC2] who first make the following non-trivial observation. Bao
and Chern show that the (n − 1)-form Π of the Chern connection (or any torsion-free
connection) has very nice properties. First, dΠ = Pf + F. The additional term F occurs,
because a torsion-free connection is not metric-compatible. Second, the the restriction of
Π to Sx is a multiple of the volume form of (Sx, hx). This observation leads to a GBC
formula for Finsler manifolds with vol(Sx, hx) =constant.

After [BC2], the author [S] also establishes several GBC formulas for certain class of
Finsler manifolds, by analysing the geometric data of Π on Sx for the (n−1)-form Π of the
Cartan connection. Other attempts (in lower dimensions) can be found in [B] [R] [Ch4]
[M][BSC2], etc.

Our goal in this paper is to establish a GBC formula for all Finsler manifolds. Recall
that a Finsler metric F on M naturally induces a Riemann metric g on π∗TM . Let
∇ denote the Cartan connection on π∗TM . The Cartan connection has the following
property. ∇` : TS → π∗TM is a bundle map of rank n − 1 such that ∇` : VTS → `⊥

is an isomorphism. Let {ei}n
i=1 be an orthonormal frame for π∗TM with en = `. Put

∇` = θα ⊗ eα and ∇ej = θ i
j ⊗ ei ( hence θα = θ α

n ). Let {fα}n−1
α=1 be the basis for VTS

determined by θα(fβ) = δα
β . Then we get a triple {p, h,D} over S by

(0.5) p = θα ⊗ fα, h = θα ⊗ θα|VTS , Dfβ = θ α
β ⊗ fα.

Here p : TS → VTS is a projection, h is a Riemann metric on VTS and D is a metric-
compatible connection on (VTS, h).

The curvature form (Ω i
j ) of ∇ is defined by by

(0.6) Ω i
j := dθ i

j − θ k
j ∧ θ i

k .

The torsion form (Θα) and the curvature form (Θ α
β ) of D are defined by

Θα : = dθα − θβ ∧ θ α
β .(0.7)

Θ α
β : = dθ α

β − θ τ
β ∧ θ α

τ .(0.8)
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{Ω i
j } and {Θα,Θ α

β } are related by

Θα = Ω α
n ,(0.9)

Θ α
β = Ω α

β − θβ ∧ θα.(0.10)

In order to establish a GBC formula for a Finsler metric, it suffices to establish a GBC
formula for an arbitrary triple {p, h,D} over S.

Let M be a closed oriented manifold of dimension n = p + 1. Let {p, h,D} be an
arbitrary triple over S, namely, p : TS → VTS be a projection map, h is a Riemann
metric on VTS and D is a metric-compatible connection on (VTS, h). Let {fα} be a
positive orthonormal frame for VTS. Let (θα), (θ α

β ), (Θα) and (Θ α
β ) be given by (0.5)

(0.7) and (0.8), respectively .
The vertical parts Qα and Q α

β of Θα and Θ α
β are determined by

(0.11) Qα ≡ Θα, Q α
β ≡ Θ α

β , over VTS.

Put

(0.12) O α
β = dQ α

β + Q µ
β ∧ θ α

µ − θ µ
β ∧ Q α

µ .

The following forms are well-defined on S.

Φk =
∑

εα1···αpΘ α2
α1

· · ·Θ α2k
α2k−1

θα2k+1 · · · θαp ,(0.13)

Ψk =
∑

εα1···αpΘ α2
α1

· · ·Θ α2k
α2k−1

Θα2k+1θα2k+2 · · · θαp ,(0.14)

Φ(v)
k =

∑
εα1···αpQ α2

α1
· · ·Q α2k

α2k−1
θα2k+1 · · · θαp ,(0.15)

Ψ(v)
k =

∑
εα1···αpQ α2

α1
· · ·Q α2k

α2k−1
Θα2k+1θα2k+2 · · · θαp ,(0.16)

F
(v)
k =

∑
εα1···αpO α2

α1
Q α4

α3
· · ·Q α2k

α2k−1
θα2k+1 · · · θαp ,(0.17)

Here we put F
(v)
0 = 0 and Ψk = Ψ(v)

k = 0 if 2k = p.
Let hx = h|Sx

. The function V (x) := vol(Sx, hx) is called the volume function on M .
In general, V (x) 6=constant.

For arbitrary constants ck, define

Pf =
1

p!V (x)
{

[ p
2 ]∑

k=0

ck[(p − 2k)(Ψk − Ψ(v)
k ) − kF

(v)
k(0.18)

− π∗d(log V ) ∧ (Φk −Φ(v)
k )] + [pΨ0 − π∗d(log V ) ∧ Φ0]}.

The following is the main theorem.
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Theorem 0.1. Let M be an oriented closed manifold of dimension n = p + 1. Given
a projection p : TS → VTS, a Riemann metric h on VTS, and a metric-compatible
connection on VTS. For any vector field X on M with isolated zeros, the n-form Pf in
(0.18) satisfies

(0.19)
∫

M

[X]∗Pf = χ(M),

where [X] : M \ {zeros} → S denotes the section defined by X.

The proof of Theorem 0.1 will be given in §1-§3. Note that when V (x) = constant,
(0.18) reduces to

(0.20) Pf =
1

p!V (x)
{

[ p
2 ]∑

k=0

ck[(p − 2k)(Ψk − Ψ(v)
k ) − kF

(v)
k + pΨ0}.

Applying (0.19) to the special case when the triple {p, h,D} over S is given by a Finsler
metric F, one obtains a GBC formula for F (Theorem 4.2). In §5, we shall derive the
Gauss-Bonnet-Chern formula for Riemann manifolds from Theorem 4.2, by choosing a
suitable set of constants {ck} in (0.18).

Acknowledgements. The author would like to thank David Bao and S.S.Chern for many
valuable discussions.

1. Exact forms on a fiber bundle

In §0, we briefly describe how to get the triple {p, h,D} over S from a Finsler metric
F on a smooth manifold M of dimension n = p + 1. Then we define an n-forms Pf (0.18)
and state Theorem 0.1. In this section we shall study a general triple {p, h,D} over an
arbitrary fiber bundle π : E → M with dimEx = p , where p : TE → VTE is a projection,
g is a Riemann metric on VTE and D is a metric-compatible connection on (VTE, h).

Let {fα}p
α=1 be a positive orthonormal frame for (VTE, h). Let {θα} and {θ α

β } be
given by

p = θα ⊗ fα, Dfβ = θ α
β ⊗ fα.

Let (Θα), (Θ α
β ), Φk and Ψk be given by (0.7), (0.8), (0.13) and (0.14), respectively. We

have

Lemma 1.1.

(1.1) dΦk = (p − 2k)Ψk, 0 ≤ k ≤ [
p

2
]

Here we put Ψk = 0 when 2k = p.

Proof. We have the following Bianchi identities

dΘα = −Θβ ∧ θ α
β + θβ ∧ Θ α

β(1.2)

dΘ α
β = −Θ µ

β ∧ θ α
µ + θ µ

β ∧ Θ α
µ(1.3)
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We first prove (1.1) for k = 0.

dΦ0 =
∑

εα1···αp

∑

i

(−1)i−1θα1 · · · (
∑

β

θβ) ∧ θ αi

β · · · θαp

+
∑

εα1···αp

∑

i

(−1)i−1θα1 · · ·Θαi · · · θαp

=
∑

εα1···αpθα1 · · · (
∑

i

Θαi) · · · θαp

= pΨ0.

Then we deal with the general case, 1 ≤ k ≤ [p
2 ]. Observe that

dΦk =− 2k
∑

εα1···αp (
p∑

β=1

Θ β
α1

∧ θ α2
β )Θ α4

α3
· · ·Θ α2k

α2k−1
θ2k+1 · · · θαp

+ (p − 2k)
∑

εα1···αpΘ α2
α1

· · ·Θ α2k
α2k−1

(
p∑

β=1

θβ ∧ θ
α2k+1
β )θα2k+2 · · · θαp

=− 2k
∑

εα1···αp (
2k∑

t=1

Θ αt
α1

∧ θ α2
αt

)Θ α4
α3

· · ·Θ α2k
α2k−1

θ2k+1 · · · θαp

− 2k
∑

εα1···αp (
p∑

t=2k+1

Θ αt
α1

∧ θ α2
αt

)Θ α4
α3

· · ·Θ α2k
α2k−1

θ2k+1 · · · θαp

+ (p − 2k)
∑

εα1···αpΘ α2
α1

· · ·Θ α2k
α2k−1

(
2k∑

t=1

θαt ∧ θα2k+1
αt

)θα2k+2 · · · θαp

+ (p − 2k)Ψk

= −2kA− 2kB + (p − 2k)C + (p − 2k)Ψk.

We assert that A = 0.

A =
∑

εα1···αp(
2k∑

t=1

Θ αt
α1

∧ θ α2
αt

)Θ α4
α3

· · ·Θ α2k
α2k−1

θ2k+1 · · · θαp

= 2k
∑

εα1···α4···αpΘ α3
α1

θ α2
α3

Θ α4
α3

· · ·Θ α2k
α2k−1

θ2k+1 · · · θαp

= 2k
∑

εα4···α1···αpΘ α3
α4

θ α2
α3

Θ α1
α3

· · ·Θ α2k
α2k−1

θ2k+1 · · · θαp

= −2k
∑

εα1···α4···αpΘ α3
α4

θ α2
α3

Θ α1
α3

· · ·Θ α2k
α2k−1

θ2k+1 · · · θαp

= −A.

Thus A = 0. It is not difficult to verify that

B = (p − 2k)
∑

εα1···αpΘ α2
α1

· · ·Θ α2k
α2k−1

θα2kθ α2k+1
α2k

θα2k+2 · · · θαp .

C = 2k
∑

εα1···αpΘ α2
α1

· · ·Θ α2k
α2k−1

θα2kθ α2k+1
α2k

θα2k+2 · · · θαp .
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Remark: If p = 2m, then

Φm :=
∑

εα1···αpΘ α2
α1

· · ·Θ αp
αp−1

is a closed form representing the Euler class of VTE.

Let {ck} be an arbitrary set of constants. Define

Π̃ : =
[ p
2 ]∑

k=0

ckΦk,(1.4)

P̃f : =
[ p
2 ]∑

i=0

(p − 2k)ckΨk.(1.5)

It follows from Lemma 1.1 that dΠ̃ = P̃f. However,
∫

Ex
Π̃ 6= constant. In §2, we shall

modify Π̃ as well as P̃f to get the desired Π and Pf satisfying (0.3)(0.4).

2. The construction of Pf and Π on a fiber bundle

Let π : E → M be an oriented fiber bundle with dimEx = p. Given a triple {p, h,D}
over E. In this section we shall construct a (p + 1)-form Pf and a p-form Π, satisfying
(0.3)(0.4) on E.

Let {fα} be a positive orthonormal basis for (VTE, h). Put

p := θα ⊗ fα, Dfβ = θ α
β ⊗ fα.

Let {ωi}q
i=1 be a positive co-frame for π∗T ∗E ⊂ T ∗E. Then T ∗E has the following direct

decomposition
T ∗E = span{ωi} ⊕ span{θα}.

Let (Θα) and (Θ α
β ) be given by (0.7)(0.8). (Θα) and (Θ α

β ) can be expressed as follows

Θα =
1
2
Rα

ijω
i ∧ ωj + Pα

iµωi ∧ θµ +
1
2
Qα

λµθλ ∧ θµ(2.1)

Θ α
β =

1
2
Rα

β ijω
i ∧ ωj + Pα

β iµωi ∧ θµ +
1
2
Qα

β λµθλ ∧ θµ(2.2)

Let (Qα) and (Q α
β ) be given by (0.11). we have

Qα =
1
2
Qα

λµθλ ∧ θµ(2.3)

Q α
β =

1
2
Qα

β λµθλ ∧ θµ.(2.4)

Let hx = (ix)∗h, where ix : Ex → E denotes the natural embedding. The volume
function V is defined by V (x) = vol(Ex, hx). Let {ḟα} be the local frame for TEx such
that (ix)∗(ḟα) = fα. The induced linear connection Ḋ on TEx is given by

(2.5) Ḋḟβ = (ix)∗θ α
β ⊗ ḟα.
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Since (ix)∗ωi = 0,

(2.6) (ix)∗Θα = (ix)∗Qα is the torsion form of Ḋ , and
(2.7) (ix)∗Θ α

β = (ix)∗Qα
β is the curvature form of Ḋ.

From (2.6)(2.7), one can see that if Qα = 0, then (ix)∗Qα
β is the Riemann curvature

form of hx w.r.t. {ḟα}.
Let O α

β , Φk,Ψk, Φ(v)
k , Ψ(v)

k and F
(v)
k be given by (0.12)-(0.17). By the same argument

as for Lemma 1.1, we get the following

Lemma 2.1. For 0 ≤ k ≤ [p
2
], the following hold

(2.8) dΦ(v)
k = (p − 2k)Ψ(v)

k + kF
(v)
k .

Let ck be arbitrary constants. Define Pf as in (0.18) and Π by

(2.9) Π =
1

p!V (x)
{

[ p
2 ]∑

k=0

ck(Φk − Φ(v)
k ) + Φ0}

Proposition 2.2. Let Pf and Π be constructed by (0.18) and (2.9). Then

(2.10) dΠ = Pf

and Π satisfies

(2.11)
∫

Ex

(ix)∗Π = 1, ∀x ∈ M.

Proof. Define dV on E by
dV = θ1 · · · θp.

Clearly, dVx := (ix)∗dV is the Riemann volume form of (Ex, hx). By Lemmas 1.1 and 2.1,
one can easily verify (2.10). It follows from (2.6)(2.7) that

(2.12) (ix)∗Φk = (ix)∗Φ(v)
k , (ix)∗Φ0 = p!(ix)∗dV.

Thus ∫

Ex

(ix)∗Π =
1

V (x)

∫

Ex

(ix)∗dV = 1.

�
A natural question arises: Under what curvature condition V (x) = constant ? We the

following

Proposition 2.5. If Pα
kβ + P β

kα = 0, then all fibers (Ex, hx) are isometric to each other.

If Pα
kα = 0, then V (x) = constant.

Since the proof is quite simple (compare [S]) , so is omitted here. Let

(2.13) P := Pα
kαωk.

We have, in general

(2.14) d(log V )(u) =
1

V (x)

∫

Ex

(ix)∗P(Xu)dV, ∀u ∈ TM

where Xu denote the horizontal lift of u. Thus if Pα
kα = 0, then V (x) = constant (compare

[BS]).
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3. Proof of Theorem 0.1

Let M be as in Theorem 0.1. Let X be an arbitrary vector field with isolated singular-
ilites {xi}q

i=1. If follows from (2.10) that

∫

M\(∪q
i=1Bε(xi))

[X]∗Pf =
∫

M\(∪q
i=1Bε(xi))

d[X]∗Π =
q∑

i=1

∫

∂Bε(xi)

[X]∗Π.

Here Bε(x) := ϕ−1(Bn(ε)) for some coordinate system ϕ : U → Rn with ϕ(x) = 0. Using
(2.11), we can easily get

lim
ε→0+

∫

∂Bε(xi)

[X]∗Π = indxi(X),

where indx(X) denotes the index of X at x. Thus

∫

M

[X]∗Pf =
q∑

i=1

indxi(X).

Theorem 0.1 follows from the Hopf theorem that the Euler number

χ(M) =
q∑

i=1

indxi(X).

4. Finsler manifolds

In this section, we shall apply Theorem 0.1 to Finsler manifolds.
Let M be a n-dimensional manifold (n = p + 1). Let π : S → M denote the tangent

sphere bundle of M and π∗TM denote the pull-back tangent bundle over S. The vectors
in π∗TM are denoted by ([v], w), where [v] ∈ Sx, w ∈ TxM . There is a canonical bundle
map ρ : TS → π∗TM defined by

ρ(X̂) = ([v], π∗(X̂)), ∀X̂ ∈ T[v]S.

Let (xi) be a locall coordinate system in M and (xi, yj) the standard coordinate system
in TM . Denote by ∂i|[v] = ([v], ∂

∂xi |x) the natural local basis for π∗TM at [v] ∈ Sx. Let F

be a Finsler metric on M and write F (x, y) = F (yi ∂
∂xi |x). The induced Riemann metric

g : π∗TM ⊗ π∗TM → R and the Cartan tensor A : π∗TM ⊗ π∗TM ⊗ π∗TM → R are
defined by

g(∂i, ∂i)[v] =
1
2

∂2[F 2]
∂yi∂yj

(x, y)

A(∂i, ∂j , ∂k)[v] =
1
4
F

∂3[F 2]
∂yi∂yj∂yk

(x, y).

Here v = yi ∂
∂xi |x. The canonical section ` of π∗TM is defined by

` := ([v],
v

F (v)
).
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Let {bi}n
i=1 be an arbitrary local frame for π∗TM . Write gij = h(bi, bj), Aijk =

A(bi, bj , bk), and ` = `ibi. We have

(4.1) gij`
i`j = 1, Aijk`i = 0.

Let {ωi}n
i=1 be defined by

ρ = ωi ⊗ bi.

S. S. Chern proves the following theorem ([Ch1][Ch2][BC1]).

Theorem 4.1(Chern). There is a unique set of local 1-forms {ω i
j } on S satisfying

dωi = ωj ∧ ω i
j(4.2)

dhij = hkjω
k

i + hikω k
j + 2Aijkθk ,(4.3)

where

(4.4) θi := d`i + `jω i
j .

Define a set of 1-forms (θ i
j ) by

θ i
j := ω i

j + Ai
jkθk,

where Ai
jk = gilAjkl. It is easy to verify that

dωi = ωj ∧ θ i
j − Ai

jkωj ∧ θk(4.5)

dhij = hkjθ
k

i + hikθ k
j .(4.6)

By (4.1) we also have

(4.7) θi = d`i + `jθ i
j .

The Cartan connection ∇ and the Chern connection ∇′ on π∗TM are given by

∇bj = θ i
j ⊗ bi, ∇′bj = ω i

j ⊗ bi.

(4.2) means that ∇′ is torsion-free and (4.6) means that ∇ is metric-compatible.
Define a bundle map µ : TS → π∗TM by

µ := ∇` = θi ⊗ bi.

It is easy to check that rankµ = n − 1 and

µ|VTS : VTS → `⊥

is a bundle isomorphism.
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From now on, we always let {ei}n
i=1 be an orthonormal frame for π∗TM such that

en = `. Let {fα}n=1
α=1 be the orthonormal basis for VTS such that µ(fα) = eα.

Put ρ = ωi ⊗ ei and µ = θα ⊗ eα. We have a direct decomposition for T ∗S

(4.8) T ∗S = span{ωi} ⊕ span{θα}.

Put ∇ej = θ i
j ⊗ ei. Hence θα = θ α

n . Then we get a triple {p, h,D} given by (0.5), that
is,

(4.9) p = θα ⊗ fα, h = θα ⊗ θα|VTS , Dfβ = θ α
β ⊗ fα.

The curvature form (Ω i
j ) of ∇ is given by (0.6). It can be expressed by

Ω i
j =

1
2
R̃ i

j klω
k ∧ ωl + P̃ i

j kαωj ∧ θα +
1
2
Q̃ i

j αβθα ∧ θβ .

Let (Θα) and (Θ α
β ) be given by (0.7)(0.8). From the definition, it is easy to show that

Θα = Ω α
n ,(4.10)

Θ α
β = Ω α

β − θβ ∧ θα.(4.11)

Qα = Q̃ α
n(4.12)

Q α
β = Q̃ α

β − θβ ∧ θα.(4.13)

Let (Θα) and (Θ α
β ) be expressed by (2.1)(2.2). It follows from (4.10)-(4.13) that

(4.14) Rα
ij = R̃ α

n ij , Pα
iµ = P̃ α

n iµ, Qα
λµ = Q̃ α

n λµ.

(4.15) R α
β ij = R̃ α

β ij , P α
β iµ = P̃ α

β iµ, Qα
β λµ = Q̃α

β λµ + δα
λδβ

µ − δα
µδβ

λ .

By the well-known fact (see e.g. [BSC1]), we have

Q̃ i
j αβ = Al

jαAi
lβ −Al

jβAi
lα.(4.16)

Qα
λµ = Q̃ α

n λµ = 0.(4.17)

Remark. It follows from (4.17) that Qα = 0. By (2.5)-(2.7), one can see that the
induced Ḋ on Sx is the Christoffel (Levi-Civita) connection of hx. Further, (ix)∗Q α

β is the
Riemann curvature of hx.

Define a form Pf as in (0.18) in terms of Φk,Ψk,Φ(v)
k ,Ψ(v)

k , F
(v)
k , which are related to

θi and Ω i
j by (0.11)-(0.17) and (4.10)-(4.13). The following is just a corollary of Theorem

0.1.

Theorem 4.2. Let (M,F ) be an oriented closed Finsler manifold of dimension n = p+1.
For any vector field X with isolated zeros on M ,

(4.11)
∫

M

[X]∗Pf = χ(M).



GAUSS-BONNET-CHERN FORMULA 11

5. Riemannian manifolds

In this section we shall briefly derive the Gauss-Bonnet-Chern formula for Riemann
manifolds from Theorem 4.2, by choosing a suitable set of constants {ck} in (0.18).

Let (M, ḡ) be an oriented Riemannian manifold of dimension n = p +1 . Thus F (v) :=√
ḡ(v, v) is a special Finsler metric. We shall continue to use the notations in §4. Since

A = 0, it follows from (4.15) (4.16) that

(5.1) Q α
β = −θβ ∧ θα.

By (2.7), we know that (Sx, hx) has constant curvature = 1 (if n ≥ 3). Thus all (Sx, hx)
are naturally isometric to the standard unit sphere Sn−1 in Rn, in particular, V (x) =
vol(Sn−1). It follows from (5.1) that

(5.2) O α
β = −Θβ ∧ θα + θβ ∧ Θα.

Substituting (5.1) and (5.2) into Ψ(v)
k and F

(v)
k yields

(5.3) Ψ(v)
k = (−1)kΨ0, F

(v)
k = (−1)k2Ψ0.

Suppose that constants ck satisfy

(5.4)
[ n−1

2 ]∑

i=0

(−1)ici = 1.

For such set of ck, define Pf as in (0.18). It follows from (5.3)(5.4) that

(5.5) Pf =
1

(n − 1)!vol(Sn−1)

[ n−1
2 ]∑

i=0

(n − 1 − 2i)ciΨi.

Define

(5.6) Pfo = −n
∑

εα1···αn−1Ω α2
α1

· · ·Ω αn−1
n .

Without much difficulty, one can find constants ci satisfying (5.4), for which, the n-form
Pf in (5.5) has the following form

(5.7) Pf = (−1)
n
2

2
n!vol(Sn)

Pfo.

Let {ēi}n
i=1 be an arbtrary orthnormal frame for (TM, ḡ), and {ei = ([v]; ēi)}n

i=1 be
the corresponding frame for π∗TM . The induced Riemann metric g on π∗TM is given by
g(ei, ej) = ḡ(ēi, ēj). Let {ω̄i}n

i=1 be the dual co-frame frame for T ∗M . Then {ωi} defined
by ρ (see §4) satisfy

ωi = π∗ω̄i.



12 ZHONGMIN SHEN

Let (ω̄ i
j ) be the Levi-Civita connection form on TM and (Ω̄ i

j ) denote the curvature form.
Then the Chern/Cartan connection form (ω i

j ) = (θ i
j ) satisfies

ω i
j = θ i

j = π∗ω i
j .

The curvature form (Ω i
j ) has the following form

(5.8) Ω i
j = π∗Ω̄ i

j .

Then Pfo in (5.6) can also expressed by

(5.10) Pfo =
∑

εi1···inΩ i2
i1

· · ·Ω in
in−1

= π∗
∑

εi1···inΩ̄ i2
i1

· · · Ω̄ in
in−1

It follows from (5.10) that the n-form Pf in (5.7) has the following form

Pf = (−1)
n
2

2
n!vol(Sn)

π∗
∑

εi1···in Ω̄ i2
i1

· · · Ω̄ in
in−1

.

Thus for any vector filed with isolated zeros on M ,

[X]∗Pf = (−1)
n
2

2
n!vol(Sn)

∑
εi1···inΩ̄ i2

i1
· · · Ω̄ in

in−1
.

It follows from (4.18) that

(5.11) (−1)
n
2

2
n!vol(Sn)

∫

M

∑
εi1···inΩ̄ i2

i1
· · · Ω̄ in

in−1
= χ(M).

This is just the Gauss-Bonnet-Chern theorem proved by S. S. Chern in [Ch3].
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(1949), 271-301.

[M] M. Matsumoto, On three important problems in Finsler geometry, Differential Geometry and

applications, Proceedings of the Conference, 1988, Dubrovnik, Yugoslavia.

[R] H. Rund, A divergence theorem for Finsler metrics, Monatsh. Math. 79 (1975), 233-252.

[S] Z. Shen, Some formulas of Gauss-Bonnet-Chern type in Riemann-Finsler geometry, J. für die
reine und angewandte Mathematik 475 (1996), 149-165.

Department of Mathematical Science, Indiana University-Purdue University at Indi-

anapolis, Indianapolis, IN 46202–3216, U.S.A.

E-mail address: zshen@math.iupui.edu


